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A theoretical study of magnetotransport through two-dimensional quantum wires with double circular
bends is made within the ballistic approximation. By means of the mode-matching method, the S matrix
of the single bend with a hard-wall confining potential is calculated as a function of the magnetic field or
the Fermi energy for the bending radius and the bending angle as parameters. The combination of S ma-
trices is performed for bends in series. The technique is applied to systems consisting of double bends.
The symmetry properties of the .S matrix are clarified for the two-terminal systems with rotational sym-
metry or mirror-plane symmetry. The transmission matrix is evaluated in detail for the case of three
propagating channels. The strong dependence of the interchannel scattering on the magnetic field is
found. The structure of dips (antiresonances) appearing in the conductance is studied as a function of

the distance between bends.

I. INTRODUCTION

During the past decade, there has been a rapid devel-
opment in the physics of semiconductor nanostructures.’
Experimentally, many interesting effects have been ob-
served in the magnetotransport of quantum wires, e.g.,
the anomalous quenching of the quantum Hall effect,?*
the negative bend resistance,’ and the energy gaps and
minibands in the periodic stub structure.® The models of
these quantum-wire systems are usually solved numeri-
cally by the coupled-channel method,”’ ! by the mode-
matching method,!! ™13 or by the recursive calculation of
the discrete Green function.!* !’

There are groups of studies on the ballistic transport
and bound states in open systems like the cross-shaped
junction'®™!® and the broken-strip configuration with a
right angle’® 2 or with an arbitrary angle.?*?> The
broken-strip configurations are studied mainly in the ab-
sence of magnetic fields. The external magnetic fields
have been considered only by Schult, Wyld, and
Ravenhall.!® The resonance effects have been found ex-
perimentally?® in the broken-strip double bend with right
angles. As for the single circular bends, there are studies
concerned with bound states?>?’"%° and transmission
probabilities® 3! in the absence of magnetic fields. In a
previous Letter’? and paper,>? we have included external
magnetic fields in the treatment of single circular bends.

Being motivated by the recent measurement* of the
entire transmission matrix of the mesoscopic conductor,
we want to present a study of simple quantum devices in

-which the conductance plateaus are almost unchanged
over a wide range of parameters. However, the inter-
mode scattering is strong and depends on the applied
magnetic field. The devices are tentatively proposed to
be built from double circular bendings of an otherwise
uniform two-dimensional quantum wire. We also investi-
gate the sharp increase of the backward scattering in the
limited regions of Fermi energies where narrow dips ap-
pear in conductance plateaus. The paper is organized as
follows. In Sec. II, we consider quantum motion of a
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charged particle in circular bends with a hard-wall
confining potential in the presence of magnetic fields.
Then we determine the S matrix and perform the com-
bination of S matrices in order to calculate the transport
properties of bends in series. In Sec. III, we study the
system of double circular bends separated by a piece of
the straight wire of various lengths. In Sec. IV, the con-
clusion is given and some of the yet open questions are
stated. In the Appendix, the properties of wave functions
in bent quantum wires in the presence of magnetic fields
are discussed.

II. THE MODEL

Due to symmetry, there are two different possibilities
of how to combine two bends. One arrangement is with
bends turning to alternative directions. We choose bends
turning to the left and to the right, called an S-shaped
system, as shown schematically in Fig. 1(a). Another
combination is with both bends turning to the same
direction. The system with both bends turning to the

FIG. 1. The schematic view of quantum wires with double
circular bends: (a) the S-shaped system (represented by a com-
bination of the left-turned and right-turned bends), (b) the U-
shaped system (represented by a combination of two left-turned
bends). The width of the wires is w and the distance between
bends is L. The potential is zero inside wires, and infinite out-
side. The magnetic field B points out from the picture. The
bending angle of individual bends is not required to be equal to
/2.
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left, called a U-shaped system, is shown in Fig. 1(b).
Since we limit ourselves to the ballistic approximation,
the transport properties of these systems are determined
by the scattering matrix (the S matrix).

A. The S matrix

The Hamiltonian for ballistic motion of a single elec-
tron of effective mass m* and charge —e in the two-
dimensional quantum wire is

2
_ 1
H=——{" +v,

—itV+E A
2m c

2.1

where V is the confinement potential and A is the vector
potential of the external magnetic field B=(0,0,B). Let
us consider multichannel transport through the scatter-
ing region in the quantum wire (see Fig. 1). The
Schrodinger equation in a perfect lead of width w (region
I) stretching from the scattering region III can be written

as
2
I
ayi ]

7 2
2m*
\P(I)(xl,yl )=0 ,

a .eB

ax,  #c!

+Er—Vi(xy,p1) (2.2)

where we use the Landau gauge, AY'=(—y,B,0,0). The
longitudinal x; and transverse y; variables are separable.
The solution is

\I’(”(xl,yl): 2 f(yl,pl)exp(iplxl)al(+)
=1

+ if(yl,_pI)exp(—ip,xl)a,(_’, (2.3)

=1
where a;*) are the mode amplitudes. The wave function
wI(x,.y,) with the mode amplitudes b{*’ in region II is
written similarly. We approximate the confinement po-
tential by the hard-wall type, V(x;,y;)=0 for
—w/2<y;,<w/2 and V(x;,y;)= o elsewhere, i =1 and

2. The transverse wave functions f (y,p;),l =1,2,. .., «x,
then satisfy the equation
d? 72 B 2
—t+—€r— - (y,p;)=0, (2.4)
dyz w2 F D wzy f YD
with the boundary condition f(y,p;)=0 for

y=—w/2,w /2. For convenience, we use the dimension-
less Fermi energy €=E/E,, where E,=#>7/2m *w*
is the energy threshold for propagation in the lowest sub-
band in a perfect wire for zero magnetic field. The di-
mensionless magnetic field is B=B/B,, where
B,="%ic/ew? The transverse wave functions possess
Symmetry f(y9 _plyB):( —1 )1 +‘f( _y’phB)-

The incoming amplitudes ¢t and b7’ and the outgo-
ing amplitudes b'*) and @™’ are shown schematically in
Fig. 2(a). The scattering matrix [s] relates the incoming
and the outgoing channels in the following way:
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FIG. 2. (a) The schematic picture of a scatterer in the quan-
tum wire. The incoming amplitudes are vectors a'*’ and b'™’
of the size M X 1, the outgoing amplitudes are vectors @'~ and
b'*) of the same size. (b) The schematic picture of the combina-
tion of two scatterers in series. (c) The diagrammatic represen-
tation of the scattering matrix as the result of the combination
of two scatterers in the quantum wire. Only the series for the
submatrix ¢ is shown; the submatrices r, 7, and 7 are obtained
similarly.

b(+) (+)

a

p(—) , (2.5)

t
,» [s]= (

r

~ W

H1=[s
o) | =51
where ¢ and r are the submatrices of the transmission and
the reflection amplitudes for an electron incoming from
region I. Similarly, 7 and 7 are the submatrices of the
transmission and the reflection amplitudes for an electron

incoming from region II.

B. The combination of S matrices

For the scattering region divided into two regions with
S matrices [s;] and [s,] [cf. Fig. 2(b)], the total S matrix
[s] can be represented as in Fig. 2(c). This leads to formu-
las

t=t2(1—7172)_1t1 N (2.6a)
r=r o0 —7ry) 1, (2.6b)
T=6I+r,(I—7ry) 715, , (2.6¢)
F=7,t+1,(I —Fry)) 7T, . (2.6d)

In the presence of magnetic fields, this sequence of sub-
matrices cannot be reversed. Usually, when we consider
multichannel ballistic transport in mesoscopic systems,
we use only the asymptotic limit of the scattering matrix,
which enables us to calculate the two-terminal conduc-
tance G from the Landauer formula,

e 2 N
G==—"3 lpnlmn > 2.7)
h myn=1
and to monitor the unitarity condition,
N N
* —
2 tlmtln+ 2 rltnrln_smn . (2.8)

=1 =1

Here, N denotes the number of propagating channels in
perfect leads. However, in the present situation we need
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to combine two scatterers which are a finite distance
apart. Thus we must consider scattering matrices includ-
ing the evanescent channels. In spite of the number of
evanescent channels being infinite, we will consider only
M propagating and evanescent channels together. The
number of channels M is large enough to achieve conver-
gency. After performing the necessary combinations, we
will use again only the asymptotic limit of the total
scattering matrix to obtain the two-terminal conductance
from Eq. (2.7).

C. The S matrices for individual scattering regions

Here, we describe the scattering matrices of left-turned
and right-turned bends and of an intermediate piece of
the straight wire. The scattering matrix [s°] for a piece of
the straight wire of length L is

tS 'fS

, (2.9

r s 't"’S

see Fig. 3(a). The trivial matching at the boundary I-III
and III-II gives t5, =%, = €Xp(iPy, L)8 ns ¥ on =Fon =0.
The perfect wire introduces no coupling between chan-
nels and no backscattering. The only effect of the
straight wire appears in the phase shifts of the diagonal
elements in the transmission submatrix.

The scattering matrix [s*] of the left-turned bend with

bending radius R, and bending angle O [cf. Fig. 3(b)] is

(2.10)

The Schrodinger equation in the left-turned bend in polar
coordinates can be written as
2

# |8 18 |eB _id
om* | dr2 r Or 2%ic r dg
+E.—V(re) (YW(re)=0, (.11

where the symmetric gauge is used, A4 pr” =Br/2. By
separation of variables, ¥''''(r, p) can be solved as

YD )= g(r,vi"))explivi @)/t
I=1
+ 3 gr,vi explivi @)/, (2.12)
I=1

where ¢/t are the mode amplitudes in the bend. The
transverse wave function g and the eigenvalues v‘,i),
1=1,2,..., o, satisfy the eigenvalue equation

> 1d o v oog |

—_— =4 - |+ r r’v(i))

ar?  rdr wrF ro 2w? glrv

=0, (2.13)

with the boundary condition g(r,v\*)=0 for

r =R,,R,+w. We associate a discrete set of eigenvalues
W), 1=1,2,...,0, with the motion of the electron in
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the positive direction of angle ¢. Similarly, we associate
a discrete set of eigenvalues vf,‘ ) 1=1,2,..., o, with the
motion of the electron in the negative direction of angle
@. The orthogonalization and normalization to the unit
flux in each channel in the bend region are shown in the
Appendix. For B=0, there is a simple relation of
vy )= —w{"). The transverse functions are then the same
for the motion in both directions g (r,v;)=g (r, —v;) and
can be expressed by Bessel functions of the first and
second kind.

In order to unify the gauges into the symmetric type,
the wave functions are multiplied by appropriate phase

FIG. 3. The geometry of individual scatterers considered in
our study. The regions I and II represent perfect leads stretch-
ing out to infinity, and the region III represents the scatterer.
The local Cartesian coordinates in the left (right) lead are x,, y,
(x5, ¥5). The zeros of the x; and x, coordinates are at the boun-
daries I-III and III-II, respectively. The zeros of the y, and y,
coordinates are on the axes of the wire in regions I and II, re-
spectively. The width of the wire w is the same in all regions.
(a) The trivial case of a scatterer: a piece of the straight wire of
length L. (b) The left-turned bend of bending radius R,
(=inner radius) and of bending angle © acting as a scatterer. (c)
The right-turned bend of the same parameters as the left-turned
bend. The bends possess the mirror-plane symmetry according
to the axis of ¢ =0 (dash-dotted line).
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factors.’?> Next, the continuity of the wave function and

of its normal derivative are required. In the matching of
the wave function in the left-turned bend, the transverse

KAREL VACEK, AYAO OKIJI, AND HIDEAKI KASAI

47
interfaces I-III and III-II, namely, y, = —r¢ + R, +w /2 at
I-IIT and y,=—r +Ry+w /2 at III-1I. By mode match-
ing, we obtam a set of linear equations for the subma-

coordinates y,, y,, and r have opposite orientation at the  trices t£,7L and the amplitudes ¢‘ ™, ¢!,
J
e w ot w
2 f‘_r+R0+??pm Smn+ z f _r+RO+7’—pm rin
m=1 e
= ig(r W) ex —zv“”e !+ § (r, vy ex —iv(_)g e\ (2.14a)
“ I p ! 2 In 1:1g » V] Y ! 2 In .
S f[—r+R0+42ui,pm - lf2(2R0+w—r)+ipm 8,
m =1
< w iB . L
+ 3 f —r+R0+7,—pm —?(2R0+w—r)—zpm Toin
m=1
=— 3 gr,viM)iviPexp —1v‘1+)e c‘l:)-%%zg(r,v(f))iv}*)exp —iviT = |l (2.14b)
=1 =1
2 fl——r—i—RO-i- D |tE, = Zg(r vt exp vyt 2 H')-’r- Zg r, vy exp |ivy )% c(In‘) , (2.14¢)
= =1
(o] 'ﬁ
Zf —r+RO+ ,pm 2 2(2R0+w—r)+lpm m,,
_13 (+) (+) O |+ 1< () yiaf—) (—) (—)
_712 Nivit exp |ivy > |€m +72g(r,v, Yivi"exp |iv S | (2.144d)
< =1

Equations (2.14a) and (2.14b) match the wave function
and its normal derivative, respectively, at the interface I-
III. Similarly, Egs. (2.14c) and (2.14d) match the wave
function and its normal derivative at the interface II-III.
To solve Egs. (2.14a)-(2.14d) numerically, we use a
discrete fine mesh instead of the continuous variable 7
and calculate the submatrices ¢t~ and r% in detail. Since
the determination of ¢ and r’ requires substantial com-
putational effort, it is desirable to obtain submatrices 7L
and 7L from ¥ and r’ by means of the symmetry rela-
tions. Writing the matching equations for the subma-
trices 7¥ and 7X and inverting the magnetic field,
B — —B, in Egs. (2.14a)—(2.14d) yield the relations
it (B)=tL (—B),

mn

(2.15a)

=L
Fmn

(B)=rL (—B). (2.15b)
Equations (2.15a) and (2.15b) are not obtained from the
multichannel reciprocity theorem?® for the scattering ma-
trix. Rather, they are related to Egs. (2.14a)—(2.14d) by
the mirror-plane symmetry of the bend according to the
axis shown in Fig. 3(b). The reciprocity theorem, which
requires the transposition of the submatrix ¢, represents
an independent relation that holds in any system regard-
less of its geometrical symmetry. We will use the recipro-
city theorem in Sec. III together with the geometrical
symmetry relations to show the symmetry properties of
the S matrix for various systems.

r

The last element of which we must find the S matrix is
the right-turned bend, cf. Fig. 3(c),
#R
(2.16)

PR TR

The treatment of the bend region is the same as for the
left-turned bend. The difference comes in the gauge
phase factors and in the matching equations. Further-
more, the transverse coordinates y, y,, and r are in the
same direction at the interfaces I-III and III-II, respec-
tively (y;,=r —Ry—w/2 at I-IIT and y,=r —Ry—w/2
at ITI-IT). Writing the matching equations for the subma-
trices t®,r® and using the symmetry properties of func-
tions f (y,p;) in Egs. (2.14a)—(2.14d) yield the relations

tR (B)=(—1)"*"L (B), (2.17a)
(2.17b)

rR(B)=(—1)" "L (B) .

mn

The submatrices 7%,7® are obtained from relations simi-
lar to Eqgs. (2.15a) and (2.15b).

A single-channel model was used in Ref. 23 for the S-
shaped and U-shaped broken-strip double bend with right
angles. In the single-channel approximation, there is no
difference between the S matrices [s] and [s¥] in the ab-
sence of magnetic fields [see Egs. (2.15) and (2.17)]. How-
ever, there is a difference between right-turned and left-
turned bends in general. This difference appears when
one considers two or more channels.
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III. RESULTS AND DISCUSSION

Transport in the lowest three subbands (1 =</ < 3) is in-
vestigated. The effective mass of an electron (in GaAs)
m*=~0.067m, (m, is the free-electron mass) and the
width of quantum wires w ~75 nm according to previous
experimental works' are assumed. The unit of energy is
then £, =~1.0 meV and the unit of the magnetic field is
By~=0.12 T. A bending radius R, =0.5w or R,=0.25w,
and bending angle © = /2 are considered. A magnetic
field of |B| <26B,, is used.

The method appears to be numerically very stable with
fast convergency. The channel expansion is done usually
up to eight channels and the results are obtained mainly
within five-digit accuracy. Equation (2.6) can become un-
stable for I —7,r, close to the singular matrix, i.e., for
the strong backscattering. The strong backscattering is
only around the conductance dips, which are limited to
the narrow regions of the effectively negative potential, as
we have shown earlier.’? Even in the vicinity of the con-
ductance dips, the unitarity is preserved very well, at
least to three digits.

An example of the transverse eigenfunctions in the
bent quantum wire is shown below. The seven lowest
modes g (r,v(,i)) in the left-turned and right-turned bends
for R;=0.25w, Ex=10.0E, and B =10.0B, are plotted
in Fig. 4. The propagating modes, in this case [ =1, 2,
and 3, are real and they split according to the motion in
the positive (+) or the negative (—) direction of angle ¢
[cf. Fig. 4(a)]. As for the evanescent modes, here /=4, 5,
6, and 7, only the modes corresponding to the penetra-
tion of an electron in the positive direction of angle ¢ are
shown in Figs. 4(b) and 4(c). The evanescent modes cor-
responding to the penetration in the negative direction of
angle @ are the complex conjugate of the plotted func-
tions.

A. Matrix of transmission probabilities

The transmission probabilities T, from the channel n
in region I into the channel m in region II are |¢,,,|% The
dependence of the matrix of the transmission probabili-
ties on the magnetic field for the case of three open chan-
nels in the asymptotic regions is investigated. In order to
see the symmetry properties clearly, the diagonal ele-
ments T,,, the elements T,,, below the diagonal, m >n
(“‘conversion of the channel up”), and the elements T,
above the diagonal, m <n (“conversion of the channel
down”), of the 3 X3 matrix T are plotted separately.

The transmission matrix for an electron with
Er=15.8E, in  the  left-turned bend  with
R;=0.5w, ©=1/2 in magnetic fields is shown in Fig. 5.
(The plots for the right-turned bend can be easily ob-
tained by the reversal of the magnetic field.) There is no
symmetry according to the reversal of the magnetic field
for any of the elements T',,,. The only symmetry relation
appearing in this case is T,,,(B)=T,, (B). In the left-
turned bend, the interchannel scattering is extremely
strong in the region of positive magnetic fields
0=B =20B,. The conversion between quantum channels
in the bent wire can be controlled by the magnetic field.
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(r=Ry) /7w

FIG. 4. The shape of the transverse eigenfunctions g (r,v*))
in the left-turned and right-turned bends for R,=0.25uw,
E-=10E,, and B =10B,. (a) The propagating modes /=1, 2,
and 3, corresponding to the motion of an electron in the positive
direction of angle ¢ (dash-dotted curves) and in the negative
direction of angle ¢ (solid curves). (b) The real part of the
evanescent modes /=4, 5, 6, and 7. (¢) The imaginary part of
the evanescent modes /=4, 5, 6, and 7, corresponding to the
penetration of an electron in the positive direction of angle ¢.
The evanescent modes corresponding to the penetration in the
negative direction of angle ¢ can be obtained by complex conju-
gation of the function g.

As seen from the plot and from the geometrical
configuration, the mixing of channels is stronger when
the electron is pushed by the Lorentz force to the inner
wall with the larger curvature 1/R,. The interchannel
scattering is weaker when the electron is guided by the
Lorentz force along the outer wall with the smaller cur-

m=n mn mén

=

TRANSMISSION PROBABILITY
>

AN AR /L Y
0 <15 0 15 3% -5 0 15 M
MAGNETIC FIELD (Bu] MAGNETIC FIELD (Bu)

M3

MAGNETIC FIELD (8y)

FIG. 5. The T matrix of the left-turned bend. The interchan-
nel transmission probabilities T,,, are plotted as a function of
the magnetic field (in units of B,) for Ex=15.8E,, R;=0.5w,
and ©=m/2. Indication of plots: the diagonal elements 7,
(m =n) are in the left-side plot, the elements T,,, below the di-
agonal (m >n) are in the central plot, and the elements T,
above the diagonal (m <n) are in the right-side plot. Line con-
vention: T'y,,T,;,T,, solid curves; T,,, T4, T3, dashed curves;
Ts3,T5,,T,3, dash-dotted curves.

3
;

ST T T T T T
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vature 1/(R,+w). Since the backscattering is very small,
the conductance [Eq. (2.7)] remains quantized and almost
of the same value as in the perfect lead. The coupling of
channels seems to weaken for the very strong magnetic
fields |B|>25B, when the magnetic length I <w/5 is
very short. Because of Iz <w and Iz <R, in such strong
magnetic fields, the magnetic length becomes the most
important length scale in the system, more important
than w (the scale of the quantization of the transverse
motion) or R, (the scale of the bending effects). In very
strong magnetic fields, the transport in smooth bends

enters the global adiabatic regime,’® where the intermode
transitions are absent in the whole system.

Next, we turn our attention to the transmission matrix
of the S-shaped system composed of the left-turned bend,
the straight wire of length L, and the right-turned bend.
The geometrical parameters of the bends are Ry=0.5w
and ©=m/2. The Fermi energy of an electron is
E;=15.8E,. The plots of the elements of the T matrix as
a function of the magnetic field are shown in Fig. 6. The
symmetry of the T matrix according to the transposition
accompanied by the reversal of the magnetic field is ap-
parent, T,,,(—B)=T,, (B). The conversion of channels

n=n m>n n{n
T T

i

=

T T T T T T T
L B

Loy d

T S S B S B B

TRANSMISSION PROBABILITY
=

= 2
= o

|

= f q’
2 [ ar ]
g r r 1 (b)
=05F - 1,
= r 4 L=w
2 [ 1L ]
g - 4L ]
2 [ 1t AN
00k 1k e
_F —— —
=t 4k 4
E 10 ]
€ I 1 1 (¢
Z05F 1+
a [ 1r ] L=2w
z L 1 1
g |
T00e . An 4
‘ - N

- mf ™ Ehli %
= [y WL §
gt I g
%D;r * 1 (d)
= Uor r !
gl 1F 1 Letw
: E ji 1
g i
il v r
o0 . E 4

B j

-15
MAGNETIC FIELD (8}

1 L T ol
-15 0 15 30 -30
MAGNETIC FIELD (8,)

FIG. 6. The T matrix of the S-shaped system. The interchan-
nel transmission probabilities T,,, are plotted as a function of
the magnetic field (in units of By) for E.=15.8E,, R,=0.5w,
and ©=w/2. The distance between bends is (a) L =0, (b)
L =w, (c) L =2w, and (d) L =4w. Indication of plots: the diag-
onal elements T,,, (m =n) are in the left-side column, the ele-
ments T, below the diagonal (m >n) are in the central
column, and the elements T, above the diagonal (m < n) are in
the right-side column. The line convention is the same as in
Fig. 5.
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occurs strongly in the weak and moderate magnetic
fields. In very strong magnetic fields, the mixing of chan-
nels seems to weaken as the magnetic length becomes
very short, Iy <<R,. The region of the weak (/5 >>R,)
and moderate (/5 =R ) magnetic fields is filled with many
oscillations in the T matrix. The increasing distance L
between bends increases the number of oscillations. The
period of the oscillations varies from the irregular case
for L =0 to the nearly regular case for L =4.0w. These
oscillations reveal the complicated structure of the mul-
tichannel interference of electrons restricted by the circu-
lar and straight hard-wall boundaries in the presence of
magnetic fields. The magnetic-field dependence of the
strength of the interchannel (m +n) coupling can be eval-
uated by the construction of the envelope function to
these oscillations. The oscillations of the interchannel
scattering probabilities are distributed below an L-
independent envelope function. The envelope function
has its maximum in B =0 and decreases with the increas-
ing absolute value of the magnetic field. The backscatter-
ing is not of any importance here. The conductance (in
units of 2e?/h) remains almost equal to the number of
open channels in the asymptotic regions.

The last system presented here in order to show the
dependence of the elements of the T matrix on the mag-
netic field is the U-shaped quantum wire made of left-
turned bends separated by the straight wire of length L.
The geometrical parameters and the Fermi energy are the
same as in the previous case. The plot of the elements of
the 7 matrix is shown in Fig. 7. Similar to the single-
bend case, the T matrix is symmetrical,
T,,(B)=T,,(B). The reversal of the magnetic field
yields results for the U-shaped system made of the right-
turned bends. The conversion of channels has no symme-
try in reversed magnetic fields. The construction of the
envelope function for m=n shows that the interchannel
scattering probabilities reach their maximum in the re-
gion of positive magnetic fields on the order of 10B,,.
The amplitude and the number of the quasiperiodic oscil-
lations are dependent on the distance L. The back-
scattering is nearly absent and the conductance is almost
equal to that of the ideal lead, as can be expected for this
choice of parameters R, ©, and E.

We have mentioned several times the symmetry of the
T matrix of the single bend, the S-shaped system, and the
U-shaped system. We can understand the symmetries of
the S matrix not only in our special systems, but rather
generally in the ballistic transport through two-terminal
two-dimensional systems in the presence of magnetic
fields. The important step is the use of the reciprocity?’
of the S matrix which can be stated in our case as

Tn(B)=t,, (—B) . 3.1)

Only the reciprocity relation holds in any system regard-
less of the symmetry of the potential. If the confining po-
tential has some geometrical symmetry, this symmetry
will be reflected in some additional symmetry of the S
matrix.

Let us consider a two-terminal system with the
mirror-plane symmetry. The terminals are in different
half-planes separated by the axis of the symmetry. The
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Cartesian system of coordinates (x,y) can be found in
which the relation for the potential, V(x,y)=V(x, —y),
holds. This is the case in the U-shaped system. Perform-
ing the mirror-plane reflection together with the inver-
sion of the magnetic field yields an additional symmetry
relation for the transmission amplitudes:

..(B)=t, (—B) . (3.2)

Combining this additional symmetry with the reciprocity
relation results in the transpositional symmetry

tyn(B)=t, (B) . (3.3)

Next, let us consider a two-terminal system with the
rotational symmetry V(x,y)=V (—x, —y) (rotation of an-
gle 7, for example our S-shaped system). Leaving the
magnetic field unchanged and performing only the rota-
tion of angle 7 yield an additional symmetry relation for
the transmission amplitudes:

T,.(B)=(—1)"* "t _ (B). (3.4)

The factor (—1)™*" can be understood in the following
way. Imagine, for example, the y coordinate as the trans-
verse coordinate in the asymptotic regions. The change
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FIG. 7. The T matrix of the U-shaped system. The inter-
channel transmission probabilities T,,, are plotted as a function
of the magnetic field (in units of B,) for Ep=15.8E,, R,=0.5w,
and ©=mw/2. The distance between bends is (a) L =0, (b)
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Fig. 5.

y— —y does not affect the transverse eigenfunctions with
even symmetry; however, those with odd symmetry must
be multiplied by (—1). Combination of this additional
symmetry with the reciprocity relation gives

ton(B)=(—1)"""t (—B). (3.5)

The reciprocity relation for the backscattering ampli-
tudes is r,,,(B)=r,,,(—B). The symmetry relations for
the backscattering amplitudes are formally the same as
Egs. (3.2) or (3.4) for the transmission ones.

As was mentioned previously, an experimental ap-
proach which permits direct measurement of the entire T
matrix of a mesoscopic conductor was reported.>* One of
the measurements was concerned with the modal features
in the distribution function of electrons emerging from a
quantum point contact (QPC). Although the conduc-
tance remained approximately quantized, Shepard,
Roukes, and Van der Gaag* have found generation of
higher modal components in the outgoing beam caused
by the nonadiabatic widening of the potential in the exit
zone of the QPC. The fact that the side lobes in the an-
gular profile of electrons emerging from the QPC are
asymmetric when the QPC is close to the pinch-off indi-
cates that the proposed critical path may not be strictly
symmetrical. The realistic model of the QPC must neces-
sarily consider not only the transversely symmetric shape
of the constriction but also the bendings and other asym-
metries of the confining potential.®’” The scattering be-
tween even and odd modes is essentially present in sys-
tems with bends regardless of magnetic fields. The ap-
plied magnetic field, even a weak one of order B, can be
used to control the intermode scattering probabilities.

We make one remark on the detection of electrons in
individual channels. When the spin of electrons is not
considered, the energies of individual channels are degen-
erated. However, when we take into account the spin-
orbit interaction, which is sensitive to the shape of the or-
bital wave function, the degeneracy is lifted. The detec-
tion of electrons may then be enabled by the fine-
structure splitting of the energies of individual channels.
Unfortunately, the spin-orbit interaction in bend struc-
tures seems to be extremely small as was shown by
Ikegami and Nagaoka® for the case of two-dimensional
curved surfaces. We have done estimations®® for bent
quantum wires with similar results. The coupling con-
stant I" (in the dimensionless units of energy E,) of the
spin-orbit interaction is approximately I'=~10"%w 72
where w is the width of the quantum wire in nm.

B. Backscattering and quasibound states

The backscattering is usually small in the system with
circular bends. Nevertheless, the backscattering can ap-
pear for some choices of the geometrical parameters w,
R,, ©, and the Fermi energy E,. The smaller ratio of the
inner radius R, to the width of the wire w gives the
stronger backward scattering. In the single bend, the
reflection occurs mainly for electrons at the beginning of
each conductance plateau (see Fig. 1 in Ref. 31) and for
electrons close to the end of each conductance plateau
(see Fig. 4 in Ref. 32). In the double bends, separated by
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distance about L > w, the increase of the conductance at
the beginning of each plateau is not monotonic, but the
conductance is modulated by shallow oscillations that
disappear quickly with the increasing electron energies.
These oscillations resemble resonances reported in the
quantum wire with the inserted potential barrier* or
with the constricted part of stepwise variation.’

The reflection that occurs in the vicinity of the end of
each conductance plateau in the single circular bend is
caused by the quasibound state. The quasibound state in
the nth conductance plateau is formed by the wave func-
tion from the (n +1)th subband in the bend. The energy
thresholds for propagation in the bend are slightly lower
(see Table 1 in Ref. 33) than in the straight wire. Though
the wave function from the (n + 1)th subband can exist in
the bend, it cannot propagate in the straight wire.
Effectively, the influence of the bend is similar to the
quantum well with a rather complicated potential profile
dependent on the angular momentum [see the Appendix,
Eq. (A3)].

We want to present the results for the reflection caused
by the quasibound states for the S-shaped and the U-
shaped systems in the absence and also in the presence of
magnetic fields. First, we turn our attention to the vicini-
ty of the end of the lowest conductance plateau in the ab-
sence of magnetic fields. The conductance as a function
of the Fermi energy for various distances L between the
bends is plotted in Fig. 8. When the distance L is short,
L <2w, only one quasibound state develops. For L =0,
the energy of the quasibound state is about 3.99E,. The
binding energy as a difference from the threshold energy
of the second conductance plateau is then approximately
0.01E,. For L =0 and L =0.25w, the dip in the conduc-
tance of the S-shaped system is broader than the dip in
the conductance of the U-shaped system. However, for
L =0.50w and L =2.00w, the S-shaped system shows a
narrower dip than the U-shaped systems. For L =1.00w,
the dips in both systems are of about the same width, al-
though they differ in the energy by =~0.004E,. When L
becomes longer than about 2w, another quasibound state
with extremely small binding energy appears. Further in-
creases of L gradually bring both quasibound states
closer in energy. The nonmonotonic dependence of the
binding energies of the quasibound states on the parame-
ter L is noteworthy.*! For the limit L — oo, we expect
the degeneration in energy of both quasibound states. It
follows from the symmetry considerations that the lower
quasibound state must be of even symmetry and the
higher one must be of odd symmetry. The odd-type
quasibound state cannot be bound for L =2w (approxi-
mately), since for such short L its energy lies above the
threshold energy for propagation in the second subband
of the straight wire. The energy positions of the conduc-
tance dips are related to the binding energies of the quasi-
bound states. The widths of the dips are related to the
coupling of the quasibound state with the propagating
modes in the straight leads. Both the energies and the
widths of the dips show nonmonotonic dependence on
the distance L. The conductance pattern is apparently
different for the S-shaped and the U-shaped systems.

Next, the behavior of the conductance in the vicinity of
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the end of the lowest conductance plateau in the presence
of magnetic fields is examined. The plot of the conduc-
tance for B0 is in Fig. 9. The development of one
quasibound state for L <2w and of two quasibound states
for L 22w is easy to recognize. Magnetic fields usually
narrow the conductance dips, although this is not always
true, as can be seen from the conductance of the S-shaped
system for L =2.00w. In the U-shaped system, the dips
become very shallow in several cases and may even disap-
pear for L =0.25w. The dependence of binding energies
on the distance L is changed to the almost monotonic one
seen for S-shaped and U-shaped systems in B ==x5B,.
The sampling of the energy in Figs. 8 and 9 is done with
the step 0.0001E ;.

The further increases of magnetic fields narrow the
width of conductance dips and shift their energy posi-
tions smoothly toward higher Fermi energies. The dips
represent the coupling between extended states propaga-
ting in opposite directions in straight-wire regions (sub-
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band n) via localized orbits in bent-wire regions (subband
n +1). The conductance dips or antiresonances corre-
spond to the singularities (poles) of the S matrix in which
the coupling reaches its maximum and the backscattering
is the strongest. The singularities of the S matrix may be
related to the conductance peaks or resonances if one
considers a system with finite leads connected to widened
parts instead of the system with infinite leads. In the sys-
tem with finite leads, the bound state below the threshold
energy of the lowest conductance plateau will also create
the resonance.

IV. CONCLUSION

We have presented the exact quantum-mechanical for-
mulation and the numerical solution of the multichannel
ballistic magnetotransport in the two-dimensional quan-
tum wires with double circular bends. The parameters of
the investigated system can be expressed by the following
length scales: the Fermi wavelength Ap, the magnetic
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length [y, the width of the wire w, the bending radius R,
and the distance between bends L.

The transmission matrix has been evaluated for three
propagating channels for various distances L between
bends in the S-shaped and U-shaped systems. The inter-
channel scattering shows a rather complicated depen-
dence on the magnetic field with many oscillations of
variable period and amplitude, especially for longer L.
The strong interchannel scattering is caused by the
abrupt change of the effective potential for each subband
at the interfaces between straight and bent wires. On
these interfaces, either the longitudinal or the angular
momentum is not integral of motion, as it is in the
straight or bent wire, respectively. The elements of the T
matrix in the two-terminal two-dimensional samples are
restricted by the symmetry relation T,,,(B)=T,,,(B) for
the systems with the mirror-plane symmetry (each of ter-
minals is in the different half-plane) or
T,,(—B)=T,, (B) for the systems with the rotational
symmetry (rotation of angle 7). The conductance may
remain quantized in wide region of plateaus even in the
presence of the interchannel scattering.*> The interchan-
nel scattering seems to weaken in strong magnetic fields
when the system may reach the adiabatic transport re-
gime.’® However, in very strong magnetic fields, the
electron-electron interactions become increasingly impor-
tant and must be considered in detail.

The backscattering has been found at the beginning
and the end of each conductance plateau. The coupling
of the wave function from the higher subband in the
bends to the wave function in the straight leads forms sin-
gle or double conductance dips. The binding energies of
related quasibound states are nonmonotonic functions of
the distance between bends. The explanation of this
dependence needs further investigation. The moderate
magnetic field can also widen the conductance dips. Nev-
ertheless, the dips become narrow and may gradually
vanish in strong magnetic fields. This may be of particu-
lar interest in the application of quantum wires with
bends.

Our method of calculation has been extended for the
multiple-bend quantum wires with the periodic structure.
We have found the formation of minibands and energy
gaps in the conductance of finite periodic structures with
repeated left-turned and right-turned bends.** The inter-
channel scattering in periodic structures in magnetic
fields seems to be of eminent interest since the problem it-
self represents ‘“‘skipping orbits” of electrons between
periodically repeated circular surfaces.*
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APPENDIX

Topics related to the properties of the solution to Eq.
(2.13) are discussed here. We introduce a new function
h(r, W )=g(r,v{¥)V'r. We eliminate the first deriva-
tive in Eq. (2.13) and obtain the eigenvalue equation

()

v

_I_.+ ﬁz
r 2w

> 1,
—_ + J—
dr?  4r?  w? €r

r

2
}h(r,v(,ﬂ):O ,

(A1)

with the boundary condition h(r,v{*))=0 for r =R,
R,+w. Since the bend is an open system, the eigenvalues

v{*) are not only integers, but they are real or complex
numbers for propagating or evanescent channels, respec-
tively. In the asymptotic limit R,>>w the eigenvalues
are approximately

v(i)=_§ Ro 1
! 2 lw 2
2 172
Ry 1 1
-t wz(ep—12>+z , (A2)

which corresponds to the replacement of all possible

|

R,+w
(£) _ H) ()= (o () () 0
(Vi INT (V)W (v, —wv, )fRO dr

We have chosen the normalization to
+ +
|I(’Vm ,’V( ) |_ (_)’V(ni))

(%) ()
Ym TV

the unit angular flux of electrons
. The canonical angular momentum L,= —i#d/d¢ of an electron in channel / is simply
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paths of an electron in the bend by the path along the
central radius r, of the bend, ».=R,+w /2. In the gen-
eral case of Ry=~w, Eq. (A2) is used as an ansatz in the
numerical solution. Equation (A1) is more suitable for
the numerical solution and it also has clear physical
meaning as it represents the one-dimensional Schrodinger
equation with an effective potential

(+) 2

B

’
r 2w?

__1
4r?

Veglr)= (A3)

In comparison with the potential in the straight wire,
there are intervals of eigenvalues for which the effective
potential is negative in the bend. This indicates the possi-
bility of a bound or quasibound state. For example, in
zero magnetic field, Vg is always negative for an angular
momentum |L,| <#/2. In all channels, [ =1,2,..., o,
there is a narrow band of energies in which an electron
wave moves with the absolute value of angular momen-
tum lower than #/2. For the electron with angular
momentum |L,| <#/2, the minimum of the effective po-
tential is at the inner wall (r =R)). For the electron mov-
ing with angular momentum |L,| > #/2, the minimum is
at the outer wall (» =R+ w).

The linear differential operator of the second order in
Egs. (2.13) and (A1) can be brought to the shape of the
Sturm-Liouville (SL) operator.*® The SL analysis of the
orthogonality of the eigenfunctions gives

Il

0. (A4)

+ B g (r g (rv)
w

in each quantum channel,

#ivi*). The operator of mechanical angular momentum, however, is £, = —iﬁa/aqo-i-eBrz/Zc, where the dependence
on radius 7 is a consequence of the magnetic flux penetration through the bent wire. The angular electron flux J,, can
be expressed through the operator of mechanical angular momentum .£,,

Rytw

1
J‘p~2m* fRo dr

_ifi D, eBr

\I/*
(r.e) r d¢@ 2¢

Y(r,p)+¥(r, )

i# 0 +eBr

\IJ*
r dp  2c (r.e)

(AS)

By substitution of the mode expansion for the wave function, Eq. (2.12), into Eq. (A5) and by using the orthogonality

relation (A4), we obtain the angular electron flux in the bend,

N

T, 3 ALt e T+ e T 1 e T T WY, (A6)
I=1

where the sum is over all electrons at the Fermi level, i.e., propagating channels. Taking

[T (A, W) =[T(v{ v 7)) =1, we get the equal distribution of the angular flux of electrons into each propagating

channel, as was wanted. This way of normalization saves us from the use of explicit angular velocity factors in the S
matrix. The sign of the normalization constant I determines the orientation of the current in each channel. Since we
associate the amplitudes ¢; ¥’ with the motion in the positive direction of angle @ and the amplitudes ¢/ ~’ with the
motion in the negative direction of angle @, we take I (vi*),%{*))=+1and I (v{~),»{"’)= — 1 for propagating channels.
The evanescent channels do not contribute directly to the net angular flux of electrons. However, they may penetrate
with exponential decay (in the absence of magnetic fields) or with oscillatory exponential decay (in the presence of mag-
netic fields) through the barriers with the effective potential ¥V 4(r), and thus cause a tunneling current. Furthermore,
the evanescent channels may form a bound state or quasibound state in the vicinity of the scattering region with the
negative effective potential. The phase of the normalization constant I is determined from the symmetry

g(r,[v(,ﬂ] ,B)=[g (r,v\*),B)]* for the evanescent channels.
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