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Antiferromagnetic magnons in diluted triangular and kagome lattices
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Numerical results are presented for the local field distribution and the distribution of linearized mag-
non modes in diluted triangular and kagome lattices. A nearest-neighbor antiferromagnetic Heisenberg
spin Hamiltonian is assumed, and the linearization is carried out with respect to classical ground states
obtained by means of an energy-minimization algorithm. In the case of the triangular lattice, the density
of states associated with a 20%%uo vacancy concentration is used to calculate the magnon contribution to
the specific heat. With an exchange integral inferred from the Curie-Weiss constant, quantitative agree-
ment is obtained with the experimental results for Lao 2Gdo 8Cu02 reported by Ramirez et al. over the
interval 0.1 K (T(0.2 K. The behavior of the diluted kagome lattice is compared with that of the tri-
angular array. In contrast to the latter, the local fields in the diluted kagome lattice take on the discrete
values 2JS, JS, and 0. In the case of a 14% vacancy concentration, the distribution of magnon modes
resembles that of the fully occupied array with a noncoplanar ground state. The relevance of these re-
sults to the behavior of SrCr, Ga40» is discussed.

I. INTRODUCTION

Understanding the interplay of quantum fluctuations
and thermal Auctuations that occurs in two-dimensional
Heisenberg antiferromagnets with geometrical frustration
is proving to be a challenging problem. In the case of
systems with triangular coordination symmetry, the
analysis is further complicated by the fact that in two of
the compounds that have been extensively studied,
GdCu02 (triangular) and SrCr8Ga~O» (kagome), the
magnetic lattices are diluted, ' making direct comparison
between experiment and theory dificult.

The purpose of this paper is to present the results of
numerical studies of the local fields and magnetic excita-
tions in diluted triangular and kagome lattices with
nearest-neighbor antiferromagnetic Heisenberg interac-
tions. The calculations were done within the framework
of a linear magnon approximation based on an expansion
about a classical noncollinear ground state obtained by
using an energy-minimization or quench algorithm
which entails successively rotating each spin into the
direction of its local field until the total energy stabilizes.
In the case of the triangular lattice, detailed calculations
of the distribution of local fields, the magnon density of
states, and the magnon contribution to the specific heat
are carried out for a 20~o vacancy concentration. The re-
sults for the specific heat are compared with the experi-
mental data for Lao 2Gdo, CuO, reported by Ramirez,
Jager-Waldau, and Siegrist. Calculations of the distribu-
tion of local fields and the magnon density of states were
carried out for the kagome lattice with 14% vacancies.
Here the comparison is made with the theoretical results
for the fully occupied lattice. ' For reasons which will
be discussed below, it was not possible to make meaning-

ful contact with experiment.
The results for the triangular lattice are presented in

Sec. II and those for the kagome lattice in Sec. III. Sec-
tion IV is devoted to a brief summary and discussion.
Since the numerical methods that were used are discussed
in Ref. 2, they will not be treated in any detail in this pa-
per.

II. TRIANGULAR LATTICE

The Hamiltonian used the studies of the diluted tri-
angular (and kagome) lattice is of the standard isotropic
Heisenberg form:

&=J g'Si Sk,

where S is the spin, J is the exchange integral, and the
prime signifies that the summation is limited to nearest-
neighbor (j,k) pairs. As noted in the Introduction, the
analysis of the diluted system involves a calculation of the
magnon energies that is based on an approximation in
which the equations of motion of the spin operators are
linearized with respect to a ground-state (more precisely,
equilibrium) spin configuration which is determined from
an energy-minimization algorithm discussed in Ref. 2.
The corresponding calculation for the fully occupied tri-
angular lattice has been carried out by Jolicoeur and Le
Guillou who obtained analytic expressions for the mag-
non energies. This was possible since the ground state of
the fully occupied lattice has long-range order (in the
spin-wave approximation).

A measure of the effect of dilution on the degree of
spin order is provided by the distribution of local fields
associated with the ground-state spin configurations. In
the fully occupied lattice, the local fields are identical in
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magnitude at each site, with the value 3JS. In the case of
the diluted lattice, the distributions of local fields were
calculated from ground-state configurations determined
from the energy-minimization algorithm. The calcula-
tions were carried out for an array of 33 X 33 sites with
periodic boundary conditions. The results shown in Fig.
1 are for a single configuration of 218 vacancies corre-
sponding to 80% occupancy of the array, with the vacan-
cies being distributed at random. From this figure, it is
evident that the local fields range continuously from =JS
to =3.5JS, indicating that short-range order is virtually
destroyed by the dilution.

The vectors specifying the ground-state spin orienta-
tions are used to determine the elements of a dynamical
matrix whose eigenvalues are the magnon energies. The
distribution of magnon modes obtained from five vacancy
configurations in 33 X 33 arrays with 80%%uo occupancy are
shown as a histogram in Fig. 2(a). Particularly
noteworthy is the quasilinear behavior below E=2.5JS.
For comparison, the distribution of magnon modes in a
fully occupied 33 X 33 array is shown in Fig. 2(b). As ex-
pected, the distribution for the fully occupied array
shows far more structure which will, of course, be
smoothed out in the large-N limit, N being the number of
spin s.

As mentioned earlier, in the compound GdCuO2, the
magnetic ions occupy sites on a triangular lattice. '
Since Gd + is an S-state ion, the magnetic properties
should be well described by a Heisenberg Hamiltonian
with S=—,', apart from dipolar eft'ects. So far, it has not
been possible to prepare bulk samples with more than
80%%uo Gd occupancy, with the remaining sites being occu-
pied by the diamagnetic La + ions. Since the Gd spin is
large, the linear magnon analysis discussed above is an
appropriate starting point in making a comparison be-
tween experiment and theory.

Assuming the nearest-neighbor approximation is ap-
propriate, a value for the exchange integral can be ob-
tained from the Curie-Weiss temperature, —12.5 K, by
means of the equation
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FIG. 2. (a) Distribution of magnon energies in a 33 X 33 array
with 20%%uo vacancies distributed at random. Periodic boundary
conditions. Five vacancy configurations. (b) Distribution of
magnon energies in a 33 X 33 triangular array with no vacancies.
Periodic boundary conditions.

where (z ) is the average number of nearest neighbors,
6X0.8=4.8, corresponding to 80%%uo random occupancy.
From this equation, one obtains the value J=0.50 K for
the exchange integral.

Having determined J, one can calculate the magnon
contribution to the specific heat by means of the standard
boson expression

C,s=k g (E /kT) exp(E, /kT)[exp(E„/kT) —1]
(3)

Tcw = —
—,
' ( z )JS(S+ l ), (2) where v designates the magnon mode. Figure 3 shows a
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FIG. 1. Distribution of local fields in a 33 X 33 triangular ar-
ray with 20% vacancies distributed at random. Periodic bound-
ary conditions. One vacancy configuration. In the fully occu-
pied array, all local fields are equal to 3JS.

FIG. 3. Specific heat of Lap 2Gdp 8CuOp vs T. Open squares:
data from Ref. 3. Solid line: C,g

calculated from Eq. (3) with
J=0.50 K. Magnon energies from five configurations of a
33 X 33 array with 20%%uo vacancies.



3222 D. L. HUBER AND W. Y. CHING 47

E& =9JSqa (4a)

and

Ez =E3 =(9/2' )JSqa, (4b)

where a is the distance between nearest neighbors. Using
(3a) and (3b) and the previously determined value for J,
one finds

comparison between the calculated and measured values
of the specific heat for Lao 26do 8Cu02 over the interval
0. 10~ T~0.35 K, the upper limit being one-half of T,
the spin-glass temperature, which is equal to 0.7 K.
From this figure it is evident that there is quantitative
agreement between experiment and theory for
0. 1 ~ T ~0.2 K. Above 0.25 K the theoretical curve be-
gins to deviate appreciably from the data. Although this
deviation might reAect the onset of a significant lattice
contribution, the small value of the specific heat in the
singlet ground-state system PrCu02 (Ref. 3) argues
against this interpretation. A more likely cause is the
failure of the linear magnon approximation as T ap-
proaches T .

In Ref. 1, the point is made that the specific heat of the
quasi-two-dimensional Gd (triangular lattice) and Cr (ka-
gome lattice) compounds varies approximately as T in
the spin-glass phase, in contrast to the nearly linear be-
havior found in three-dimensional spin glasses such as
Euo 4Sr«S and Cdo 8Mno 2Te. Figure 4 displays a log-log
plot of the calculated values of C, /T vs T, which
shows quasilinear behavior for 0. 1 ~ T ~ 0.2 K. It should
be noted that the numerical calculations of C, begin to
produce unphysical results below 0.06 K, a result that is
attributable to finite-size effects which prevent an accu-
rate determination of the low-lying, spatially extended
modes.

It is important to compare the values of C
g

in the di-
luted lattice with what would be obtained from a fully oc-
cupied array in the low-temperature limit. According to
Ref. 6, the three magnon modes vary linearly with wave
vector q in the long-wavelength limit:

which is approximately 50 times smaller than the mea-
sured value at 0.1 K.

III. kagome LATTICE

The kagome lattice can be obtained from the triangular
lattice by removal of 25% of the sites. The effect of this
decimation on the ground state and low-lying excitations
is profound, even in the linear spin-wave approximation.
As noted, the triangular lattice with nearest-neighbor an-
tiferromagnetic exchange interactions has long-range or-
der in the classical limit. In contrast, the classical
ground state of the nearest-neighbor Heisenberg antifer-
romagnet on the fully occupied kagome lattice is highly
degenerate. ' Recent Monte Carlo studies have shown
that the system exhibits local nematic (coplanar) spin or-
der at low temperatures with a correlation length that
diverges as T~0.

The calculations of Ref. 5 were limited to the fully oc-
cupied kagome lattice. In this section results are present-
ed for the effect of a 14% vacancy concentration on the
distribution of the local fields and the linearized spin ex-
citations. In the fully occupied lattice, all local fields are
equal to 2JS. The distribution of local fields obtained
with 14% of the spins removed is shown in Fig. 5, which
displays the combined results from three vacancy
configurations in an array of 675 sites with periodic
boundary conditions. From this figure, it is evident that
nearly all ( )96%) have a local field equal to 2JS, as in
the fully occupied system, while the remainder have local
fields equal to JS or 0. Thus, unlike the triangular lattice,
the local field distribution remains discrete under dilu-
tion. Similar results were also obtained with 19 and 27 %
vacancy concentrations, the only difference being the rel-
ative change in the fraction of sites with local field equal
to JS or 0. In the case of a 675-site array with 19% va-
cancy concentration, 514 spins had local field 2JS, 33 had
local field JS, and 2 had a local field equal to zero. With
27% vacancies, 416 spins had local field 2JS, 75 had local
field JS, and 4 had local field equal to zero (single
configurations at each concentration).
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FIG. 4. log-log plot of C,g(T)/Tvs T. The solid line is a re-
plot of the theoretical curve in Fig. 4. The dashed line shows
the region of quasilinear behavior.
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FICs. 5. Distribution of local fields in a 675-site kagome array
with 14% vacancies distributed at random. Periodic boundary
conditions. Combined data from three vacancy configurations.
In the fully occupied lattice, all sites have a local field equal to
2JS. In the diluted arrays, a total of 1680 spins had local field
2JS, 51 had local field JS, and 12 had a local field equal to 0.
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Although it is clear from the analysis of Ref. 5 that any
complete account of the dynamics of even the classical
Heisenberg antiferromagnet on the kagome lattice must
include the nonlinear terms in the equations of motion
for the spin operators, it is still of interest to ascertain the
effects of dilution on the linearized magnon modes. Fig-
ure 6(a) shows the distribution of magnon modes in a
representative fully occupied, noncoplanar ground-state
configuration with 675 spins. It is evident that the distri-
bution is continuous with a relatively sharp peak near
E=O and a broad peak near E=1.5JS. Figure 6(b)
shows the resulting magnon distribution obtained by
combing the data from three vacancy configurations of a
675-site array with 14%%uo dilution. The distribution is seen
to resemble that of the fully occupied noncoplanar array.
It should be noted, however, that the peak near E =0 is
enhanced by a total of 27 zero-frequency modes, whereas
in the fully occupied noncoplanar array, there were only
three such modes.

Efforts were made to calculate the distribution of mag-
non modes in fully occupied arrays with coplanar
ground-state spin configurations. However, the dynami-
cal matrix could not be numerically diagonalized due to
the large number of zero-frequency modes. Some indi-
cation of the behavior that might be expected is provided
by the calculations of Zeng and Elser who investigated
the dynamics in a triangular lattice with a weak coupling
to the spins that are eliminated in the decimation process
leading to the kagome net. According to Fig. 6 of Ref. 4,

the density of states, aside from the zero-frequency
modes, should show peaks near 0.4JS and 2JS, with a
continuum of modes filling in the gap between the peaks.

In the case of the diluted arrays, a limited study was
carried out that showed for a given vacancy distribution,
the coplanar equilibrium spin configurations (obtained by
starting the energy minimization procedure with an array
where the spins were coplanar, but randomly oriented in
the plane) were higher in energy by several percent than
the noncoplanar configurations obtained with no restric-
tion on the relative spin orientations. This result suggests
that dilution acts to weaken the tendency toward nematic
order. Whether this happens abruptly or slowly is an
open question.

In the Introduction, it was pointed out that the com-
pound SrCr8Ga40» was an example of a Heisenberg anti-
ferromagnet on a kagome lattice. To be more precise, the
Cr ions in this compound occupy the 12k, 12a, and 4f
sites of the P63/mme space group. The 12k sites form a
kagome lattice with 86% Cr occupation. Experimental
studies of the specific heat and susceptibility indicate a
spin-glass transition at T=3.5 K. Below Tg, the magnet-
ic contribution to the specific heat varies as T, similar to
Lao. 2Gdo. 8Cu02.

Of particular relevance to this paper is the question of
whether the spin-glass transition and the quadratic be-
havior of the specific heat are characteristic of the
nearest-neighbor Heisenberg antiferromagnet on the di-
luted kagome lattice. Although a definite answer to this
question cannot be given at this time, the insensitivity of
the local field distribution to dilution argues against this
interpretation. Furthermore, on the basis of the analysis
of Ref. 5, one would expect that lowest-energy magnon
modes would be strongly influenced by anharmonic
effects, in contrast to triangular lattice systems like
Lap 2Gdp 8CuO2. As a consequence the specific heat in
the nearest-neighbor system is unlikely to vary as T over
an appreciable range of temperature. A more plausible
explanation is that the spin-glass phase and the quadratic
variation of the specific heat reflect the presence of
longer-range interactions.

Alternatively, Chubukov has shown for the nearest-
neighbor Heisenberg antiferromagnet on the fully occu-
pied kagome lattice that quantum fluctuations can lift the
degeneracy of the ground state and restore long-range or-
der. In addition, the spin-wave excitations have a finite
stiffness which is a factor of S ' smaller than is the
case of conventional spin waves. Whether the equivalent
diluted system has a spin-glass transition and quadratic
variation of the specific heat below T when quantum
erat'ects are taken into account remains to be answered.

8
E/JS

FICx. 6. (a) Distribution of magnon energies in a fully occu-
pied 675-site kagome array. Periodic boundary conditions. One
configuration. Noncoplanar ground state. (b) Distribution of
magnon energies in a 675-site kagome array with 14% vacancies
distributed at random. Periodic boundary conditions. Com-
bined data from three vacancy configurations. Ground states
are noncoplanar.

IV. SUMMARY AND DISCUSSION

The purpose of this paper has been to analyze the
effects of dilution on the local field distribution and the
magnon density of states in two two-dimensional geome-
trically frustrated Heisenberg antiferromagnets. The
magnon energies were calculated in the linear approxima-
tion starting from a classical ground state obtained using
an energy-minimization algorithm. In the case of the tri-
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angular lattice, diluting the system broadened the local
field distribution and modified the density of states. Cal-
culations of the magnon contribution to the specific heat
with the density of states appropriate to a 20/o vacancy
concentration and a nearest-neighbor exchange integral
inferred from the high-temperature susceptibility were in
good agreement with the experimental results for
Lao 2G'do 8Cu02 over the interval 0. 1~ T~0.2 K. The
agreement between the measured and calculated values of
the specific heat parallels similar agreement obtained pre-
viously for CuMn (Ref. 2), Eu, Sr, ,S, ' ' and
Cd i Mn„Te. ' In these three-dimensional spin glasses,
calculated values of the (linearized) magnon contribution
to the specific heat, carried out using independently
determined values of the exchange interactions, were in
good agreement with experiment at low temperatures.
The behavior of the other system studied, the Heisenberg
antiferromagnet on the diluted kagome lattice, is more
difficult to understand. Instead of a continuous distribu-
tion of local fields, almost all spins have a local field equal
to 2JS, the value appropriate to the undiluted system.
Similarly, the distribution of magnon modes in the pres-
ence of a 14%%u& vacancy concentration resembles that of
the undiluted lattice in a noncoplanaI" ground state.

The calculations discussed here pertain to zero temper-
ature. In the case of the triangular lattice, it is expected
that they are quantitatively accurate for large S when
kT « JS, as appears to be the case for Lao 2Gdo 8Cu02
below 0.2 K. They are also expected to be qualitatively

correct for the spin- —,
' case (provided the system has the

same long-range order as in the classical limit). At this
point, it is not clear as to their applicability to the
nearest-neighbor kagome system even at T=0. Non-
linear terms in the equations of motion are expected to be
important, and the interplay between dilution and quan-
tum fluctuations is likely to be important but subtle. Fur-
thermore, the likely presence of longer-range interactions
(as well as anisotropy), albeit weak, make the interpreta-
tion of the experimental results in SrCr8Ga40» in terms
of an isotropic Hamiltonian with nearest-neighbor in-
teractions problematical.

Note added in proof. Recently E. F. Shender, V. B.
Cherepanov, P. C. Holdsworth, and A. J. Berlinsky (un-
published) showed how the discrete distribution of local
fields arises in the diluted kagome system. In particular,
they established that sites with local field equal to JS are
associated with pairs of vacancies.
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