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Superconductor-semiconductor-superconductor junctions with superconducting Nb banks coupled by
the degenerate III-V semiconductor n-type InAs are described by the Bogoliubov-de Gennes equations
(BdGE) with spatially and energy-dependent effective masses, abruptly changing conduction-band edges,
interface barriers, and vanishing pair potential in the semiconducting (Sm) layer. Phase coherence be-
tween the superconducting (S) banks is mediated by Andreev scattering of ballistic quasiparticles, which
is the only mechanism considered for Cooper pair transfer. The bound-state subbands, broadened by
scattering from the mismatches at the S-Sm interfaces, split off at finite phase differences 4 between the
pair potentials in either S region. At arbitrary temperatures T below the critical temperature T, of Nb,
the Josephson-current density j(4), computed numerically from the solutions of the BdGE, can be
simulated very well by j{@)=j,sinl&P Lk;„j{4&)]—, where the kinetic-inductance parameter L„;„de-
creases with increasing temperature and decreasing Sm layer thickness 2a. The maximum coupling ener-

gy per unit area is EJ(@=~)=j,h/e for all I k;„. The critical Josephson-current density j, is 5.6X10'
A cm at T=O K, n =10' cm ', 2a =0.3 pm, and vanishing interface barrier strength Z. j, decreases
with increasing 2a, T, and Z; the decrease with temperature becomes more and more pronounced as the
electron concentration n in the Sm layer decreases; the decrease with Z can be understood by the Z
dependence of the Andreev scattering probability. The Josephson currents computed from Andreev
scattering are so large that they should destroy any pair potential possibly induced in the Sm layer by the
proximity effect.

I. INTRODUCTION

Josephson currents in superconductor-semiconductor-
superconductor (S-Sm-S) junctions have been of consider-
able experimental' ' and theoretical' ' interest for a
long time, not only because S-Sm-S junctions are weak
links with interesting properties intermediate between
that of tunnel and superconductor —normal-metal—
superconductor (S-N-S) junctions, but also because they
constitute promising devices for superconducting transis-
tors (Josephson field-effect transistors) of considerable
technological potential. While most discussions of the
Josephson current in conjunction with experiments have
focused on the proximity effect, ' ' ' ' ' theories usu-
ally neglect the pair potential in the Sm layer. '

Only recently, people have begun to look more closely
into the question of how the transmission of Cooper pairs
and phase coherence across the Sm layer by electron-hole
(Andreev) scattering from the spatial variations of
the superconducting pair potential deter-
mines the electrodynamic properties of S-Sm-S junc-
tions. ' ' ' ' ' ' ' " The purpose of the present paper
is a quantitative computation of the Josephson currents
and the phase coupling energy in junctions where the de-
generate semiconductor n-type InAs is sandwiched be-
tween two superconducting Nb contacts, taking into ac-
count the isotropic, nonparabolic conduction-band struc-
ture of InAs, interface barriers, and the mismatches of
the Fermi energies in the S and Sm regions. By choosing
a zero pair potential in the Sm layer, we make sure that

the only mechanism producing the Josephson effect is
Andreev scattering.

II. MODEL

where m(0)=0. 023mo at the I point. In niobium we
have free electrons of mass mo and the dispersion relation
Ps(&)=Ps+& k /2mo. The Fermi energy in the semi-
conductor E„s is defined with the help of Eq. (1) by

F, s
eF, s =Ps (kF, s ) ks

2m(kF s )
(2)

with the usual dependence of the Fermi wave number

k„s on the electron concentration n for isotropic sys-

We consider two Nb superconductors (Fermi energy
F.„s=5.32 eV; T, =9.2 K) coupled by the conduction
electrons of the degenerate narrow-gap semiconductor n-

type InAs, whose electron concentration may vary be-
tween n =10' cm (EF s =0.007 eV) and 10' cm
(E„s =0.411 eV).

The normal-state bulk properties of the junction ma-
terials are given by the following model: The dependence
of the energy gs on the wave vector k in the isotropic
nonparabolic conduction band of InAs is described by a
k-dependent effective-mass parameter m ( k ) in the
dispersion relation

Ak
ks ~=Ps +
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tems, k„sm = ( 3m. n )
' . We have calculated the

effective-mass parameter m(k ) using the Kane-model
k p approximation. In Fig. 1 it is shown as the func-
tion ms (e) of E(k):A—k /2m (k ).

We assume that the S-Sm-S contact is translationally
invariant in the x and y directions. In the semiconductor
region —a (z (+a, the band structure of Eq. (1) is as-
sumed to be valid. All effects of band bending, interface
potentials, and lattice mismatches are modeled by the
barrier potential

kF, s
U~(z) = ' Z[5(z —a)+5(z +a)],

mo
(3)

All magnetic fields are neglected, and the phase difference
across the Sm layer is @=2y(z =+a)—2q&(z = —a).

In the many-body Hamiltonians 8s and Ps of the Sm
and S layers, the single-particle operators "kinetic energy

with the Dirac delta function 5(z); here, Z is a variable
barrier-strength parameter and k„s= (2moEF s) /ft.
The conduction-band edges gz, gz~ define a scalar poten-
tial which changes discontinuously at the interfaces

U, (z)=g's[1 —6(a —~z~)]+('s 6(a —~z~), (4)

where 6(x) is 1 for x ~ 0 and zero otherwise.
Since we are only interested in Josephson currents due

to Andreev reflections and since the BCS coupling con-
stant and density of states in InAs are small anyway, we
disregard the possibility of a pair potential in the Sm lay-
er. Furthermore, because of the large mismatch in the
material parameters of metal and semiconductor, the
proximity effect in the superconducting banks can be
disregarded, too. ' ' ' Therefore the model of the super-
conducting pair potential is

a(r, T)= ~S(T)(e"~"&6((z(—a) .

plus lattice potential" are replaced by gs ( —iV) and

gs( —iV) according to the Wannier theorem, where gs
and gs are given in and below Eq. (1). From these Hamil-
tonians, Bogoliubov —de Gennes equations (BdGE) (Ref.
33) are derived for quasiparticle (QP) wave functions

T

u (r)
4(r) =

with energies E. In the homogeneous semiconductor, the
QP electron and hole wave functions u (r) and U (r) are
plane waves; operating on them, the effective-mass opera-
tor 1/m( —V ) turns into the inverse energy-dependent
effective masses 1/ms (e„s +E) for electrons and
1/ms (E„s E—) for holes which can be obtained from
Fig. 1 with c, =c.F s +E.

In the S-Sm-S junction, the QP wave functions are de-
scribed by the BdGE

~o++H,+
0 =E+,

0 I

where Ho has a form which corresponds to the model
effective-mass Hamiltonians for abrupt heterojunctions of
Morrow and Brownstein:

1
Ho = — V + V+ U, (z)+ U~(z) —p;

m —z

p is the chemical potential. The z-dependent effective
masses are defined as

m +—(z)—:mo[1 —6(a —
~z~ ]

+ms (E„s +E)6(a —~z~) .

We use a gauge where the pair potential is real, so that
the current in the junction gives rise to

0.050

0.045—

Sm
„if(z)

with the "superfluid" velocity

(10)

0.040—
E

0.035—
E

0.030—

0.025—

v —=— Vy[1 —6(a —
~z )]+e, 6(a —

~z ) . (11)'4a

By integrating the BdGE, we obtain as matching condi-
tions at the S-Sm interfaces in z =+a that 4I has to be
continuous and that

0.020 0.0 0.1 0.2 0.3 0.4 ().5

c (eV)

2kF s
~.=*.+o @'O~.=+.—o= '

ZW~, =+.
mo

with

(12)

FICx. 1. Energy-dependent effective-mass parameter ms (c.)
in the nonparabolic conduction band of n-type InAs. The elec-
tron energy c. is measured relative to the conduction-band
minimum g at the I 6 point of the Brillouin zone; the range
c &0 corresponds to evanescent states in the Sm layer (Ref. 28).
The inset shows the spatial variation of the scalar potential
U(z)= U, (z)+ U&(z) representing conduction-band edges and
interface barriers in the S-Sm-S junction; p is the chemical po-
tential.

v+ 0
l—e, +

0 —v

1/m +

0
(13)

0
a

The current density js in the Sm layer is obtained from
the continuity equation i ( [P,As~ ] ) s s~ s= —R divjs
where Bs is the effective-mass Hamiltonian in the Sm
layer, p is the charge-density operator, and the average is
computed with the states of the S-Sm-S junction. This re-
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suits in a) Z= 0, e =0 b) Z=1, 4=0

asm= —e2Re g f (E„)u„* V+v+ u
n

+ [1 f«—.)]

XU„V'+v u*
l fly

n (14)

0.8

0.6—

0.4
02-

'II.o 0.5

kzF/kF, Sm

1.0 0.0 0.5

kzF/kF, Sm

1.0

which is a generalization of the supercurrent densit
the jellium model. ~ E i

urren ensity in
o e . f ( ) is the Fermi distribution func-

tion, and u„and U are the ~~P

E .
e ~P eigenfunctions of energy

n

III. RESULTS

The normalized solutions of Eqs. (7)—(11, u„r and
g' „are computed numericallyU„(r), and their ener ies E

rom the system of linear equations which result from
matching the plane-wave solutions in th S din e an Sm layers
a the interfaces. The index n t d f hn s an s or the triple of

wave numbers of the propagation parallel to the
interfaces and l labels the energies of the bound and

ra e o t e junction

scattering states at constant k d k . I
+

an . n the S re ions
v —can be neglected '

y-
because the electron concen-

tration is at least two orders of magnit d h' h h'u e ig ert anin
e Sm layer; furthermore, the width D of th

uc ors in x,y direction is assumed t bo e much larger

of t
than the London penetration de th A, hep, so t at the interior
o t e regions is current free. Th 1 1e ca cu ations are done
or i erent material parameters, temperatures T, and

phase differences N.
For QP energies E (

~

b, ( T) ~, bound states with a
discrete energy spectrum exist in th S 1in e m ayer, similar to
the situation in metallic weak links (S-N-S .in s - - ). However,

e ound-state energies E, shown in Fi . 2 as

x
—

kF ), differ significantly from the
ones of S-N-S junctions. Thi

'
d his is ue to the competition

the air oten
'

etween Andreev scattering from th
'

1e spatia variations of
e pair potential and normal scattering from the

n e ective masses at themismatches of Fermi energies and ff

effective m
inter aces Fig. 2(a)]. The energy dependence of th

'
e masses must be treated carefull: Sli h

e o e

sistencies alread h
e u y: ig t incon-

a rea y change the initial curvatures of the
E k,F) branches from the correct o hones s own in Fig. 2.

dre
Additional surface barriers (Z )0) f hurt er suppress An-

reev scattering [Fig. 2(b)]. For Z )) 1

particle-in-a-box spectrum of~ ~

one gets the usual

th' k
m o an iso ated Sm layer of

y y breaking by current Aow atic ness 2a. S mmetr
finite phase ifferences 0(4 & ~ results in th 1s in e sp itting ofe,„) ranches shown in Fig. 2(c); here th d
cracy of the odd-

ere, e egen-
y o e odd- and even-parity states of Fi s. 2'a'

2(b) is removed. At hae . p ase differences @=m. (when the
Josephson current
and the lowest

ent vanishes), degeneracy is reest bl' hrees a is ed,

[Fig. 2(d)].
est E(k,„) branch touches the E =0e = axis

With the numerically computed QP fwave unctions for
the bound and scattering state d h

' '

ga es an t eir corresponding
energies, the current density in the Sm la er

'
e m ayer is numerical-

pu e rom Eq. (14) as a function of the phase

d) Z=0, 4=7f
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Circles represent the numerical results
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Lk;„ /(10 cm' A ') = 1.8, 1.2, 0.6 and
empera ure critical current is j (T=0 K) =5.6X1c =. 0Acm

j (4&) =j,sin[@—L„;„j(N) ] .

The two aramep ters are the critical-current d 't~ ~
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ensi y j,

kin & ot epend-e inetic-inductance parameter L b h d
ing on the temperature and S-Sm-S- m- materia parameters.
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FIG. 4. Temperature dependence of the normalized kinetic-
inductance parameter Lk;„ for Sm electron concentrations
n = 10', 10', and 10' cm (top to bottom) with Lk;„(T =0
K,n ) = 1.0 X 10 ', 1.8 X 10, and 7.4 X 10 ' cm A ', respec-
tively. Circles represent the numerical results, and the solid
lines are interpolations.

FIG. 6. Temperature dependence of the critical-current den-

sity j, for Sm electron concentrations n =10', 10", 10', and
10' cm (from top to bottom at T =0.6T, ) with j,( T =0
K,n)=5.6X10, 8.3X10, 6.4X10', and 3.3X10 Acm . The
circles represent the numerical results, and the solid lines are in-

terpolations.

The temperature dependence of L„;„shown in Fig. 4 is
practically the same for all Sm electron concentrations n

in the range 10' n ~ 10' cm . I.k;„ increases with the
Sm layer thickness 2a and decreases with electron con-
centration n; qualitatively, this behavior is the same as
that of the kinetic inductance of homogeneous supercon-
ductors.

With increasing temperature the coupling energy per
unit area of the junction,

EJ(@)—: f j(@')d4',
2e 0

shown in Fig. 5, decreases, and the shape of the EJ(4&)
curves changes from nearly parabolic to a cos4 behavior
as Lk;„j(C&) decreases with T. This is similar to the
change of the energy-crystal momentum relation of a sin-
gle electron in a periodic potential as one goes from the
nearly-free-electron limit to the tight-binding approxima-
tion. Note that, even when for L„;„WO the shape of

EJ(@) difFers significantly from the cos@ behavior of
Josephson tunnel junctions, the maximum coupling ener-

gy Ez ( rr) is independent from L„;„and given by
EJ(rr) =Aj, /e, as can be derived from Eqs. (15) and (16)
by direct integration with appropriate substitutions.

The dependence of the critical-current density j, on
temperature T, electron concentration n, barrier strength
Z, and Sm layer thickness 2a is shown in Figs. 6—8.

From the rapid decrease with temperature of the criti-
cal current at n =10' cm in Fig. 6, we note that in S-
Sm-S junctions with small n the dissipation free current
may approach zero at temperatures considerably lower
than the critical temperature T, of the superconducting
material. Therefore a vanishing of the dissipation free
current in an S-Sm-S junction does not necessarily imply
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41
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0.0—' 1.0 —0.6 —0.2 0,2 0.6 1.0

FIG. 5. Coupling energy EJ(+) for the same material and
temperature parameters as in Fig. 3 with the same meaning of
circles and solid lines. Aj, ( T =0 K)/e =2.3 X 10 eV cm

FIG. 7. Critical-current density as a function of the barrier
strength Z for n =10' cm (top curve) and n =10' cm (bot-
tom curve), with j,(Z =O, n)=2. OX10' and 1.5X10' Acm
The circles represent the numerical results, and the solid lines
are interpo1ations. The dashed lines show the squared normal-
ized transmission probabilities [T(Z,n)iT(Z =O, n)] of nor-
mal electrons (at T) T, ) computed for one S-Sm interface.
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2a (pm)

FIG. 8. Critical-current density as a function of the Sm layer
thickness 2a for T/T, =O. O, 0.2, 0.3, and 0.5 (top to bottom).
The circles represent the numerical results, and the solid lines
are interpolations.

Nb/n-type InAs/Nb junction of Sm layer thickness
2a =0.3 pm and carrier concentration n =2X10' cm
at T =2. 1 K. From their diffusion coefficient and Fermi
velocity, we estimate an elastic mean free path l =0.6
pm )2a. From our theory we compute a critical
Josephson-current density of j,=1.2X 10 A cm for
the same 2a, n, T and for Z =0. j, falls off to the experi-
mentally observed magnitude, if we choose Z=2. It is
reasonable to assume the presence of interface barriers in
the experimental S-Sm-S junctions, because the measured
critical currents have been found to depend sensitively on
the interface preparation' and vary from sample to sam-
ple. '

According to the Silsbee criterion or the thin-film
pair-breaking criterion, ' the critical-current density in
Nb with hs—= ~b, (T=0 K)~=1.5 meV and electron con-
centration ns =5. 56 X 10 cm is

the vanishing of the superconducting properties of the
metal layers.

Figure 7 shows that the critical current decreases with
the interface barrier strength Z in the same way as the
squared electron transmission probability T(Z) does.
This behavior can be understood by the T(Z) depen-
dence of the Andreev-scattering probability. The
transmission probability of an electron at normal in-
cidence on the interface between n-type InAs and Nb in
the normal state is

2
1 1 ZT(Z) = —y+ — +

x x

2 —1

(17)

with
1/2

Ak„s /ms (eF s )

XkF symo
(18)

being given by the ratio of the Sm and S Fermi velocities.
The logarithmic plot of the critical current as a func-

tion of the Sm layer thickness 2a in Fig. 8 shows that the
computed decrease of j, can be approximated by the ex-
ponential function exp[ —2a /l ( T) ] with a temperature-
dependent decay length 1(T). Such exponential decay
has been observed in experiments on Nb/n-type InAs/Nb
(Refs. 1 —4 and 6) and other S-Sm-S junctions ' and is
often discussed in conjunction with the proximity effect.
However, quantitative discrepancies in the decay lengths
are noted. ' ' Previous Green's-function theories of S-
N-S junctions' ' find an exponential decrease of j, with
2a/gT, gT=fiv&/2mkz T, in the limit 2a ))gT. This lim-
it is not satisfied in our S-Sm-S junctions, and l has nei-
ther the magnitude nor the temperature dependence of

j, Nb(T =0 K)=2X10 A/cm

Thus the maximum density of uniform current Aow in the
Sm layer is

js,„=j, Nb(A, /D) ) 10 A/cm

for D ~ 10 A, . The Josephson-current densities calculated
by us are below that limit (see Fig. 8). The same pair-
breaking criteria can be used in order to estimate what a
finite, proximity-induced pair potential hs in the Sm
layer might contribute to the critical Josephson current.

will be destroyed by current densities exceeding

~p j,Nb ns ) (~s /~s)

For Sm electron concentrations' n ~ 10' cm, one
has (n lns ) ~ 3 X 10 . From Kieselmann's ' self-
consistent calculations of the pair potential in proximity
contacts at arbitrary temperatures, as well as from the
proximity-effect theory for ( 1 —T /T, ) ((1, we ex-
pect that in the Sm layer with cF s &&c.F s any induced
pair potential As is considerably smaller than As. Even
with b,s as big as 0.les, for n =10' cm, 2a =0.3 pm,
and T=0 K, the pair-breaking current density jz would
be 6 X 10 A cm and thus an order of magnitude small-
er than the critical Josephson-current density

j,=5.6X10 Acm calculated by us for the same pa-
rameters on the basis of Andreev scattering, neglecting

Therefore we believe that in the interpretation of
experimentally observed Josephson currents in S-Sm-S
junctions Andreev scattering deserves at least as much at-
tention as the proximity effect.

IV. DISCUSSION AND CONCLUSION

Inoue and Kawakami observed a critical Josephson-
current density j,=4.7X10 Acm in a sandwichlike
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