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Crossover from a displacive to an order-disorder transition in the nonlinear-polarizability model
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The dynamics of a two-dimensional shell model with a double-well potential in the core-shell interac-
tion is simulated by means of molecular-dynamics techniques. Snapshots of the lattice displacement pat-
tern reveal the presence of precursor regions in the high-temperature phase, while in the low-

temperature phase the dynamical structure factor exhibits a quasielastic component in addition to the
ferroelectric soft-mode peak. On the other hand, the local dynamics of particles are characterized by
two different time scales corresponding to the coexistence of interwell and intrawell motions. In the vi-

cinity of the structural-phase-transition temperature a crossover from a displacive to an order-disorder
transition is observed, which may explain the experimentally observed discrepancies of the nature of the
phase transition.

I. INTRODUCTION

The mechanism of the ferroelectric phase transitions in
oxide perovskites remains the object of many experimen-
tal investigations, e.g. , infrared spectroscopy and
Raman-, hyper-Raman-, and inelastic-neutron-scattering
experiments, as well as electron-paramagnetic-resonance
(EPR) and dielectric measurements. For the pure sys-
tems BaTi03, PbTi03, and KNb03, as well as the mixed
compounds KTa& Nb 03 and Sr& Ba Ti03, contrad-
ictory results were obtained concerning the mechanisms
of their structural phase transitions. A displacive mecha-
nism driven by the instability of a soft ferroelectric mode
was supported by early experiments on BaTi03 and the
incipient ferroelectrics SrTiO3 and KTa03. An order-
disorder picture was derived initially for BaTiO3 from the
observation of strong diffusive x-ray scattering and was
later supported by the observation of Raman activity
above the cubic-tetragonal transition and more detailed
infrared and dielectric measurements and EPR spectros-
copy. ' In BaTi03 the soft-mode damping increases
steadily with decreasing temperature in the paraelectric
phase, surpasses the overdamping limit several hundred
degrees above the transition, and becomes heavily over-
damped near T, . The soft-mode frequency obtained from
infrared spectra remains finite at T„and a large
discrepancy is observed between the capacitance dielec-
tric constant and the one obtained from the lattice
modes. An additional relaxation mechanism has to be in-
voked near T, in order to explain the divergence of the
experimental dielectric constant. Hyper-Raman spectra
are compatible with this interpretation, although these
data can also be fitted by assuming only one heavily over-
damped oscillator whose frequency decreases monotoni-
cally and vanishes at T, . The observation of a central
component in the Raman spectrum of BaTiO& (Ref. 5)
provided direct evidence of a relaxational motion, which,

by means of dielectric measurements, was found to be
monodispersive and with a characteristic frequency in the
10 -Hz range. Similar phenomena are observed in
KNb03, ' PbTi03, and KTa, ,Nb„03. Relaxational
dynamics were also observed in the incipient ferroelec-
trics KTa03 and SrTi03 at low temperatures. ' Howev-
er, in these materials, as well as in PbTi03, the ferroelec-
tric soft mode remains underdamped and well defined.

An explanation of the experimental data can be given
in terms of a crossover regime from displacive to an
order-disorder transition in the vicinity of the phase-
transition temperature T, . Generally, this behavior can
be found if the critical motion of the ions, which freezes
out at T„possesses two components with different time
scales. While one component is associated with quasihar-
monic oscillations around the equilibrium positions and
corresponds to the soft-mode frequency, the other com-
ponent refers to a relaxational motion of the central
transition-metal ion between two equilibrium sites.
While the quasiharmonic oscillations yield a displacive
mechanism, the relaxational motion introduces the
order-disorder character, which simultaneously shows
that the transition-metal elements: i.e., Ta, Nb, Ti, and
Pb remain off center for time intervals ~ 10 s, as de-
duced from NMR experiments. " The transition is
characterized by a critical slowing down of correlated
fluctuations as T, is approached, independent of the mag-
nitude of T, .

Theoretically, the structural phase transitions of
perovskite oxides can be described within a rigid-ion
model with local double-well potentials and nearest-
neighbor interactions only. ' Computer-simulation tech-
niques' ' as well as analytical work' —using this sim-
ple model —confirm the crossover behavior from displa-
cive to an order-disorder transition. Molecular-dynamics
simulations of the model reveal the appearance of a cen-
tral peak in the dynamical structure factor and the for-
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mation of clusters of locally ordered regions. The critical
exponents obtained from the model are in agreement with
the experiment, but only qualitative agreement of the
characteristic temperature-dependent properties is ob-
tained. Another obvious shortcome of this rigid-ion ap-
proach with on-site double-well potentials is the loss of
translational invariance and the decoupling of the dy-
namics to other branches than the soft mode. This obvi-
ously severely restricts the applicability of the model to
such systems. The missing information of mode coupling
and interaction phenomena might explain the purely
qualitative features of the model. Furthermore, electron-
ic degrees of freedom are neglected, which play an impor-
tant role in these highly polarizable compounds.

A more realistic description of the lattice dynamics of
oxide perovskites could be obtained within a nonlinear
shell model. The microscopic reason of this model is
based on the local instability of the oxygen ion O . This
instability induces a temperature- and volume-dependent
anisotropic polarizability which —lattice dynamically-
1s simulated by an onsite P4 potential in the electron-ion
interaction, i.e., the nonlinear shell model. ' Model cal-
culations of phonon dispersion relations, second-order
Raman spectra, temperature dependence of the soft-mode
frequency, and coupled branches, as wel1 as defect prop-
erties, are in excellent agreement with experimental data.

Calculations have been performed in particular for
KTa03, ' SrTi03 ' ' ' BaTiO Nb:KTaO ' and
Li:KTa03. ' To avoid the use of too many parameters
and to achieve an analytically treatable form of this mod-
el, a reduction of the three-dimensional model to a
pseudo-one-dimensional version was considered, which
has been widely applied and keeps all necessary dynam-
ical information. In particular, the coupling of the soft
mode to the acoustic branch explains the experimental-
ly observed anomalies in this mode when approaching the
phase-transition temperature. Another highly interesting
feature of the simplified nonlinear shell model is the
finding of exact nonlinear solutions ' ' which describe
domain-wall motions and q-dependent anomalies in cer-
tain phonon modes. For the calculation of the
temperature-dependent dynamic and thermodynamic
properties, the three-dimensional as well as the one-
dimensional model made use of the self-consistent pho-
non approximation (SPA). This corresponds to a
temperature-dependent linearization of the nonlinear po-
tential and a replacement of the higher-order interactions
by effective temperature-dependent quantities, to be
determined self-consistently. For a purely displacive-type
phase transition, this mean-field theory has been shown
to be valid, but it obviously fails in the order-disorder
limit. Thus important features as observed in, e.g. , Ba-
Ti03 cannot be explained within the SPA and especially
the crossover from displacive to an order-disorder transi-
tion lies beyond this approximation.

The aim of the present work is to avoid the above-
mentioned shortcoming of the SPA by analyzing the non-
linear shell model with molecular-dynamics (MD) tech-
niques. This method allows one to treat the nonlinear po-
tential without linearization schemes and reveals realisti-
cally the dynamics of the ions in the vicinity of T, . The

pseudo-one-dimensional model is extended to two dimen-
sions in order to obtain finite transition temperatures,
which in the one-dimensional case were obtained by iso-
tropic spherical three-dimensional integration techniques.

II. MODEL AND COMPUTATIONAL DETAILS

The model we use is depicted in Fig. 1. It represents
an extension of the pseudo-one-dimensional model, but
using all conventions inferred in that version: i.e., M

1

refers to the mass of the polarizable cluster BO3 of
perovskites ABO3 and M2 to the cationic A sublattice. f
and f ' are nearest-neighbor core-shell and core-core force
constants. The instability of the ferroelectric soft mode is
attributed to attractive Coulomb forces which are includ-
ed in the harmonic core-shell coupling g2. Consequently,
g2 represents an attractive interaction. Stabilization of
the soft-mode frequency in the paraelectric and ferroelec-
tric phases is achieved via the repulsive fourth-order
core-shell coupling g4. The equations of motion read, us-
ing the adiabatic condition for the shell masses,

"mn f (
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FIG. 1. Two-dimensional diatomic nonlinear polarizability
model. The arrows on shells and cores in the left bottom corner
of the figure indicate their respective displacements in the fer-
roelectric phase.



CROSSOVER FROM A DISPLACIVE TO AN ORDER-DISORDER. . . 2475

where u; '" is the core displacement component n
(a=x,y) of ion i (i =1,2) in the cell (m, n) and M; are the
ionic masses.

It is important to note here that w '" is the relative
core-shell displacement coordinate, i.e., w '" = v
—u '" with v '" being the shell displacement, as the use
of this relative displacement coordinate contributes
significantly to the renormalization of the soft-mode fre-
quency and induces substantial differences as compared
to the rigid-ion anharmonic lattice model.

The SPA corresponds to a first-cumulant expansion of
the cubic terms in w " and introduces an effective
temperature-dependent pseudoharmonic coupling:

MUm, n F ( Um+ I,n+ Um —1, n
la la la

+ Um, n+1+ Um, n —1 4Um, n
)la la la

arm, n + ( ~m, n
)

3

Um, n y ( Um, n + Um +1,n —1 + Um, n —1 + Um +1,n
2a la la la la

+ ~m, n+ ~m+1, n —1+~m, n —1+~m+1, n
a a a a

4 Umn),
2a

0—y( Um, n+ Um —1,n+1+ Umn+1+ Um —l, n 4Umn )2a 2a 2a 2a la

4y )grm, n
( arm, n )3

(7)

(8)

g(T)=gz+3g4(w ), (4)

where ( w ) is the self-consistent thermal average of the
relative displacement squared at temperature T. The
temperature dependence of the transverse-optic-mode
frequency at q=0, i.e., the ferroelectric soft-mode fre-
quency, is given by

coF(q =0)= 1 1 8fg(T)
M, M~ 8f +g(T)

(5)
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The equations of motion are rewritten as

In the displacive limit, the transition occurs for co+=0,
the critical temperature being given by the condition
g ( T, ) =0. Here it should be emphasized that an impor-
tant temperature-dependent renormalization of co+ is ob-
tained through g(T) in the denominator in Eq. (5). In
the limit g(T) =0 (i.e., close to T, ), Eq. (5) reduces to the
results obtained from the anharmonic rigid-ion model,
valid at all temperatures T in that model. For g(T) ))0,
i.e., far away from the transition point, Eq. (5) ap-
proaches the rigid-ion limit, and consequently coF(q =0)
saturates. This regime is not obtained in the anharmonic
rigid-ion model, but agrees quantitatively with experi-
mental data.

As already mentioned above, MD techniques treat
anharmonicities without approximations. In the follow-
ing we employ a constant-temperature MD procedure to
investigate the lattice dynamics in the neighborhood of
the structural transition. In order to obtain reasonable
temperature control and simultaneously maintain stabili-
ty, we employ a predictor-corrector algorithm. ' This al-
gorithm includes the velocities in the predictor used to
calculate the positions such that the system's temperature
may be adjusted by rescaling the particles velocities after
each time step. Introducing the dimensionless quantities

Equation (8), which is cubic in the relative core-shell
displacement coordinate, can be solved for u, '",u 2

'" and
yields a complex nonlinear potential in the core coordi-
nates. The solutions which are obtained within each
iterative step of the MD calculation are subsequently in-
serted in Eqs. (6) and (7).

III. RESULTS AND DISCUSSION

The MD simulation is performed for a square lattice of
32 X 32 unit cells with periodic boundary conditions. The
values of the dimensionless coupling constants are F=2,
F'=0.7, and M=4. The runs were performed for 2'
steps after zero time, using step size of At=0. 1. The
temperature is defined by T=(g4/g2)k~ T and has been
calculated as the mean kinetic energy of the particles.

In order to identify the phase transition, the following
vectorial order parameter is introduced:

QJ=N ' (Q(q=0, j))=(M' U, —U2), (9)

where Q(q =0,j) is the amplitude of the soft-mode nor-
mal coordinate and describes the ionic displacements in
the distorted phase. A nonzero value of this order pa-
rameter indicates the presence of the ferroelectric phase.
For the above set of parameters, we obtain T, =0.54.

We calculate the leading approximation to the dynami-
cal structure factor as the space-time Fourier transform
of the core-core displacement correlation function. The
results for S(q=0, co) at various temperatures above T,
are illustrated in Fig. 2. At high temperatures [Fig. 2(a)],
a phonon peak which corresponds to the ferroelectric soft
mode is well resolved and the SPA value (indicated by an
arrow) is in reasonable agreement with the position of
this peak. Here the SPA value is not obtained by means
of Eqs. (4) and (5), but by inserting the value of tU, evalu-
ated in the MD procedure in Eq. (4).

With decreasing temperature the ferroelectric phonon
peak softens and a broad central component appears at
T) T, [Fig. 2(b)]. The structure below —135 frequency
units should be viewed as a single very broad peak. On
approaching T, further, the central peak becomes nar-
rower and more intense. On the other hand, the soft-
phonon resonance intensity decreases and disappears
many degrees above the transition [Figs. 2(c) and 2(d)].
We examined with a large intensity scale the tail of the
central peak in Figs. 2(c) and 2(d) and could not observe
anything corresponding to the soft-phonon peak which
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m.ay be already highly overdamped.
Note that the SPA value of the soft mode stays at 130

frequency units below T= 1.4T„while, for reference, the
zone-boundary acoustic-mode frequency has a value of
118 frequency units.

The microscopic origin of the central peak in systems
with structural phase transition is still not known.
However, a possible explanation could be the appearance
of precursor effects. The slow motion of the domain
walls could be the origin for this quasistatic component
in the spectrum of the system. In fact a MD simulation
of a one-component displacement model shows that the
centra1 peak is related to traveling cluster waves. ' To
elucidate this point in more detail, we have analyzed the
possible formation of precursor clusters, suggesting that
also in the present model the ferroelectric phase transi-
tion is of order-disorder type.

In the investigated two-dimensional model, the order
parameter has two independent components due to the
soft-mode degeneracy. In fact, there are four different
cluster patterns related to four ferroelectric domains
which can be generated by the spatial direction of the lo-
cal order parameter. The existence of correlated fluctua-
tions in the cubic phase implies that in small clusters of

the lattice the local order parameter has one of the possi-
ble four orientations which would lead to small locally
ordered phases. In the ferroelectric phase, the system is
in one of the four possible spatial orientations and all the
cells are polarized in the same direction. Therefore, in
order to investigate the formation of precursor clusters
above the transition, snapshots of instantaneous
configurations are shown for various temperatures in Fig.
3. Four symbols distinguish the four different possible
orientations of cell polarizations. For T ))T, [Fig. 3(a)],
fully uncorrelated polarizations are seen, while well
below T, [Fig. 3(d)] the whole system has the same polar-
ization except for isolated cell fluctuations. At tempera-
tures close above [Fig. 3(b)] and below [Fig. 3(c)] T, clus-
ters of coherent polarization are clearly distinguished.
The dynamics of these regions give rise to the central
peak observed in Fig. 2.

Another interesting question is related to the local dy-
namics of the particles, since this determines the lifetime
of the correlated fluctuations. As already pointed out,
several experiments provide evidence of noncubic local
symmetry in the paraelectric phase of oxide
perovskites. ' '" From dielectric measurements a life-
time of 10 —10 s can be deduced for off-center posi-
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FIG. 2. Dynamical structure factor S(q =O, co) in the paraelectric phase for several values of T/T, : (a) 11.4, (b) 2.9, (c) 1.4, and (d)
1.04. The arrow indicates the SPA value of the ferroelectric mode in each case. Frequencies are given in dimensionless units. The
intensity scale sets the absolute maximum equal to 1.
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tions. ' In order to investigate whether a similar situa-
tion appears in our model, we follow the movement of the
particles in a given arbitrary unit ce11. In Fig. 4 the time
evolution for the shell and core coordinates is shown at
different temperatures. At high temperatures the shell
and cores show oscillatory dynamics around their perfect
lattice sites [Fig. 4(a)]. Simultaneously, the structure fac-
tor shows the soft-mode phonon peak only [Fig. 2(a)].
Close to T, [Fig. 4(b)], a coexistence of interwell and in-
trawell motion appears on two different time scales. The
shell and cores remain in a given off-center position and
jump to the other equivalent site after —1000 MD steps
[Fig. 4(b)]. They also show oscillatory dynamics around
these off-center positions. Obviously, there is a clear rela-
tion between the local interwell motion and the appear-
ance of precursor clusters, which points to the relevant
mechanism for the existence of the central peak in our
model ~

IV. SUMMARY AND CONCLUSIONS

We have shown that the two-dimensiona1 version of
the nonlinear polarizability model for ferroelectric soft

modes accounts for the experimentally observed cross-
over from the displacive soft-mode picture to order-
disorder dynamics near the transition. The results of our
MD simulations are in agreement with experiments, espe-
cially in the vicinity of T, . This refers in particular to the
coexistence of oscillatory and relaxational motions on
different time scales. Each particle performs a rapid pho-
nonlike motion around its momentary off-center position
and changes its position to the other equivalent position
after much longer times. The instantaneous displacement
patterns show clusters of particles of coherent polariza-
tion. Within each correlated region, the particles oscil-
late around a given local ferroelectric configuration.
Consequently, a low-frequency peak in the dynamic
response appears because of the slow dynamics of the or-
dered precursor regions. The central peak intensity is
found to increase while its width decreases as T, is ap-
proached. This behavior is related to a growth of the
cluster lifetime as the central peak half-width is propor-
tional to the inverse lifetime while its height is propor-
tional to it. Finally, the soft-phonon peak disappears
from the dynamic response well above T„ thus indicating
that the ferroelectric mode becomes heavily overdamped.
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values of T/T, : (a) 11.4, (b) 1.15, (c) 0.94, and (d) 0.66. The symbols, , ~, and —refer to the four different polarization domains,
discussed in the text.
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The SPA frequency of this mode is found to saturate and
remain finite at T, .

The results obtained from MD techniques clearly indi-
cate that an order-disorder mechanism drives the
structural instability in the vicinity of T„while former

SPA results favor a displacive-type picture. As both
methods are complementary, it can be concluded that,
for temperatures larger than T„displacive-type behavior
should be observed, while close to T, critical fluctuations
have to be taken into account seriously; i.e., the SPA is
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FICx. 4. Time evolution of the core and shell displacement in the direction (1,1) at a given site 1 for difFerent values of T/T, : (a)
11.4, (b) 1.15, and (c) 0.85. Note in (c) that the finite mean displacements of cores and shells are observed in the ferroelectric phase.
Similar results are obtained for the second core 2.
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no longer valid in this regime, and order-disorder-type
features are consequently observed. Thus the comple-
mentary character of MD and SPA fully accounts for the
partially convicting results obtained in various experi-
ments.

Finally, it should be mentioned that the three-
dimensional polarizability model fully accounts for realis-
tic ion polarizabilities and short-range and Coulomb in-
teractions. As the ferroelectric soft-mode instability re-
sults from a compensation of short-range and Coulomb
forces, all short-range forces are repulsive here. ' ' '

Stabilization of the lattice is achieved via the anisotropic
fourth-order core-shell interaction, which induces an
effective double-well potential in the ferroelectric

normal-mode coordinate. Thus it is to be expected that
the qualitative features obtained from the reduced model
described above will also be recovered in three dimen-
sions, and quantitative aspects for order-disorder dynam-
ics for specific ferroelectrics can be obtained especially in
the vicinity of T, .
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