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Delocalization in electron-impact ionization in a crystalline environment
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A theory for variations in cross section with diffraction conditions for electron-impact ionization of
atoms in a crystalline environment is presented. This takes into account total interaction delocalization
(due both to long-range Coulombic interaction and thermal smearing of the target position) by integra-
tion over all scattering angles and ejected electron momenta as well as attenuation of dynamical effects
by inelastic scattering, particularly thermal diffuse scattering. These results are of fundamental impor-
tance for atom location by channeling-enhanced microanaiysis using energy-dispersive x-ray or
electron-energy-loss-spectroscopy techniques. Agreement between this theory and various energy-
dispersive x-ray experiments reported in the literature (as well as our own experiments) under dynamical
electron-difFraction conditions is satisfactory.

I. INTRODUCTION

In this paper we present an expression for atomic ion-
ization cross sections in a crystalline environment under
dynamical electron diffraction conditions. This incorpo-
rates ionization kinematics and associated delocalization
from first principles, with proper integration over all final
states of the scattered fast electron as well as the ejected
target electron. This theory also accounts for ionization
from dechanneled electrons (such as those which have
been thermally scattered) as well as delocalization due to
thermal Auctuations in target atom position. This formu-
lation, which extends previous work which did not ex-
plicitly incorporate inelastic scattering into the ionization
cross section, is of fundamental importance for ionization
probabilities measured under strong diffraction condi-
tions by electron energy loss spectroscopy (EELS) or en-

ergy dispersive x-ray (EDX) spectroscopy as well as for
interpretation of results from the associated technique of
atom location by channeling-enhanced microanaiysis
(ALCHEMI). ' Various methods to include localization
effects in ALCHEMI have been suggested but none of
these is of general applicability.

The validity of this theory is tested by correlation with
EDX spectra recorded under various dynamical
diffraction conditions. We use a modified hydrogenic
model for the atomic electron which is adequate for K-
shell excitation and which is computationally con-
venient. ' '" However it should be noted that the theory
is in principle not limited to this particular model for the
(e, 2e) transition matrix elements.

II. THEORY

The dynamical equations of Bethe' are a starting point
for a general theory of electron diffraction in a crystal:

[K —(k'+g) ]C'+ g U „C„'=0 .
hXg

There is one equation for each Bloch wave on branch i of
the dispersion surface. K =k + Uo, where k is the vac-
uum wave vector of the fast electron and Uo is related to
the mean inner crystal potential. Inelastic scattering is
treated by an absorptive potential, by including an imagi-
nary component in the Fourier coefficients Ug h . The
most important inelastic effect contributing to anomalous
absorption is due to thermal diffuse scattering
(TDS).' ' Other delocalized electronic excitations
(plasmons, single electron excitations) can be accounted
for by inclusion of an extra mean absorptive term. Small
angle scattering processes such as plasmon excitations
generally preserve diffraction contrast and channeling
phenomena. However, even for low energy losses,
scattering through more than a Bragg angle contributes
to a dechanneled component that by integration over all
angles adds a plane wave background component to
channeling and associated inelastic phenomena.

The boundary conditions at the crystal surface allow us
to express each k' in the form'

k'= K+ X~n =K+ ( y'+i rl')n,

where we explicitly decompose the complex eigenvalue
into its real part y' (the anpassung) and imaginary part g'
(the absorption coefficient). n is a unit vector in the
direction of the surface normal, directed into the crystal.
The Bloch wave expansion for the wave function in the
crystal is given by

it(K, r)= g A'g Csexp[i(K+A, 'n+g) r] .

The presence of an imaginary component U"(r) in the
potential (representing absorption due to ionization in
our case) in the Schrodinger equation can readily be
shown' to give rise to a rate of loss of electrons per unit
volume at the point r (due to ionization) proportional to
the quantity P =gg*(r) U"(r). We follow the theoretical
approach outlined by Cherns, et al. ' and integrate P
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over the volume of the crystal using the expressions given
for gg* in Ref. 13 (including absorption due to all inelas-
tic processes) and that for the ionization potential given
in Ref. 1 in such a way that these two quantities are
correctly convoluted together. This generalizes the ex-
pression for the ionization cross section in Ref. 1 to take
into account the effect of other inelastic background
scattering on the ionization cross section. The result can
also be obtained along the lines of the lengthy derivation
in Ref. 18 by including absorption in the relevant Bloch
waves at the outset. The result for the cross section for
ionization in the presence of other background inelastic
scattering is of the form

where N is the number of unit cells in the crystal and V,
is the unit cell volume. The term B (i,j, t) relates to the
Bloch wave amplitudes A ', real part of the eigenvalues y'
and absorption coefficients g' of each partial wave from
which the total wave function in the crystal is recon-
structed, and is given by

~.'+~!+t(r.' rP— [1—exp[ —{n.
' +n! )t]exp[i(r.' —r!)t]]B(i,j,t)= 3 'A~*

(g,'+gj ) +(r,' —r~)

and this term is unity for normal incidence. The term
pt, s (with po a special case) is of the form

4n
pt, =, %[site]%[kin],

(2~) kao V,
(7)

where the factor n is inserted to account for the number
of electrons in the initial target shell, ao is the relativistic
Bohr radius and V, is the unit cell volume.

The site dependent term

%[site]= +exp[ —M(g —h)]exp[i(g —h) rp„]
13n

where r&„are the n sites of atom type /3 in the unit cell
and the Debye-Wailer factor M(q)= —,'q (u&), where

where t is the crystal thickness, y,'=y'n z where z is
along the crystallographic z direction and g, is similarly
defined. The term S(i,j) is given in terms of the com-
ponents of the eigenvectors by

S(i,j)= g C'CJ*

I

(ut3) is the mean-square atomic displacement. The ex-
ponential factor containing the Debye-Wailer factor has
been inserted in Eq. (8), following Ref. 17, to take into ac-
count the broadening of the ionization potential at each
atomic site due to the thermal vibrations of the target
atom. The atomic positions are convoluted in real space
with the Debye-Wailer factor obtained within the context
of an Einstein model for TDS, leading to a multiplicative
term in Eq. {8) to take into account the uncertainty in ab-
solute position due to the thermal motion. In practice
the inclusion of this term was found to make negligible
difference to the cross sections since the ionization
remains localized relative to the dynamical fast electron
wave function. To a good approximation ionization can
be considered as occurring independently against a mean
attenuation due to fast electrons which have been
dechanneled due to electronic excitation plus a thermally
generated component, as one would expect with the ion-
ization potential being much less than that due to
TDS—a quantitative comparison between these two po-
tentials is made in the next section.

The interaction kinematics term

%[kin]= f k'ir f fF(Q,a)F*(Qh, tr)dQ, , dA dtc
Qg Qh

with Q =q+g and Qh=q+h, where the momentum
transfer q is given in terms of the incident and scattered
wave vectors k and k' by q=k —k'. Analytic expres-
sions' ' "have been given (assuming a hydrogenlike mod-
el for ionization) for the quantity

fF(Q, a. )F*(Q„,a. )d 0 (10)

whe~e, if Qs&Qh, these "nondiagonal" terms contribute
to the site-sensitivity and orientation dependence of the
ionization cross section. The accuracy of the hydrogenic
model, at least for diagonal terms, is considered in Ref. 3
as a function of the nuclear charge and energy of the in-

cident electron and is expected to be reasonable for the
elements and energies considered here. More particular-
ly, in Eq. (10) we have

F(q, a ) = f uf (ir, r') exp(iq. r')u;(r')dr',

where u, (r') and uf(a, r') are the initial and final state
wave functions of the target electron, uf(x, r') represent-
ing a continuum final state with a the ejected electron
wave vector. For a particular ejected electron wave vec-
tor a and for each element Q, Qh and d0, integration of
0, over all ejection directions is evaluated from Eq. {10).
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The second integral in Eq. (9) is numerically integrated
over 4~ steradians for the scattered electron wave vector
k'. The first integral is then evaluated with ~ being incre-
mented by h~, and numerical integration over 0 and 0
repeated. Thus the (e, 2e) cross section for ionization is
integrated over all target electron momenta x, all scat-

tered electron momenta k' and all ejection energies above
threshold (equivalent to integrating over lr).

The first term in Eq. (4), the factor in large parentheses
times pp, takes into account the contribution from
dechanneled fast electrons to ionization. Explicitly the
term po in Eq. (4) is given by

I k'lr2 f JE(qa)E*(qa)dA, d&
(27r) kao V, 4 (12)

For kinematic conditions (Qs=Qh =q), Eq. (4) reduces
to

k
Ug —g= 2ps —g .

(2ir )
(17)

1=Xnp
n pk, p

(13)

where A,p= 1/pp is the kinematic mean free path for ion-
ization, n& is the number of atoms of type I3 in a unit cell
and no=n&/V, (i.e., under these conditions the total
cross section is the cross section for an isolated atom
multiplied by the number of atoms). This result is also
achieved in the limit as the crystal thickness t~ ~, i.e.,
we obtain Eq. (13) but this time from the first term in Eq.
(4). Thus the asymptotic behavior of Eq. (4) is reason-
able: for kinematic diA'raction conditions or for thick
specimens the cross section is the sum of isolated atomic
cross sections.

%'ith the assumption that

Thus the ionization cross section o. may be explicitly
written in terms of Fourier components of the ionization
potential, coupled with eigenvalues and eigenvectors and
absorption coeKcients due to TDS plus a possible mean
absorption due to delocalized electronic processes.

III. RESULTS

A 2D projection of the elastic crystal potential VE, (r)
and TDS potential VTDs(r) for the (110) zone axis of
GaAs (300 K and 300 keV beam) is plotted in Fig. 1(a)
and 1(b), each constructed from a two-dimensional array
of more than 10 Fourier coefficients. Explicit expres-

p„ng—-po9'[kin]

for all h —g, Eq. (4) reduces to

(14)

XV,
n& 1 —g B (i,j, t)S (i,j )

n~gp

+ Q B (ij, t) g CsC)*2[site]
gh

(15)

Setting the exponential term containing the Debye-
Waller factor to unity in Eq. (8), Eq. (15) can be rewritten
in terms of the inelastically attenuated probability density
1(1(*on the n atoms of type /3 (see Ref. 13) as

XV,

n&Xp
aU

This result represents a many-beam generalization of the
expression of Cherns et a/. ' for the cross section at-
tenuated by thermal absorption (plus a mean absorption
due to other inelastic processes where this is important)
for characteristic x-ray emission under dynamical
diA'raction conditions. The approximation given by Eq.
(14) changes the ionization potential to a 5 function: thus
the isolated atomic cross section in Eq. (13) is multiplied
by the thickness-averaged dynamical probability density
on these sites.

It should be noted' that the Fourier coeflicients of the
ionization potential are related to the p& as follows:

FICx. 1. 2D surface representations of potentials for GaAs
viewed down the ( 110) zone axis, showing (a) VE, and (b) VTos.
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sions used for the calculation of VTDs can be found in
Ref. 1. NoR f. . ote that VTDs is significantly more localized
than VE& on this simple Einstein model. ' Projected

111 elastic and TDS potentials are shown i F' 2( )in ig. a,
or K-shell ionization (with and without thermal

smearing) in Fig. 2(b) and Vx. is compared with VTDs in
Fig. 2(c). The scaling by a constant of the present ioniza-
tion potentials relative to the corresponding results in
Ref. 1 is due to a coding error in those calculations
(which does not affect the other results or the conclusions
in that paper). At 300 K projected rms displacements

Reid' r
u '~ for Ga and As are 0.090 A and 0.094 A (see
ei ), resulting in a half-width half-maximum f Vm ol

of about twice the rms value (0.156 A for Ga and 0.159 A
for As). These results are slightly different to those in
Ref. 1 (where full-width half maxima are given) due to a
greater number of Fourier coefficients in the construction
of the potential. The shape of Vx-(r) is thermally

smeared, the intrinsic K-shell excitation half-width half-
maxima of 0.033 A for Ga and 0.028 A for As being
broadened to 0.119A and 0.120 A, respectively.

We have used the above formalism to calculate ioniza-
tion cross sections (and hence x-ray emission cross sec-
tions and ratios thereof} for various incident beam ener-
gies and at 300 K as a function of orientation. We as-
sume K-shell ionization for our calculations [n =2 in Eq.
(7)j and for which a modified hydrogenic model '' " is
adequate in evaluating the transition matrix elements

tion, the basis of ALCHEMI, have been investigated b
number of authors. Figure 3(a) shows the As/Ga20 —24

iga e ya

K-shell emission ratio from a 2600 A GaAs specimen at
300 K, subject to various I 1 1 1 ) systematic row
diftraction conditions with a 300 keV incident beam. Fif-
teen beams were used in this and the subsequent calcula-
tions for GaAs, with dechanneling due to TDS. The x-
ray emission cross section for each atom was obtained by
scaling the ionization cross section by the appropriate
ffuorescence yield cox. (Ref. 25)—this has been done in all
subsequent calculations. The theoretical ratio was then
scaled by a factor 1.06 to obtain agreement with experi-
ment. Here a total convergence angle of 1.8 mrad and
probe size of 25 nm were used, and x-rays detected with a
windowless detector on a Philips CM30 microscope. The
results accounting for full interaction delocalization are
a most indistinguishable from those obtained using the
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FIG. 3. (a) Correlation of measured As/Ga emission ratios
for a [111) systematic row orientation with theory for CsaAs,

300 K and 300 keV, thickness 2600 A. An x-axis value of unity

indicates (111)is in the exact Bragg orientation. (b) Variation in

the Csa and As K-shell emission cross section with orientation,
parameters as in (a).
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with orientation (thickness 600 A). In this case rapid
variations occur as successive Brillouin zone boun aries
are crossed, in con rad,

'
t ast with smoother variations in Fig.

4(c) for the I 111I systematic row.
Comparison between theory and the experimental re-

sults of Taftit( ' for the I200I systematic row of ZnS or
80 keV electrons is shown in Figs. 6(a) (1000 A thic ness,
theory scaled by 0.7) and 6(b) (3000 A thickness, theory
unscaled). Nine beams were used in the calculations.
Here small but distinct differences occur between the hy-
drogenic model and a 5-function model due main y to
delocalization associated with K-shell excitations or
Fi ure 6(c) shows the absolute variations in atomic exci-
tation cross sections for Zn and S using t e u y
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theory outlined here we have taken measurements and
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stronger delocalization efFects are expected. In Fig. a
we show results for a I200I systematic row in Al at 300
K. EDX spectra were recorded as a function of orienta-
tion from an area measured by convergent beam
diffraction contrast to be 3480 A thick. The difference
between the delocalized hydrogenic and 6-function mod-
els is clear (nine beams were used in the calculations).
Absorption due to TDS as well as (in contrast to previous
calculations) a mean absorption (with mean free path
1800 A) to account for other delocalized inelastic pro-
cesses is included in the calculations. This was necessary
in this case since these effects are important relative to
TDS for Al. In Fig. 7(b) theoretical cross sections ca-
culated with no absorption and with absorption due to
TDS only are compared with the theoretical curve in-
cluding both mean absorption and that due to TDS and
the experimental results.

004 i ~ / $ i &
/ & i & I

(200) orientation full matr ix element. t----- 6—fur. ction approx.

1.8 - (b)
0

1.4

~ 1.0

full Inatrix element----- 6—function approx.

I i I
)

)—4 —3 —2 —1 0 1 2 3 4
(200) orient. at, ion

—4 —3 —2 —1 0 1 2 3
(200) orientation

0.6—
0
o 0.5—
N

m 0.4—
0
O

0.3—

(c)
———Zn exact

S exact
———-- S approx

I
/ ~

/ I i I-4 —3 -2 —1 0 1 8 3
(200) orientation

. (b)
818

TDS + mean absorption
TDS only------ no absorption

I I
1I I

I I
I 1

I
I
I

I
I

l

I I
I

II / I
/

i & I & I

0 1 2 3
(200) orientation

FICi. 6. (a) Correlation of measured S/Zn emission ratios for
a I200J systematic row orientation with theo y

d 80 k V thickness 1000 A. (b) Correlation of S/Zn ratios
K-shellfor a thickness of 3000 A. (c) Variation in the Zn and S K-she

emission cross sec
'

s section with orientation (thickness 1000 A,
showing differences for the hydrogenic model and t e
function model for S.

FICs. 7. (a) Correlation of measured x-ray emission cross sec-
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calculated with no absorption and with absorption due to TDS
only are compare wid 'th the theoretical curve and experimenta
results in (a).
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IV. CONCLUSIONS

The above method of calculating the cross section for
K-shell ionization from first principles allows quantitative
calculation of x-ray emission yields in crystals under
dynamical diffraction conditions, accounting for both
dechanneling effects (giving rise to a kinematical back-
ground) and interaction delocalization (convoluted with
thermal motion of atoms). This has many implications
for analysis of impurity site distributions (ALCHEMI),
where the assumption that the cross section is propor-
tional to the probability density of the incident electron
has been used to date. Once a fast electron has been
thermally scattered (or involved in another wide angle in-
elastic event), integration over all angles to a good ap-
proximation yields a kinematic contribution to the
characteristic x-ray count.

The assumption of a 6-function interaction for ioniza-
tion for threshold energies in excess of 2 keV is reason-
able given that thermal motions lead to an effective delo-
calization, with the thermal absorptive potential located
on each atom with a half-width of about three times the
projected rms displacement. ' For lower energy excita-
tions however the ionization delocalization may exceed
the delocalization of the thermal absorptive potential.
Similar conclusions were reached in earlier investiga-
tions on the effects of ionization delocalization. The most
important consideration in determining the degree of
asymmetry or absolute changes in emission ratios with

orientation is the inclusion of the kinematical back-
ground excitations to the dynamical response, with K-
shell interaction delocalization being a relatively minor
consideration for excitations above 2 keV.

Standard statistical multivariate methods can be used
for ALCHEMI analysis when impurities reside on host
atom sites to reveal site distributions of the impurity in
the host lattice. However for the case where impurities
reside on interstitial sites or on light element sites which
yield delocalized x-ray fluorescence the methods in this
paper need to be employed. Krishnan, Rez, and Tho-
mas have investigated the applicability of the 5-function
approximation to predict ALCHEMI responses from
thin crystals of garnet.

If the final state of the scattered electron is detected or
apertured down to a defined maximum scattering angle
0,„, higher energy incident electrons can lead to a more
delocalized interaction as observed by EELS, since
smaller q channels exist for forward scattering, and delo-
calization will be a more important consideration than
the case for x-ray emission where integration over all en-
ergies above the ionization threshold and all scattering
angles occurs. For EELS diffraction of the ejected elec-
tron also needs to be taken into account. An expression
for the cross section for an (e, 2e) event where channeling
is included for all three electron is given in Ref. 18 and
that result coupled with the work in this paper allows
realistic calculation of both EELS and (e, 2e) cross sec-
tions from first principles.
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