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Origin of long-period superlattices in Ag-Mg alloys
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We have calculated the electronic structures and the relative stabilities of Ag3Mg, assuming the
L12, DO22, and DO23 structures. We provide strong evidence that the formation of the DO/3
structure in particular, and other long-period superlattices in general around the 3:1 stoichiometry,
is driven by the topology of the Fermi surface.

I. INTRODUCTION

It has been known for some time that a number of
noble-metal alloys form long period superlattices (LPS's)
over definite ranges of composition. The two systems
that have received the most attention are near equiatomic
Cu-Au alloys and Ag-Mg alloys around the 3:1 stoichio-
metric composition. In the latter case, the alloys have
the disordered fcc structure above about 400'0, but on
cooling they undergo a transformation to an ordered n'
phase. This ordered phase is a one-dimensional LPS
(Ref. 3) whose actual structure depends on thermal his-
tory and composition. A multitude of diferent LPS's
have been identified in Ag-Mg alloys using, predomi-
nantly, high-resolution transmission electron microscopy;
see, for example, Refs. 4—7 and references therein. These
LPS's are comprised of domains, based on the Llq struc-
ture, bounded by antiphase boundaries (APB's), each
with a displacement vector z(a +. b), where a,b,c are
the fundamental translation vectors of the (cubic) unit
cell of the L12 structure, occurring perlodlcaHy along the
c direction. The simplest of the observed LPS has the
DO23 structure, with a c/a ratio very close to 4, which
occurs at 22 —23% Mg. If the two domain subunits
on opposite sides of an APB are labeled + and —,then
the unit cell of the Llz structure can be written as [+],
or equivalently [

—], and that of the DOqs structure as
[++——]. It should be noted that neither the Llz struc-
ture nor the structure with the shortest possible modula-
tion wavelength, i.e. , the DOzz structure or [+—], occur
in the range 20 —30% Mg.

It has been suggested that the stability of LPS in both
CuAu11 and AgsMg is related to the shape and size of
their Fermi surfaces. ' This explanation is elegant
and appealing, particularly since Gyorffy and Stocks,
for instance, using a first-principles approach, have shown
that the existence of flat, parallel sheets of Fermi surface
is the underlying cause of the observed short-range or-
der in Cu-Pd alloys. Because of (i) the dependence of

the LPS periodicity on the number of "free" electrons
per atom when CuAu11 is alloyed with other elements
and (ii) the difference in the electronic specific heat coef-
ficients of CuAu1 and CuAut1, is which is also reflected
in the calculated densities of states at the Fermi energy
E~, i it seems that for CuAu11 at least there is good
evidence that electrons at E~ must play some part in
stabilizing the LPS. The original interpretation proposed
by Sato and Tother s io was based on a free-electron de-
scription. However, the fact is that the topologies of the
Fermi surfaces of CuAu11 and AgsMg are not known,
but it is to be expected that they will deviate from that
for free electrons. Consequently, it is not clear precisely
what role the Fermi surface plays in stabilizing the LPS
in these alloys.

In the study reported here we focus our attention on
the formation of LPS in Ag-Mg alloys. We have calcu-
lated the electronic structures and the relative stabilities
of AgsMg with the Llz, DOzz, and DOzs structures. We
find that the DO2s phase has the lowest energy, which we
suggest is due to the fact that the Fermi surface for the
I 12 structure has parallel regions at which the "nesting"
of superzone boundaries can occur, with a concomitant
lowering of the electronic energy. The vector connecting
these parallel regions is in the [001] direction and its mag-
nitude is consistent with the formation of a LPS with a
modulation wavelength of almost exactly 4ao, where ao
is the cubic unit-cell dimension of the Llz structure. To
our knowledge, what we report here is the first a priori
evidence that the Fermi-surface topology may provide
the underlying driving force for the formation of LPS in
Ag-Mg alloys.

II. CALCULATIONAL DETAILS

We calculated the electronic structures of AgsMg
with the Llz, DO22, and DO2s structures us-
ing the self-consistent-Beld, linearized-muon-tin-orbital
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(LMTO) method, within the atomic sphere approxima-
tion (ASA). The LMTO-ASA method is a fast tech-
nique —at the expense of only a small loss in accu-
racy —and is particularly useful when used for struc-
tures with many atoms per unit cell. In our calculations
we only included angular momentum components up to
8 = 2 in the basis functions since we expect that higher
components play a negligible role. We assumed equal
atomic sphere radii for Ag and Mg —in earlier studies
of P'-AgMg, ~s we found that the use of difFerent sphere
sizes had an insignificant effect on results —and we used
the von Barth —Hedin form for the local exchange and
correlation. ~s When determining initially the equilibrium
Wigner-Seitz radii we used the scalar relativistic approx-
imation; in a final set of calculations for the relative to-
tal energies and the Fermi surface for the L lq structure,
the core states were treated fully relativistically and were
relaxed during the iteration process, and the spin-orbit

coupling for the valence states was included variationally.
Further technical details can be found in Refs. 20 and 21.
In order to make proper comparisons between the differ-
ent structures we used the same lattice in each case, i.e. ,

tetragonal with c/a = 4, and the same distribution of
k points in the irreducible wedge of the Brillouin zone.
Thus, in the notation introduced earlier, the units cells
we adopted were [++++], [+ —+—

] and [+ + ——
] for

the L12, DO22, and DO2s structures, respectively, with
each containing 12 Ag and 4 Mg atoms.

III. RESULTS AND DISCUSSION

In Fig. 1 we show the variations of the relative total
energies of AgsMg assuming the Llz, DO2q, and DOzs
structures with Wigner-Seitz radius. Clearly, the DO/3
phase has the lowest energy. The equilibrium Wigner-
Seitz radii for the different structures are all very similar;
the corresponding values of the equilibrium lattice con-
stants and the bulk moduli, calculated from the pressure
versus volume curves, are shown in Table I. (The calcu-

RELATIVE TOTAL
ENERGY (Ry)

TABLE I. Values of the relative total energies of Ag3Mg
with the L12, DO22, and DO23 structures, the corresponding
calculated equilibrium lattice constants, and bulk moduli.

Total energy (mRy)

Lattice constant (A)
Bulk modulus (MBar)

L12
+12.5
+9.4'
4.096
1.12

+10.1

4.097
1.12

DO23
0.0
0.0

4.093
1.14

From Fig. 1.
Extrapolated value from Fig. 2.

lated lattice constant for the DO2s structure is slightly
smaller than that reported from x-ray diKraction mea-
surements at room temperature for the ordered phase
at 25Fo Mg —a value of 4.11 A is cited in several
sources s —but it is very close to that obtained by
extrapolating the published data of Hamalainen, Laine,
and Tarna2 to T = 0.) These particular calculations
were carried out within the scalar relativistic approxi-
mation with 56 k points in the irreducible wedge of the
Brillouin zone. We subsequently carried out a further
set of fully relativistic calculations for each of the struc-
tures at the corresponding equilibrium lattice constant
and with an increased number of k points in the irre-
ducible wedge, i.e. , for 72 and 135 points. In Fig. 2 we
show that, although the calculated total energy depends
on the number of k points chosen, the variations with
the inverse of the latter are closely parallel. Thus the
observed relative stability of the DO2s structure in the
calculations does not depend on the number of k points
selected. These total energy calculations also indicate
that it is not the energy associated with APB's per se
that stabilizes the DOqs structure since the latter con-
tains only half as many APB's as the DO22 structure.
In order to understand the relative stability of the DO/3
phase we have to consider the topology of the Fermi sur-
face of Ag3Mg with the L12 structure.

In Fig. 3 we show the Fermi surface of AgsMg with the
L12 structure in an unfolded wedge of the simple cubic
Brillouin zone. For clarity we show separately the sur-
faces generated by bands 17, 18, and 19 in Figs. 3(a),
3(b), and 3(c), respectively. The surface produced by
band 17 is very similar to that obtained in the empty
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FIG. 1. The variation of the relative total energies of the
L12, DO2q, and DO23 phases with Wigner-Seitz radius. Each
set of data has been fitted to a parabola.

FIG. 2. The variation of the total energies of the L12 and
DO23 structures with the inverse of the number of k points
in the irreducible wedge of the Brillouin zone.
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lattice approximation with an electron to atom ratio of
5/4, whereas the surfaces produced by bands 18 and 19
show substantial deviations from free-electron-like behav-
ior. Of particular interest is the region labeled a—a in the
MXMR plane in Fig. 3(c). This piece of Fermi surface
is very closely parallel to MX and the creation of a su-
perzone boundary here will result in a lowering of the
total electronic energy. Since this section of Fermi sur-
face crosses the line XM at a distance of very nearly
0.75]I'X] from X, the formation of the DO2s phase, with
a unit cell dimension of 4ao in the [001] direction, pro-
duces such a boundary. We suggest that this accounts
for the relative stability of the DOzs structure.

The actual topology of the Fermi surface and there-
fore the length of the vector K that connects the par-
allel regions depends on the number of electrons. If we
assume a rigid band model, with each Ag(Mg) atom con-
tributing 1(2) valence electrons, we can determine how its
magnitude varies with concentration and supposing that
the LPS are stabilized by the appearance of superzone
boundaries at these parallel regions, we can investigate
the occurrence of other LPS. In Fig. 4 we show the cal-
culated variation of 2~K]/~I'X] with Mg concentration,
where ~K~ is determined from the point of intersection
along XM. Experimentally, the LPS of annealed sam-
ples tend to have the form (2&l) —in our previous no-
tation, the LPS [+ + ++ ], for example, is written
(2sl). The unit-cell dimension in the [001] direction for

Rigid band model-
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each structure is then qao, where

2g+1 if' —+ odd
2(2j+ 1) if j —+ even,

FIG. 4. The variation of 2 ~K~/]I'2C~, assuming a rigid band
model, with Mg concentration and values of p/q for the ex-
perimentally observed LPS from Refs. 6 and 7.

(b)

~ ~

r

ar ' a'

and so superzone boundaries will occur at (00@/q) planes
in the Brillouin zone, where p is an integer (( q). In
Fig. 4 therefore we have also plotted values of p/q for
the LPS observed by Fujino, Sato, and Otsukas and Ku-
lik, Takeda, and de Fontaine. ~ (We select these particu-
lar data because they are for annealed samples and are
more likely to represent the equilibrium structures. ) The
agreement between the calculated values of the nesting
vector and the observed superzone boundary positions,
and their variation with Mg concentration is very good.
We suggest that this provides strong evidence that the
stabilization of the difFerent LPS observed is driven by
the topology of the Fermi surface. We can also under-
stand why the L12 and DO22 phases do not occur; the
corresponding required values of p/q = 1 and p/q =

&
lie

well outside the concentration range of the LPS.
Studies by Iwasaki, Yoshida, and Ogawa~s of the LPS

in CuAu II showed that the period increased by some 1070
upon the application of 50 kbar pressure. They ar-
gued that this increase was consistent with changes in the
topology of the Fermi surface with pressure. Although,
to our knowledge, there have been no measurements of
the pressure dependence of the LPS period in Ag-Mg al-
loys, we investigated this efFect in AgsMg by calculating
the variation of z]K~/~I'X] with pressure. The results
are shown in Fig. 5. We see that even with an applied
pressure of 100 kBar the calculated average domain
size M, where

FIG. 3. The Fermi surface of Ag3Mg with the L12 struc-
ture; (a) is for band 17, (b) is for band 18, and (c) is for band
19.

2 —2K

and r = 2~K~/~I'X~, only increases from 1.97 to
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zone boundaries at parallel regions of Fermi surface of
the I 12 structure. In addition, using a rigid band model
we have shown that a range of different LPS can be pro-
duced by varying the Mg concentration, as observed ex-
perimentally. Furthermore, assuming that Fermi-surface
topology is the driving force for the occurrence of LPS,
our calculations indicate that the average domain size
is not strongly dependent on pressure. We are currently
carrying out similar investigations of the LPS in CuAu II.

FIG. 5. The calculated variation of 2~K~/~I'X~ with pres-
sure.

2.05. Clearly, this is much smaller than the change
observed for the LPS in CuAu j:I.

IV. SUMMARY

Summarizing, therefore, in this paper we provide
strong evidence that the LPS in Ag-Mg alloys near the
3:1 composition are stabilized by the presence of super-
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