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An effective-cluster-volume approximation is introduced to describe the average effect of bond-
length relaxations in an alloy with large size mismatch, e.g. , Ni-Pt. It is shown that this approach
leads to good agreement with the experimental critical temperatures and with the measured energy
of formation of disordered alloys.

Much progress has been made in understanding the
origin of alloy phase diagrams using generalized Ising
spin models. To complete this understanding, however,
it is important to determine the Ising interaction param-
eters in terms of the underlying electronic structure. Sev-
eral routes for achieving this have been proposed, among
which is the Connolly-Williams (CW) approach. It has
the significant advantage of most readily allowing for the
inclusion of one of the most accurate means of obtaining
the solid's total energy, local-density-functional theory.
Alternative alloy theories and their relative merits are
discussed, e.g. , in B,ef. 3. Our purpose is to show that the
correct energy and hence temperature scale of the phase
diagram of an alloy with large size mismatch between the
constituents can be obtained using a slight generalization
of the CW approach. The generalization consists in the
proper inclusion of internal strain of the individual bond
lengths through the introduction of an "effective cluster
volume. " The inclusion of internal strain clearly should
be important in other alloy approaches as well.

The CW approach is based on mapping of the en-
ergy of formation of the alloy to a generalized Ising spin
Hamiltonian, 4

AE (U) = E (U) —(1 —x)EA (U~) —xEIs(VIs),

=) (.,Z(V), (1)
2

using (in general, volume-dependent) efFective interaction
parameters J,(V) and correlation functions (,. The to-
tal energies of pure A and B solids and an arbitrary alloy
configuration o. of composition Ai ~B~ at volume V are

denoted Ez, EIs, and E, respectively. The CW ap-
proach consists in applying Eq. (1) to a set of ordered
configurations, whose energies can be calculated from
first principles, and inverting the equation to extract the
J,(V). One thus obtains

SE.(V) =) P.„ZE„(V), (2)

where AE„(V) are the energies of formation as a func-
tion of volume of the reference configurations n with the
coefficients P „=Q,.(,[( ],„.

If, for fcc-derived alloys, one truncates the cluster ex-
pansion (1) at the nearest-neighbor tetrahedron and se-
lects the CW structures (fcc for A and B, L12 for AsB
and ABs, and Llo for A2Bq), the AE„(V) in Eq. (2)
acquire the simple meaning of being the energy contri-
butions of the corresponding A4 „B„tetrahedra. Corre-
spondingly, the P „become the probabilities of the oc-
currence of these clusters in the configuration a. For
simplicity, we adopt this physically transparent form of
the theory.

For Ni-Pt the above-defined tetrahedron approxima-
tion appears at first sight to be sufficient since a success-
ful fft of the phase diagrams with adjustable (volume-
independent) interaction parameters was obtained by
Dahmani et al. On the other hand, the large size mis-
match in the Ni-Pt system is expected to lead to im-
portant lattice relaxations. Since the latter may lead to
long-range interactions, the tetrahedron approxima-
tion might seem insufFicient. Previous electronic struc-
ture studies of Ni-Pt focused on relativistic effects on the
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TABLE I. Order-disorder critical temperatures (in K).

Approximation

VI
AV
EV
Ideal c/a
Expt.

Ni3Pt

315 (440)
1490 (1840)
915 (1190)

1080
830

NiPt

320 (250)
1470 (1420)
830 (840)

700
940

NiPt3

330 (370)
1410 (1490)
820 (930)

970
790

VI, volume independent; AV, average volume; EV, efFective
volume; ideal c/a, uses EV approach; all other cases used
experimental c/a; expt. , Ref. 5.

Number in parentheses ASA, other FP.

sign of the formation energies P ~ and the incipient ten-
dency to Llp ordering in the disordered phase, ~2 but not
on the phase diagram.

To make the importance of the internal strain clear, we
first consider the results obtained using the conventional
CW approach in Table I. The erst approach we consider
is to use volume-independent (VI) cluster energies taken
to be the energies of formation of the CW structures
each at their own equilibrium volume, i.e. , AE„(V„'q).
We note that in the interpretation of Eq. (2) as a clus-
ter expansion, this means that one assumes the clusters
to have their own equilibrium volume irrespective of the
average volume of the alloy in which they occur. This cor-
responds to an assumption of complete local relaxation.
This can be seen to lead to serious underestimates of the
critical temperatures. [To calculate the phase diagram,
Kikuchi's cluster variation method (CVM) (Ref. 13) was
used with the tetrahedron approximation for the mixing
entropy. ] The other limit is to assume that each clus-
ter takes the average volume (AV) of the alloy at the
given composition. In this case, no difference is allowed
in the relaxation of A—A, A B, and —B Bbonds. —All
bond lengths are determined by the average lattice con-
stant of the alloy. This last approximation yields signif-
icant overestimates of the critical temperatures. (Here,
the free energy determining the phase diagram was mini-
mized as a function of volume and the cluster population
variables of the CVM. )

The above strongly suggests that the treatment of the
local relaxations is crucial to the scale of the critical
temperatures in the phase diagram. Several schemes
have been proposed to include the relaxation energies ex-
plicitly in the Hamiltonian. ~ Linear-response theory
shows that elastic relaxations lead to a renormalizati on of
the effective interactions. The latter, however, then ac-
quire a quite long range. An alternative approach, taken,
e.g. , by Lu et at. ,

~s is to attempt to include the elastic
relaxation energies by using a larger set of many-body in-
teraction parameters which are fitted to an appropriately
larger database of ordered structures which are explicitly
relaxed.

Here, we take a simpler approach. We maintain the
tetrahedron approximation but allow the clusters to have
an effective volume The idea i.s that each cluster must be
allowed to have its own local volume consistent with the
internal strain in the system. As found independently
by Chen and co-workers for semiconductor alloys, this
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FIG. 1. Nearest-neighbor distances in Niq Pt alloys as
a function of 2: (solid lines), based on results of Ref. 17, Veg-
ard's law for the average bond length (dashed line), and ideal
bond lengths (dotted lines).
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leads to an important renormalization of the cluster en-
ergies. In their work, the clusters were embedded in an
isotropic effective medium with elastic constants appro-
priate for the alloy. In our model, the effective local vol-
ume of each cluster type is determined by the experimen-
tally observed (or independently calculated) distribution
of average A—A, A B,—and B Bb—ond lengths in the alloy
as a function of its composition. No adjustable parame-
ters are used. The plausible approximation made in our
approach is to replace the irregular tetrahedra consistent
with the local bond lengths by regular tetrahedra of the
same volume. The CW approach is used to equate the
energy per atom of the A4 „B„tetrahedron with that
of the corresponding CW-ordered crystal structure, but
now at the effective volume V„(x).

Information about the bond-length distribution is al-
ready available for several systems either from experi-
mental data, from semiempirical semiclassical poten-
tial simulations for large ( 4000 atom) unit cells, ~7 or
from first-principles calculations of the so-called "special
quasirandom structures. " These various sources lead
to a consistent picture of the nearest-neighbor bond-
length distributions in alloys with large size mismatch
between the atoms. As an example, the bond lengths
used in our calculation for ¹iPt,based on Ref. 17, are
sketched in Fig. 1. (We approximately linearized the dis-
tance vs concentration curves and made the end-point
lattice constants compatible with our calculated values. )
Clearly, the individual bond lengths all deviate signifi-
cantly from Vegard's law and from the ideal bond lengths
(dAA, dBB, dAB), the two limits considered above. Sim-
ilar trends have been obtained for other metals both
experimentally and theoretically.

As an aside, we note that a simple harmonic nearest-
neighbor pair force model with force constants K,~ can
be used to estimate the relaxation of AB bonds around
an A atom and of an AA bond embedded in B in the
dilute limit. Fixing the next-nearest-neighbor shell and
assuming that dAB = (dAA + EBB)/2, one obtains

EBB (dAB ~BB)/[I + 3(+BB/+AB)]

dp (dp dp )
2 —(&AB/2~AA)

BB AA BB 2+ 3(g /g )'
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FIG. 2. Formation energies AE„(V) (solid lines) for the

Ni-Pt system. The circles and squares indicate the energies
used at x = 0.5 in the CW approach without and with the
effective volume renormalization, respectively.

This extremely simple model already predicts relaxations
in reasonable agreement with the more complete calcu-
lation of Ref. 17 used here.

Given the individual bond lengths, it is straightfor-
ward to calculate the volume V„(x) of the tetrahedron
A4 „B„. The fact that the configurational average
(V(2:)) = Q„P„V„(2:)is close to the Vegard's-law av-
erage indicates that the model is internally consistent.

Our calculations of AE„(V) used density-functional
theory in the local-density approximation (LDA) (Ref. 2)
with the Hedin-Lundqvist~s parametrization of exchange
correlation. We used the linear-muKn-tin-orbital
(LMTO) method to solve the scalar-relativistic non-
spin-polarized Kohn-Sham equations self-consistently,
using both the atomic sphere approximation (ASA) (in-
cluding combined correction) and the full-potential (FP)
version of the method developed by Methfessel.

The AE„(V) curves shown in Fig. 2 were obtained us-
ing the cohesive energies at the equilibrium lattice con-
stant of each compound calculated with the FP-LMTO
method and the equation of state of Rose et aLz4 using
values of the lattice constant a, bulk modulus B, and its
pressure derivative B' linearly interpolated between the
calculated values for Ni and Pt. The resultant a, B, and
B' proved to be in good agreement with our previously
calculated ASA values s for Ni, Pt, and the three com-
pounds. It turns out that the FP values for the energies
of formation at equilibrium (—6.3, —8.7, and —6.4) mRy
for Ni3Pt, NiPt, and NiPt3, respectively, are fairly close
to the ASA results (—7.2, —8.5, and —6.7) mRy for the
CW structures.

The strain reduction, or renormalization effect, due to
the use of the effective volume (EV) can be seen explicitly
in Fig. 2. For example, for the alloy at a given concen-
tration x = 0.5, the energies associated with the various
clusters are indicated by the circles for the unrenormal-
ized AV approach AE„IV(x)] and by the squares in the
renormalized EV approach AE„IV„(x)].

The phase diagram calculated using the renormalized
(FP-LMTO) tetrahedron energies is shown in Fig. 3,
along with the experimental phase diagram. Table I sum-
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FIG. 3. Experimental (dashed line) and calculated (solid
line) phase diagram for the Ni-Pt system using the effective
volume approach and FP-LMTO energies of formation. The
inset shows the experimental (~) and calculated (solid line)
formation energy at 1473 K.

marizes the critical temperatures obtained in the various
treatments. The first observation is that the scale of
the order-disorder critical temperatures is in good agree-
ment with the experimental values, the maximum devi-
ation being 100 K. The experimental uncertainties are
probably of order 50 K. One can see from Table I that
both for ASA and FP the major improvement over the
conventional CW approaches in the order-disorder tem-
peratures derives from the use of the effective volume
approach. We also observe a significant improvement in
the ordering of the critical temperatures, in particular, a
lowering of T,(NisPt) with respect to T,(NiPt) due to the
use of the FP as opposed to the ASA. Also, we note that
using the experimental instead of the ideal c/a ratio for
the Llo structure has a similar effect. A small residual
error in the energies of formation (conceivably due to the
LDA) or the absence of explicit long-range interactions
may be responsible for the remaining discrepancy.

The inset of Fig. 3 shows that the formation energy
of the disordered fcc phase at 1473 K obtained from the
calculated CVM cluster population is in good agreement
with the experimental data. The fact that the same
approach provides good agreement with thermodynamic
data on enthalpies of formation and with critical temper-
atures of the phase diagram indicates that the present
approach contains the essential physics.

In summary, we have shown that the energetics and
the temperature composition phase diagram of a binary
alloy with considerable size mismatch can be described
fairly well by the nearest-neighbor tetrahedron effective
interactions provided the latter are obtained from clus-
ters with the appropriate effective volume. The latter
must be consistent with the bond-length distribution in
the system known either from experiment or from explicit
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treatments of the elastic relaxations. It is important to
point out that the efFective volume V„(x) depends on the
alloy composition and thus our resulting Ising parame-
ters also obtain an explicit concentration dependence. In
our approach, the cluster energies are derived by the CW
method, but, clearly, this is not an essential requirement.
One might conceivably also obtain the cluster energies
for a cluster embedded in some effective medium. The
essential point is that the cluster must have the appropri-
ate volume. Although the importance of strain efFects in
this alloy system could have been anticipated, the quan-
titative success of our approach in determining the en-

ergy scale of the phase diagram may come somewhat as
a surprise in view of the uncertainties associated with the
truncation of the CW cluster expansion. We believe it
indicates that the temperature scale of the alloy is mainly

set by the nearest-neighbor interactions when these are
determined from a realistic model. Nevertheless, explicit
inclusion of long-range interactions may be important to
obtain the correct ordering of the critical temperatures.
Also, these are obviously necessary to distinguish phases
which would be degenerate within the tetrahedron ap-
proxirnation.
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