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Hyperfine structure of 'Is = F~ optical transitions within the trigonal center of CaF2.Ho'+
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The origin of extra hyperfine lines in two optical transitions in the 'I8~'F, region of the trigonal
center of Ho'+ in CaF2 has been investigated by using optically detected nuclear magnetic resonance and
two-laser hole burning. Specific mixing of the excited-state hyperfine wave functions is established by
the experimental measurements and, in a theoretical analysis, it is shown that such a mixing can arise
from the o6'-diagonal hyperfine interaction between adjacent E and A states. Normally forbidden transi-
tions gain intensity from the mixing and lead to the appearance of the extra hyperfine lines in the optical
spectra. The strengths of the quadrupole, hyperfine, and off-diagonal hyperfine interaction in the ground
and excited states are obtained in the analysis.

I. INTRODUCTION II. EXPERIMENTAL DETAILS
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The optical spectrum associated with the transitions
between the ground-state doublet of the I8 multiplet and
the three lowest energy states of the excited I'5 multiplet
within the trigonal (C3, ) center of Ho + in low-doped
CaF2.Ho + samples, also known as the B center, ' exhibits
well-resolved hyperfine structure (Figs. 1 and 2). The nu-
clear spin of the naturally abundant ' Ho isotope is
I=7/2, and the anticipated well-resolved eight line
hyperfine patterns are present in these three transitions.
In the second and third of these transitions, however,
there are extra features that are the focus of attention in
this paper. Two high-resolution spectroscopic tech-
niques, namely, optically detected nuclear magnetic reso-
nance (ODNMR) and two-laser hole burning, are used to
assist in identifying the origin of the features.
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The CaF2.Ho + crystal was grown using the Bridgman
technique where a very small quantity of HoF3 5 X 10
mole fraction, was added to the melt. In all of the experi-
ments, the crystal was immersed in a pumped liquid-
helium bath. In obtaining the excitation spectrum, the
crystal was illuminated by a high-resolution Coherent
699-21 ring dye laser which has a linewidth of 2 MHz.
The emitted light was dispersed by a double pass Spex
spectrometer (resolution 0.3 nm) and detected by an
EMI9958 thermoelectrically cooled photomultiplier.

For the ODNMR experiments, the laser was operated
at a fixed frequency corresponding to an hyperfine
resolved optical transition and microwaves were applied
to the sample held between the plates of a parallel-plate
capacitor. A Wavetek 962 MicroSweeper was used and
the output was amplified by a Hewlett-Packard 491C mi-
crowave amplifier. The changing emission level from the
sample was recorded and averaged for repeated sweeps of
the microwave frequencies utilizing a Princeton Applied
Research 4202 signal averager.

For the two-laser hole burning experiments, a further
high-resolution dye laser was incorporated, a Coherent
599-21. One dye laser was tuned to the frequency corre-
sponding to the maximum absorption in one hyperfine
line while the excitation of the overall spectrum was mea-
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FIG. 1. Energy-level diagram for low-lying levels of the 5I8
and 5F, multiplets in the trigonal (C3„)center of Ho'+ in CaF2.

FIG. 2. Is[E(1)]~F~[ A2(1),E(2),E(3)j excitation spec-
trum of the trigonal (C3, ) center of Ho + in CaFz at 1.8 K.
Transition 3 is six times stronger than transitions 1 and 2.
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sured as a function of the frequency of the second dye
laser.

III. I& and F~ CRYSTAL-FIELD ASSIGNMENTS

The symmetry of the low-lying crystal-field levels of
the I8 and F5 multiplets has been determined from the
excitation and emission spectra, and the assignments are
summarized in Fig. 1. The observed polarization of the
transitions has been used in determining the symmetry of
the states although in several cases the identification has
been greatly facilitated by the observed hyperfine struc-
ture. The resultant assignments are consistent with those
made by Mujaji et al. on the basis of more precise and
more extensive polarized excitation and emission spectra,
and in the case of the excited-state singlet levels where
our data are insufficient, the specific singlet 3, and A2
assignments of Mujaji et al. are accepted.

At helium temperatures, only the lowest level (an E
state) of the ground multiplet is populated, therefore, the
three lines observed in the I8~ F5 excitation (Fig. 2)
are clearly associated with transitions to the three lowest
levels of the F5 multiplet. The lowest energy optical
transition, denoted transition 1, corresponds to an E~ A
transition. Such a transition is only allowed for trans-
verse oscillations (x,y) of the electric-dipole moment,
whereas the other two electronic transitions, 2 and 3 (Fig.
2), corresponding to E~E transitions are allowed, in
principle, by both transverse (x,y) and axial (z) oscilla-
tions of the electric-dipole moment. Each polarization
can give rise to a set of eight hyperfine lines spaced at ei-
ther the sum or the difference of the ground- and
excited-state hyperfine separations and the intensity of
any one set of eight lines will be independent of other
sets. In the case of transition 2 (and coincidentally transi-
tion 3) it is the closer spaced set of eight hyperfine lines
(labeled A to H) corresponding to the difference of the
ground- and excited-state hyperfine separations that is
the stronger set.

Transitions 2 and 3 exhibit different polarization
behaviors. In the case of transition 2, the weak sum
hyperfine lines are always intensity correlated with the
lines in transitions 1 and are (x,y ) polarized. The strong
hyperfine lines in the case of transition 2 are, therefore,
polarized parallel to the trigonal axis (z) and, as these
hyperfine lines are separated by the difference in the
hyperfine splittings, it can be concluded that (i) the
hyperfine levels in the initial and final state are in the
same order and (ii) the Ho magnetic moment has the
same sign in the ground state and the second excited state
of the F5 multiplet. The reversed situation in transition
3 means that the third excited state of the F5 multiplet
has a g value of the opposite sign to that of the ground
state and the second excited state.

In the above brief analysis it is taken that the optical
pattern is composed of two sets of eight hyperfine lines,
one strong and one weak. This is not entirely correct as
in both the cases of transitions 2 and 3 there are two ex-
tra lines of intermediate intensity within the spectrum
(Fig. 2). With the reversal of the polarization behaviors,
it is convenient to also reverse the labeling of the order of

IV. GROUND-STATE ODNMR RESULTS

The observed ground-state hyperfine ODNMR spec-
trum is shown in Fig. 3. The spectrum is dependent on
the hyperfine level resonant with the laser, but not on
which of the three optical transitions is excited. When
the laser is tuned to either of the extreme hyperfine lines
(2 or H), two ODNMR signals are observed at 3.816
and 3.897 GHz [Fig. 3(a)]. When the laser is tuned to the
next lowest or highest hyperfine line (B or 6), four
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FIG. 3. ODNMR spectrum for Ho in CaF2. Traces (a),
(b), and (c) correspond to hole burning in hyperfine lines 2, B,
and C of the third electronic transition, respectively.

the eight hyperfine lines A to H making the extra lines in
both transitions lie between B and C (denoted C') and be-
tween D and E (denoted D'). It is these features that
have an unusual origin and accounting for their presence
is the primary concern of this paper. The structure in
transition 3 was reported by Hasan et al. but no analysis
of the structure was given.

There is a fourth low-lying level in the F5 multiplet.
The optical transition to this level also exhibits hyperfine
structure, but with larger linewidth and much lower in-
tensity (not shown). Polarization data and crystal-field
analysis indicate that the level is a singlet of A2 symme-
try. As the theoretical analysis presented below involves
this level, it is shown on the energy-level diagram in Fig.
1.

Another curious feature of the I8~ F5 excitation
spectrum is that transition 3 exhibits the narrowest
hyperfine lines with a linewidth of —1 GHz, even though
the transition is to the third state in the excited F& mul-
tiplet. The reason for this alternative situation here is not
investigated in detail but clearly the nature of the wave
functions associated with transition 3 must result in it be-
ing less susceptible to frequency shifts arising from ran-
dom internal crystal stresses or there is slow relaxation
between this state and the two lower ones.
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ODNMR signals are observed at 3.816, 3.828, 3.882, and
3.897 GHz [Fig. 3(b)]. Subsequent lines give less clear
spectra with some of the same frequencies reoccurring
[Fig. 3(c)]. Central lines at 3.867 and 3.840 GHz have
been observed but with less accuracy.

V. HYPKRFINE STRUCTURE OF THE Ig GROUND
MULTIP LET

The Hamiltonian that describes the hyperfine interac-
tion is given by

~h erfine ~M+Q+~g'
=fi[[A lI,J, +—,

' At(I+ J +I J+ )]

+P4I[2(J I) +J I——', J(J+1)I(I+1)]
+P„„[I,——,

' I(I+ 1 ) ]],
where (i) Vf'sr(&&) are the dipole (quadrupole) hyperfine
interactions between the holmium nucleus and its host
ions, and (ii) &&, is the interaction of the holmium nu-
cleus with the electric-field gradient produced by the
neighboring ions. The dipole hyperfine interaction pa-
rameter is -4—5 GHz for the ground state, this being
much smaller than the separation of 27 cm ' (800 GHz)
to the nearest state. The direct quadrupole interaction
parameters are smaller again -0—50 MHz and as such

is usually approximated to first order as

Pqf ( 3J, —J(J+ 1) ) [I, I(I+ 1)/3—]. The ground E lev-
el can therefore be considered as an isolated state with
the effect of the hyperfine interactions giving only small
quadrupole shifts. In fitting the hyperfine separations,
the pseudoquadrupole term arising from the dipole
hyperfine interaction admixing higher states can be treat-
ed by adjusting the value of the effective total quadrupole
interaction parameter P. The hyperfine separations
themselves are dominated by the diagonal terms in the
Hamiltonian and can be accurately determined by optical
microwave double-resonance experiments.

With the laser frequency coincident with a hyperfine
transition, a subgroup of Ho + ions is excited from a
ground-state hyperfine level to an excited-state hyperfine
level. Reorientation of the nuclear spin can occur before
the excited center returns to the ground state. When this

occurs, the Ho + ions will no longer be resonant with the
laser, thus producing a spectral hole. Irradiation at mi-
crowave frequencies corresponding to the separations be-
tween the hyperfine levels, however, can restore the ions
to their original ground-state hyperfine level and reestab-
lish resonance with the laser. This situation will be regis-
tered as an increase in absorption and subsequent emis-
sion. The response is termed, due to the analogous rf ex-
perimental technique, as an ODNMR signal.

It is only microwave transitions between adjacent
hyperfine sublevels that are allowed in first order and
when hole burning in the extreme line 3, the lowest
hyperfine level (I,=+7/2) should only be repopulated
when the transition with the adjacent level (I,=+5/2) is
excited. Hence, for the laser resonant with the line 3,
the ODNMR technique gives a signal at 3.816 GHz.
However, a second line at 3.897 GHz is also observed and
it arises because there is a fast reorientation of the elec-
tron spin in the ground-state doublet between the two
electronic components having the same nuclear projec-
tion. A similar effect has been observed in the ODNMR
spectrum of LaC13.Ho (Ref. 6). Hence, with the laser
resonant with either of the extreme hyperfine lines ( A or
H ), two ODNMR signals at 3.816 and 3.897 GHz are ob-
served.

With the laser resonant with the second lowest
hyperfine transition, the I, =+5/2 levels in the ground
state are depopulated and the population can be restored
via transitions from the two adjacent hyperfine levels
I, =+3/2 and I, =+7/2. Hence, the frequency corre-
sponding to the separation between the two lowest
hyperfine levels occurs, plus the frequency corresponding
to that between the second and third hyperfine levels.
With significant electron spin flipping occurring, the fre-
quencies for the two separations between the three
highest sublevels of the E state are also present. Thus,
when hole burning in either the 8 or G hyperfine transi-
tions, there are four resonances observed at 3.816, 3.828,
3.882, and 3.897 GHz. The progression is expected to be
repeated for the other hyperfine lines, and this is partially
true. However, for levels nearer the center of the
hyperfine pattern, population storage through a change
in the nuclear-spin projection directly competes with the
electron spin-flip process and, in addition, these inner lev-
els are more susceptible to inhomogeneous broadening.

TABLE I. Energy separations between hyperfine levels of the ground state 'I, [E(1)]as obtained
from the ODNMR experiments.

Crystal-field
level

(energy, cm ')

IR[E(1)]
(0)

Hyperfine
transitions'

+ 7/2~+ 5/2
+ 5/2~+ 3/2
+ 3/2~+ 1/2
+ 1/2+-++ 1/12
+1/2~+ 3/2
+3/2~+ 5/2
+5/2~+ 7/2

Experimental hyperfine
splittings

(GHz)

3.897+0.003
3.882+0.003
3.867+0.005

3 ~ 840+0.005
3.828+0.003
3.816+0.003

Calculated hyperfine
splittings (GHz) with

A
ii

——3.855+0.003 GHz
I'=6.8+0.5 MHz

3.896+0.004
3.882+0.004
3.869+0.003
3.855+0.003
3.842+0.003
3.828+0.004
3.815+0.004

'The upper signs are for ~E+ ) whereas the lower signs are for E ).
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A
ii

=
A~i( Is)(J, ) (2)

is found to be —3.855(3) GHz, where A
~~

( Is ) is the in-
trinsic axial dipole hyperfine coupling constant for the
C3„center of ' Ho:CaF2 in the Is multiplet, and (l, ) is
the expectation value of the z component of the electron-

As a result of these effects, the additional hyperfine reso-
nances do not give clear features in the ODNMR spec-
trum [Fig. 3(c)]. Similar observation of strong ODNMR
signals when pumping extreme hyperfine lines and poor
signals when pumping central lines has been noted before
in another system.

From the above analysis it can be seen that the fre-
quencies obtained from the ODNMR measurements give
a very accurate measurement of the splitting of the
hyperfine levels in the Iz ground state and these are list-
ed in Table I. From the experiment, the strength of the
interactions is readily determined. For example, the
effective axial dipole hyperfine coupling constant in the
ground-state doublet

ic spin of the ground doublet state. The effective quadru-
pole splitting strength (electric quadrupole plus pseudo-
quadrupole) is found to be +6.8(5) MHz.

VI. HYPERFINE STRUCTURE OF THE Fs STATES

A. Lowest level 'E&( A )

As seen in Fig. 2, transition 1 has a simple eight line
pattern as expected for an A ~E transition and, since
the ground-state splittings are known from the above
ODNMR analysis, the excited-state separations are easily
deduced from the optical separations. The excited-state
splittings are listed in Table II. The values rely on the
measurement of separation of the inhomogeneously
broadened optical lines and consequently the accuracy is
poorer than that obtained for the ground state using
direct microwave measurements.

For singlet states, the admixture of other states via the
dipole hyperfine interaction gives rise to pseudoquadru-
pole shifts of the hyperfine levels of the same form as

TABLE II. Energy separations between hyperfine levels of the four lowest crystal-field states
[ A2(1),E(2),E(3), and A2(2)] in the excited F5 multiplet.

Crystal-field
level

(energy, cm ')

'F, [A~(2)]
(15618.0)

Hyperfine
transitions'

+1/2+-++3/2
+3/2~+ 5/2
+5/2~+7/2

Experimental hyperfine
splittings

(GHz)
Calculated hyperfine

splittings (GHz)

0.129'
0.258'
0.389'

'F5[E(3)]
(15 613~ 0)

+7/2~+ 5/2
+5/2~+ 3/2
+3/2~+ 1/2
+1/2~+ 1/2
+ 1/2~ -+ 3/2

+ 3/2~+ 5/2
+ 5/2~+ 7/2

0.97+0.03
0.92+0.03
0.89+0.03
0.83+0.03
1.40+0.03

[1.39+0.03 ]'
0.70+0.03
0.85+0.03

1.235'
1.145'
1.049'
0.878'
1.396'

0.749'
0.791'

'F5 [E(2)]
(15 605.5)

+7/2~ W 5/2
+5/2~+ 3/2
+ 3/2~+ 1/2

+ 1/2+-++ 1/2
+1/2~+3/2
+3/2~+5/2
+5/2~+7/2

0.62+0.03
0.55+0.03
1.45+0.03

[1.37+0.03 ]
1.04+0.03
0.91+0.03
1.03+0.03
1.31+0.03

0.713'
0.642'
1.612'

0.802
1.038
1.182'
1.326'

'Fg [ A2(1) ]
(15 604.0)

+7/2~+5/2
+5/2~+3/2
+3/2~+ 1/2

0.50+0.03
0.34+0.03
0.15+0.03

0.512'
0.335'
0.189'

'For the doublet states, the upper and lower signs are for jE+ ) and jE ), respectively.
Calculated from the difference between optical and ODNMR spectra.

'Measured directly from optical spectrum.
Measured directly from optical spectrum. However, in this case, the presence of the weak allowed

transverse polarized lines and the large linewidths (Fig. 2) makes it more dificult to determine the exact
positions of the extra lines.
'Obtained by treating the 'F, [A2(2)] and 'F, [E(3)] levels as an isolated system with A I

=1 GHz and

j AI j
=4.45 GHz.

Obtained by treating the 'F, [E(2)] and 'F, [A2(1)] levels as an isolated system with A
j~

= 1 GHz
and j A I j

=2.82 GHz.
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Here the basis states are of the form
l I,I, ), where & and

I, denote the z component of the electronic and nuclear
spins, respectively. Allowing for the reversa1 of the or-
dering of the hyperfine lines, the hole burning behavior is
the same for transition 2.

From the above, it can be concluded that the extra
lines arise from transitions from a ground-state hyperfine
level with a particular nuclear spin projection to an excit-
ed state with a different nominal spin projection. In the
particular case of transition 2, it will be shown that (Fig.
5) the regular hyperfine line C is associated with transi-
tions from the ground lE+, + 3/2) states to the excited
lE+, + 3/2) states (i.e., lE+, —3/2) ~ lE+, —3/2) and
lE +3/2) ~ lE, +3/2) ), whereas the extra line C' is
between the same ground states and the excited states
with nominal designation lE+, +1/2). In fact, the ob-
servation of the extra lines implies that a mixing has oc-
curred and that one or both of the states with nominal
designation lE+, 1/2) has a significant lE+, +3/2)
component. This mixing is indicated in Fig. 5 and its ori-
gin is discussed in the following section.

VIII. MIXING BETWEEN THE HYPKRFINE LEVELS
OF AN E AND AN A STATE

BY THK DIPOLE HYPKRFINK INTERACTION

The 1ower levels of the Fz multiplet comprises two
singlet A2 states and two doublet E states, all within a

I

few wave numbers (Fig. 1). The above analysis of the
two-laser hole burning has shown that a specific type of
mixing has occurred, and the distinct character of this
mixing is that only two out of the eight hyperfine levels
have been significantly affected. By considering the effect
of the hyperfine interaction, it is found that the admix-
ture of nearby doublet states affects all 16 hyperfine func-
tions of an E state by a similar amount. This even mixing
mechanism can therefore be dismissed as the origin of the
two extra hyperfine transitions. The coupling between an
E and A state, however, does give asymmetric mixing of
the wave functions and will be discussed below.

The effec of the dipole hyperfine interaction on the E
and A ( A, or A z ) states separated by an energy D is con-
sidered. It is assumed that there is no interaction with
any other state and that there is no quadrupole interac-
tion. The axial component of the dipole hyperfine in-
teraction, Al~I, J„gives rise to the dominant hyperfine
splitting of the E state. The transverse dipole hyperfine
interaction, A j (I+J +I J+ )/2, is the term that
causes the admixture of the hyperfine components of the
E and A electronic states.

Each hyperfine state
l A, I, ) (except

l A, +7/2)) asso-
ciated with the electronic singlet interacts with a pair of
the doublet hyperfine states lE+,I,—1) and lE,I, +1)
and the resultant energies are obtained by diagonalizing
the Hamiltonian matrix,

D+(I, —1)A

,' A,'Q(r+r—,)(r r, +1)—
,' A,'Q(r+I—,)(r r, +1)—

—,
' A "Q(I I, )(I+I,+1)—

—,
' A~ Q(I I, )(I+I,+—1)

D (I,+1)A—
(3)

where the matrix elements multiplied by the dipole
hyperfine interaction parameters have been rewritten as
effective dipole hyperfine interaction strengths
and A z' defined by

and

Aj=A()«+lJ. IE &= —A((«-lj. lE- &,

A,'=A, (E lr lA)=A, (A J lE ),

A,"=A,(E lr lA)=A, (AlJ+lE ) .

(4)

(5)

In the ease of the crystal field of C3„symmetry, an A2
singlet has the property that A~=A~, whereas for an
A, singlet A ~

= —A ~.
By using perturbation theory on the above matrix,

two types of correction terms to the energies arise. The
first type has denominators of the form D" where D is the
separation between the doublet and singlet, and n is an
integer. The leading term of this type is the familiar
pseudoquadrupole contribution which is proportional to
( A ~ ) /D. The second term of this type is
—A

t~
( A ~ ) /D which, for A

~~

= 1 GHz and D =45 GHz,
is at most only a few percent of the pseudoquadrupole
strength.

The second type of correction terms has denominators
of the form A ~~' D " where m and n are integers. Impor-
tantly, these terms describe the repulsion between the
two E-state hyperfine levels. The leading term of this
type arises in fourth order and is -( A ~) /A ~~D . It will
be shown that when A ~ is larger than A

~~

this term can
become more significant than the pseudoquadrupole con-
tribution and quantitatively describes the observed mix-
ing among the E-state hyperfine levels.

From the form of the Hamiltonian matrix (3), the wave
functions for the doublet hyperfine states take the form

lE, r, 1)= lE,I,—1—)+sl A, r, )+elE, I, +1),

where 6, the normal pseudoquadrupole eorreetion, is

Aq
5 = ,' Q(I +I, )(I I, + 1 )———

and the extra correction term is

Q(I +I, )(I I, + 1)(I I, )(I+I, + 1) —A i A—i'

8I, A llD
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when A ~ is large compared to A ~'~. The hyperfine split-
tings within the A electronic state, on the other hand, are
always a reasonable approximation to that expected for a
quadrupole effect (Fig. 6).

In addition to the hyperfine splittings, the relative tran-
sition intensities can be fitted with knowledge of the
eigenstates. Figure 7 displays the expected optical spec-
tra for A~=0, 2.82, and 4.45 GHz. For the middle
value, the situation approaches that described in the per-
turbation treatment discussed above where only two
significant extra lines are induced into the optical spec-
trum towards the center of the hyperfine pattern. As can
be seen, the intensity of the extra lines is at the cost of
strength of adjacent lines. When the extra lines have
comparable intensity to the regular hyperfine lines, as
occurs for the largest value of A ~ =4.45 GHz, the varia-
tion from equal spacing becomes apparent and further
weak transitions can be observed. These are illustrated
for the z and x,y polarized transitions (Fig. 7).

In the above treatment, it was assumed that the E state
only interacted with a single A state. Clearly, if other
states in the multiplet are also mixed into the E state, the
situation will change and is likely be more complex. The
effect of other A states of the same symmetry can be anti-
cipated. Each can give rise to pseudoquadrupole and
higher-order shifts (terms —1/D") but if the A states lie
on opposite sides of the E state these shifts can partially
cancel. On the other hand, the terms —1/( A

~~

D ") will

only add constructively such that the mixing within the
E-state hyperfine levels will increase.

IX. COMPARISON WITH EXPERIMENT

The two lowest levels of the 5F5 multiplet are an A2
and an E state separated by only 1.5 cm ', and they are
separated from other states by 7.5 cm ' (Fig. 1). Given
the proximity of the levels, it is highly possible that the
transverse dipole hyperfine interaction is significant, and
that the effect of other states is small. If this is the case
then the anticipated optical spectrum will correspond to
the calculation of the simple model presented in the pre-
vious section and the axial dipole hyperfine interaction,
the transverse dipole hyperfine interaction, and the ratio
of z to (x,y ) polarized transitions can be chosen to give
the best correspondence with the optical spectrum.

With A
I~

= —1.0 GHz,
~
A j ~

=2.82 GHz and intensity
ratio

dz(E~E )~4+ y(E~E )+4' y(E A ):10+1' 5+8 a

This pair of levels, likewise, is treated in isolation and
with A

~~

=+1.0 GHz, ~A I ~

=4.45 GHz, and intensity
ratio

(E~E) 8 y(E~E) 8 y(E~A ) 0 25 100 (14)

gives the calculated E~E spectrum shown in Fig. 9.
This spectrum makes a reasonable comparison with the
structure for transition 3 as shown in Fig. 2. Again, there
is general agreement between experiment and theory for
the values of the hyperfine separations (Table II), and the
disparities are attributed to the simplicity of the model.

It is clear that the extra features that occur within the
regular hyperfine structure of the two Is(E)~ Ii~(E)
transitions result as a consequence of the excited E states
interacting with their neighboring electronic singlet
states. However, being able to obtain a reasonable agree-
ment between experiment and calculation by simply al-

I I I I I I I I I

10 20 30 40 50 60 70 80 90 100

Energy (6Hz)

FIG. 8. Intensity pattern predicted for E~ A, E transitions
with the excited states separated by 45 GHz and coupled by the
dipole hyperfine interaction. In the ground state A

~~

= —3.855
GHz whereas in the excited state A

~~

= —1 GHz and
A ~ =2.825 GHz. The transition strengths are weighted by the
intensity ratios

~', (E~E):8 (E~E):8 (E~A)=10:1.5:8,
the calculated spectrum is given in Fig. 8. It is noted that
very good agreement is obtained with the experimental
trace for transitions 1 and 2 shown in Fig. 2. The energy
separation between hyperfine levels calculated with the
above strengths of the effective hyperfine interaction are
listed in Table II. It is seen that, with this model, there is
general agreement between experiment and theory, and
the disparity is readily attributable to the simplicity of
the model with the neglect of the quadrupole hyperfine
interactions and the presence of other states.

The second lowest E state in the I"
5 multiplet has an

electronic singlet state located 5 cm ' to higher energy.

gUUuxdwgE

l

10 50

(E~E)gy(E+E)gy(E~A)025100

I

0 20 30 40
Energy (6Hz}

FIG. 9. Intensity pattern predicted for an E~E transition
with the excited E state coupled to higher energy A state (150
GHz). In the ground state A

~~

= —3.855 GHz whereas in the
excited state A

~~

=1 GHz and A ~ =4.45 GHz. The transition
strengths are weighted with intensity ratio
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TABLE III. Calculated effective hyperfine interaction strengths. The matrix elements for the J„J+,and J operators between
the four lowest crystal-field states in the 'F, multiplet [ Ai(1),E(2),E(3), and A2(2) ] are calculated from the crystal-field wave func-
tions of Mujaji et al. (Ref. 2). Values in parentheses give values of effective hyperfine interaction strengths used in the calculation of
the optical spectrum. Values in square brackets give values of crystal-field energies relative to that of the lowest crystal-field level,
A (1).

A (1) E (2) E (2) E (3) E (3) A (2)

0
[0 GHz]

4.23 A~
(2.82)

4.23 A ~

(2.82)
1.46 A i

E (2)
4.23 A ~

(2.82)

—1.36A
II

( —1)
[45 GHz]

0.76 A
II

—4.79A~ —0.47 A ~

E (2)
4.23 A ~

(2.82)
1.36 A

II

(1)
[4S GHz]

4.79 A i 0.76A
II

—0.47A~

E (3) 0.76 A
II

4.79A,
0.96A

II

(1)
[270 GHz]

5.01 A q

(4.45)

E (3) —4.79A~ —o.76A)I

—0.96A
II

( —1)
[270 GHz]

5.01 A ~

(4.45)
'

A, (2) —0.47Aq —0.47A~ 5.01 A ~

(4.45)
5.01 A i
(4.45)

0
[420 GHz]

lowing only for the interaction between adjacent states
requires justification. A calculation of the effective
strengths of the axial and transverse dipole hyperfine in-
teractions was undertaken using the crystal-field wave
functions of Mujaji et a/. It was found that there are
large transverse dipole hyperfine interactions within the
two pairs of A and E states as suggested by the agree-
ment obtained above and the values are in reasonable
agreement with the values used in the simple model. In
particular, by assuming that the intrinsic axial and trans-
verse dipole hyperfine coupling strengths of the Ho +

ions in the F5 multiplet are approximately the same, the
predicted ratios of A ~~/Ai agree within 15% for the
higher energy pair of states and 10% for the lower energy
pair. For the latter pair, the absolute value of A

II

disagrees with experiment by a factor of 1.5. These
remaining differences could suggest some inaccuracy in
the wave functions used and, indeed, preliminary Zeeman
data are at variance ( —10% ) with that expected from the
supplied wave functions.

What is more significant, however, is that a full calcu-
lation including coupling between all the four lowest lev-
els of the F5 multiplet, rernernbering to make allowance
for larger separations and the smaller coupling
coefficients, makes a negligible effect on the spectrum
and, therefore, the basis for the very simple model is vin-
dicated. The calculated effective strengths of the dipole
hyperfine interaction are shown in Table III. It is also
noted that the crystal-field wave functions also support
the reversal of the sign of the g value between the adja-
cent 5F& doublet states as determined by experimental
data.

X. CONCLUSION

In general, for a trigonal C3, center, an E~E transi-
tion gives (2I+1) axially polarized lines and (2I+1)
transverse polarized lines at the sum and difference of the
ground-and excited-state hyperfine splittings. In this pa-
per, it is shown that if one of the E states interacts with
an A state then, in principle, (2I—1) extra lines in each
polarization can be induced via the mixing among the
doublet hyperfine levels. However, these (2I —1) extra
lines have an asymmetric variation in intensities with the
two extra lines closer to the center of the hyperfine pat-
tern being the strongest. If the transverse dipole
hyperfine interaction, A ~, is larger than the axial dipole
hyperfine interaction, A II, this effect will result in a very
distinctive E~E hyperfine pattern and a calculation of
such a pattern has been illustrated in this paper. The tri-
gonal Ho + center in CaF2 provides a very clear example
where such a strong hyperfine mixing has arisen. In the
center, there are two optical transitions where there is a
neighboring singlet and doublet interacting through the
hyperfine interaction and transitions from the ground
doublet to the excited doublet exhibit the predicted pat-
tern of eight almost regular hyperfine lines with two extra
lines within the spectrum. The origin of these extra lines
is, therefore, clearly established and although there has
been no attempt to precisely fit the spectrum, it has been
shown that the parameters of a simple model accounting
for the major features of the spectrum are consistent with
crystal-field analysis of the center.

There have been previous examples of irregularities in
the pattern of hyperfine lines but these have arisen from
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hyperfine mixing of adjacent states resulting in intensity
transfer between adjacent transitions. The present case,
however, is an illustration where the hyperfine interac-
tion with an adjacent state has led to a redistribution of
the intensity within a single optical transition giving
significant strengths to normally forbidden hyperfine
transitions.
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