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We have obtained an analytical solution of Maxwell's equations for a dielectric system of spherical
particles in a medium. The system is placed between two parallel electrode plates, subject to a
low-frequency alternating potential, and the solution is obtained from the corresponding boundary-
value problem for the Green function. All the multipole moments and the electric field are expressed
in terms of the applied potential at the electrodes and a matrix which depends on the system
configuration. The efFective dielectric function is then obtained as an average over the whole sample.
For disordered systems, we solve exactly the case of two-particle distributions with short-range
correlations and find that the form of the distribution plays a crucial role. In particular, we prove that
for spherically symmetric two-particle distributions all multipole moments except dipoles are exactly
zero, and the Maxwell-Garnett result, or, equivalently, the Clausius-Mossotti relation for spherical
particles, is valid regardless of the particle concentration. Within the two-particle distribution,
corrections to the Maxwell-Garnett result can only derive from nonsphericity in the distribution: in

such a case, higher multipole moments are generally nonzero and may strongly acct the e8'ective
dielectric function. We provide the explicit expressions for all the multipole moments and the effective
dielectric function, which can be computed straightforwardly for any given distribution. We show

that an iterative unsymmetrical procedure proposed originally by Bruggeman is inconsistent with
our results.

I. INTRODUCTION

The study of the electrical response in heterogeneous
media has a long and distinguished history, originat-
ing with the works of Poisson, Mossotti i Clausius,
Lorenz, s Lorentz, 4 Maxwell, s Garnett, s and Wagner. ~ All
these works essentially reached equivalent conclusions, al-
though they were based on somewhat different perspec-
tives and hypotheses. A succinct but accurate review
has been provided by Landauer. These hypotheses, al-
though quite plausible and ingenious, were made in the
absence of an exact solution from first principles, which
may have appeared prohibitively complex. for a many-
particle system. Subsequently, exact solutions have been
obtained for regular arrays of spheres of uniform size, for
example, by Doyle, and McPhedran and co-workers. A
fully microscopic dipolar theory, within and beyond the
so-called mean-field approximation, has been developed,
for example, by Gomez et al. ,

i Persson and Liebsch,
and Barrera et al. 3 The role of higher multipole mo-
ments has also been discussed, for example, by Davis
and Schwartz, Felderhof and Jones, i and Claro and
Brouers. 6

In this paper we present an analytical approach and
several rigorous results which derive from it. We con-
sider a system of spherical particles surrounded by a host
medium, with different dielectric functions. We place
the system between two parallel electrode plates at a
distance d, and apply to them an alternating potential,
as in the common low-frequency experimental configura-
tion. So, we have a perfectly well-defined boundary-value
problem for Maxwell's equations. We solve it with the
Green-function method, which generates the exact mul-
tipole moments of the particles and the exact electric

field: these are expressed in terms of the applied field at
the electrode plates and a matrix which depends on the
system configuration. The exact electric field has contri-
butions from the applied field, the field produced by all
the particles, and the field produced by all the images of
the particles. The external field, which is the superposi-
tion of the applied field in the absence of the sample and
the field produced by the images, is in general nonuni-
form and depends on the properties and configuration of
the system. Then we determine the effective dielectric
function by averaging directly (eE) over the whole sam-
ple. The effective dielectric function depends explicitly
only on the induced dipole moments, which are in turn
coupled to all the multipole moments of particles and
images. This program is completed in Sec. II.

For disordered systems, the ensemble-averaged solu-
tion is determined in terms of m-particle distributions.
We consider in this paper only two-particle distributions,
which amounts to neglecting fluctuation effects. This is
often referred to as the mean-Geld approximation. On the
other hand, we do not make the dipole approximation:
we include multipole moments of all orders for both the
particles and their images. If the two-particle correlation
has a short-range R (( d, we prove first of all that (a) the
higher multipole moments of the other particles outside
the correlation range and of all the images give no con-
tribution to the local field, while their dipole moments
simply produce a uniform field. This result; is caused by
the distribution uniformity outside the correlation range,
not by the decay over distance of the multipole contri-
butions: it holds for a very short correlation range just
as well. Therefore, in this situation, the external field is
uniform in the bulk. Second, we prove that (b) the con-
tributions of all the multipole moments of the other par-
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ticles within the correlation range to the local field acting
on a given particle depend crucially on the specific form
of the two-particle distribution, being generally nonzero
if the distribution is nonspherical. Both results (a) and
(b) actually hold for particles of arbitrary shapes and ori-
entations. For spherical particles, we provide the explicit
expressions of all the multipole moments, electric field,
and effective dielectric function, which can be computed
immediately for any given distribution. The effective di-
electric function differs from the Maxwell-Garnett result
if the distribution is nonspherical: in such a case, the cor-
rection may be quite significant, and it is of first order in
the particle volume fraction. These results are obtained
in Sec. III.

A particular but important case is that of a spheri-
cally symmetric two-particle distribution. In such a case,
the other particles within the correlation range give no
contribution to the local field acting on a given parti-
cle. Therefore, each particle is subject to a uniform local
field, whatever radial dependence the distribution may
have, and whatever the particle shapes and orientations
may be. If the particles are spherical, such a uniform
local field can only induce dipole moments, while all
the higher multipole moments vanish identically. There-
fore, the Maxwell-Garnett result, or, equivalently, the
Clausius-Mossotti relation for spherical particles, follows
strictly, and is not limited to dilute systems or the dipole
approximation. Correspondingly, within the mean-field
approximation, modifications of the Maxwell-Garnett re-
sult which are only based on the particle concentration,
without regard to the specific form of the two-particle
distribution, are inconsistent with our results. A clas-
sical example is an iterative unsymmetrical procedure
proposed by Bruggeman. These results are obtained in
Sec. IV.

Using the approach presented in this paper, we have
been able to solve the problem of clustered inclusions
rigorously to all multipole orders. This and the other
results of our approach are summarized in the concluding
section, Sec. V.

ticles and the medium or between the medium and the
electrodes. Therefore, U(r) satisfies Laplace equation

7' U(r) = 0,

with boundary conditions

U(r) I.=-d/2 = V. ,

U-~(r)l. , = U-(r)l. .

U(r)l. =dq2 = o,

(2)

(3a)

(3b)

OU.„,(r)
O,

OU;„(r)
On,

In Eqs. (3b) and (3c), s, represents the surface of the ith
particle, n, its normal direction, and U „t, and U;„refer to
the potential outside and inside the particle, respectively.

The potential U'(r) can now be written as a superpo-
sition

U(r) = U'(r) + U'(r) (4)

In Eq. (4), the first term represents the applied potential

U (r) = Vp/2 —Ep r = Vp/2 —Ep . r, —Ep . (r —r, ),

and Ep = e,Vp/d is defined as the applied electric field.
The second term of Eq. (4) represents the potential pro-
duced by all the particles and the charges induced by
them at the electrode plates, satisfying

V'U'(r) = 0, U'(r) I.=~g)2 = 0. (6)

The Green function for Dirichlet boundary conditions
at the electrode plates is

II. ANALYTIC APPROACH

1)k
G(r, r') = )

k

(7a)

Consider a heterogeneous system composed of spher-
ical particles dispersed in a host medium described by
a frequency-dependent complex dielectric function em.
The ith particle is centered at r, , has a radius a, , and
a frequency-dependent complex dielectric function e, .
The system is placed between two electrode plates at
z = +d/2. A sinusoidal potential of peak value Vp is
applied to the electrode plates. Assume that the trans-
verse dimensions of the system are much greater than d,
so that edge effects can be neglected. We consider low
frequencies and small particles, A )) d ) a, , so that mag-
netic excitations can be ignored. Under such conditions,
the time dependence can be factored out and the electric
potential is expressed as

U(r, t) = U(r)e ~ '.

It can be shown easily that in such a situation charges
can only accumulate at the interfaces between the par-

where

ri, ——(2.", y', kd + (—1)"z'), k = 0, +1,+2, . . . (7b)

U (r) = ).( 1)

where o, (r') is the total surface charge density of the ith
particle, while the surface integral at the electrode plates
vanishes because of the boundary conditions of Eq. (6).

We may now expand

In Eq. (7a), the term corresponding to rp = r' represents
the potential of a unit charge at r', while all the other
terms with k g 0 represent the potentials produced by
the images of that unit charge. Since charges accumulate
only at interfaces, we have
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= 47r ) i+, Yi'm(rk —rik) Yi,m(r —r,k)
~(r —r;k) —{rjk —r,k

~

2l + 1 ri&+~

1)(i+m) k &i= 4~ ) . ,+, Yi*,m(r' —r') Yi,m(r —r'k),
2l + 1 &'+'

where r,k are defined as in

(—1)!i+mlk Yi (r' —r, ), and
Eq. (8), and combining with

Eq. (7b) but for the particle centers, /rk —r,k[ = /r' —r,
)

= a, , Yi (rk —r,k)
r& (r&) denotes the smaller (larger) between a, and ~r —r, k~ Su.bstituting Eq. (9) into
Eq. (5), we obtain the total potential as

U~„(r) = (Uo/2 —Eo r, ) —Eo (r —r*)+«) " „,Ir —r, l'Yi, m(r —ri)
(2l + l)a, '+'

(i'+m'+1! k (1 p~' po)' " (2l'+1) ~r —r,'k~'+' ' (10)

U ut(r) = (Uo/2 Eo ' r') Eo ' ( ') + +) . (2l + 1) ~r r ~i+]

) (—1)& + +lk(1 —6'6 )
' ' ' a &~r —r~&~r —r,

~

—a z'Pz
i'l'm'k

In Eqs. (10) and (ll), q, im's are the multipole moments
of the ith particle with respect to the particle center,
and the factor (1 —b", b'ok) is introduced to avoid double
counting of the ith particle. The three contributions in
Eqs. (10) and (11) are easily identified as the applied
potential, the potential produced by the ith particle, and
the potential of the other particles (A: = 0) and all the
images (k g 0). Equations (10) and (11) show that the
field produced by the images depends on the properties of
the system, hence the external field, which is the applied
field plus the field produced by all the images, is generally
neither uniform nor experimentally controlled. That is
typically the case if the system is a thin film, in which
d is comparable to c, , or, if d is comparable to a scale
in which the system is inhomogeneous. Notice that the
expressions (10) and (11) for the potentials are valid for
particles of arbitrary shapes and orientations, except for
the potential produced by the ith particle itself, which
would require a modification.

The potential given in Eqs. (10) and (11) satisfies the
Laplace equation and boundary conditions (3a) and (3b);
Eq. (3c) will be used later to determine the rnultipole
moments for spherical particles. But first we express all
terms in Eqs. (10) and {11)as functions of r —r, . For
any r, k P r, , we can expand

Yi, (r —r' k)
(2l' ~ 1) r —r, k ~'+'

(12)

since the left-hand side satisfies the Laplace equation in
this region. The expansion coefficients are obtained in
Appendix A [cf. Eq. (A5)j:

~r, k
—r,

1)
i'+m' 4vr(l + l'+ m —m')!(l + l' —m+ m')!

(2l + 1)(2l' + 1){2l+ 2l' + 1){l+ m)! (l —m)!(l' + m')! (l' —m')!

Substituting Eq. (12) into Eqs. (10) and (11), and defining

we obtain

U:,„(r)= (Uo/2 —Eo r') —Eo (r —r, ) + 4vr ) '
~r —r,

~
Yi,m(r —r, )(2l + l)a

+4~ ) qi i m ) «' '(r,' —r, ) lr —r. l'Yi, m(r —r, ),
i't'm' lm

(15)
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and

Uo~t'(r) = (Vp/2 —Eo r~) —Eo (r —r, ) + 4vr)
(2l 1) I

I,+,

+4~ ) q*'~ ~ ) &I~ (r*' —r*)Ir —r*I'&i,~(r —ri),
i'l'm' lm

(16)

We remark explicitly that the last terms in Eqs. (15) and (16), representing the potential produced by the other
particles and all the images, and the corresponding coupling coefficients C& (r,' —r, ) still apply to particles of
arbitrary shapes and orientations.

For spherical particles, substituting Eqs. (15) and (16) into the boundary condition (3c), we obtain

.le, +(l+1)~) ', q, i Yj (r —r, )

= (e; —e j I
Yg o(r —r;) —) lo, ',.

' ) c'I (r; —r, )q, p 1(, (r —r, )j. (17)
127'

lm ill'm'

Comparing the coefIicients of the corresponding spherical
harmonics, we obtain

erywhere, we can obtain the efFective dielectric function
by averaging directly D = eE over the whole sample, as

qilm =
4 &*iEo~~ m

lp0

—(2l+1)P,t ) &&~ (r,' —r,)q'i~,

eE(r)d r

=~~Eo+ —).(e~ —~~) '
I (E)', (22a)

1 . 4vra )
3

where

(e, —e )la, '+'

le, + (l+1)~ (19)

3
Gq = hEO,

4m

where q is a column matrix consisting of all qil 's,

0,'t' ——6,'6t 6 + (2l+ 1)P,tt i (r, —r, )

represents the system configuration matrix, and

li i = P ibi b1 0

(20a)

(20b)

(20c)

Since P,p = 0, q,pp = 0 as expected, and l, l' & 1 is
assumed henceforth.

Collecting q, t
's to the left-hand side of Eq. (18), we

can write in matrix form

where (E), is the average electric field inside the ith par. -
ticle. We used

d/2

(E) =—
V d/2

E(r)d~ = Eo,

which follows from the boundary condition (3a), if we

assume x ~ —x and y ~ —y symmetries, hence (E ) =
(Ey) = 0.

In order to evaluate (E),, we use the following result

[see, for example, Eq. (4.19), p. 141 of Jacksonis]: the
contribution to the average field in a sphere of radius r
from the sources outside the sphere equals the field pro-
duced by those sources at the center of the sphere. Tak-
ing r slightly smaller than a, and using Eq. (15) (notice
that only the t = 1 terms count and only the z component
is needed), we obtain

By matrix inversion, we finally obtain

3
q = 6 hEO,4x

or, explicitly,

(21a)

(&.)' = &p—

i I ll ml

Prom Eq. (18), we have

4x qi10

3 G

—/127r ) Cip (r, —r, )q, ( (23)

(21b) Cio (r ' r') q" &'
l'm' qi10

12+ 3P i

Thus, all multipole moments are expressed explicitly in
terms of the applied field and the system configuration
matrix.

Since we have determined the electric field exactly ev-

Substituting Eq. (24) into Eq. (23), we obtain

(E,), = +12~
&i —&m +,

(25)
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Defining the effective dielectric function as (D) = e, (E),
the left-hand side of Eq. (22a) is simply e,Kp. Substitut-
ing Eq. (25) into Eq. (22a), we then obtain

4x 4vr ).q, ip=1+
em U 3 . Ep

scopically homogeneous systems, hence uniform single-
particle distributions, and include only up to two-particle
distributions, which amounts to neglecting fluctuation ef-
fects. We consider a system of identical particles, with
radius a and dielectric function ez, while a more general
result for many-species systems is provided in Appendix
B.

=1+ ) (G ')lip'&'i. (26) We rewrite Eq. (20a) as

This result for the effective dielectric function is exact,
in general, having made no assumptions on the system
configuration. So, it applies also to cases in which the
external field is not uniform, such as thin films or inho-
mogeneous systems on a scale comparable to d. In such
cases, the system is not equivalent to an infinite one: the
images play a crucial role and must be treated exactly.
No a priori assumption can be made on the external field,
which is nonuniform and unknown: it depends in. a corn-
plicated manner on the system itself, through the images.
Therefore, the external field cannot be considered as the
perturbing agent in which the system is immersed: it
must be treated as part of the system response. In such
cases, it is essential to solve the physical boundary-value
problem, considering the applied field as the perturbing
agent.

Also notice that only the particle dipole moments en-
tering directly in the first expression in Eq. (26) for e, is
an exact consequence of having averaged D and E over
the whole sample. Different results may apply with other
definitions, such as averaging D and E over small vol-
umes (yet containing many particles), as in Eq. (6.74),
p. 229 of Jackson. One may then obtain a nonlocal re-
lation between D and E, possibly involving derivatives
of higher multipole moments, as in Eq. (6.92), p. 232 of
Jackson. There is no contradiction between Jackson's
result and ours, as they apply to different definitions: our
result for e, in Eq. (26) is exact, having defined e, as a
property of the sample as a whole.

Finally, we remark that the first expression in Eq. (26)
can also be proved in general for particles of arbitrary
shapes and orientations, while the second expression is
valid only for spherical particles. The second expression
shows explicitly the coupling of the particle dipole mo-
ments to all multipole moments of all the particles and
all the images as provided by the system configuration
matrix.

l lml

where

na Epb)63 1 p

i'l'm'+ Zlm [ql m —qi l m ])
i't'm'

(27a)

o' = (~& —~m)/(~& + 2~m), (27b)

and qim = (q,im) are the average multipole moments.
After ensemble averaging, the last term in Eq. (27) rep-
resents the contribution due to fluctuations. It gives non-
zero corrections only when three-particle or higher-order
distributions are considered; hence these corrections are
at least of second order in volume fraction and will be
neglected here. That is the only basic approximation of
this and the following section.

The two-particle distribution can be written generally

n(r —r, ) = 6(r —r, ) + n + f(r —r, ), (28a)

f(r —r, ) = n—for ~r —r,
~

& 2a, (28b)

since inside that region there is only one particle; second,

f(r —r) =0 for ~r —r ~)R, (28c)

since outside the correlation range the distribution be-
comes uniform; third, conservation of the total number
of particles requires

where nP = (N —1)/V N/V is the average particle
number density, and f(r —r, ) describes the deviation
from a uniform distribution due to correlations. We con-
sider correlations with a short range R && d. Therefore,
the function f(r —r, ) must satisfy the following condi-
tions: first,

—r,' I
&R

f(r —r, )d r = 0. (28d)

III. APPLICATION TO DISTRIBUTIONS
WITH SHORT-RANGE CORRELATIONS

If all the particle positions are known, as in crystal
structures, for example, we ean determine precisely the
system configuration matrix, and calculate the multipole
moments and the effective dielectric function to any de-
sired order. For disordered systems, the exact ensemble-
averaged solution is determined in principle if the N-
particle distribution is given. This is practically impos-
sible for large systems, and only approximate solutions
can be determined, corresponding to lower-order distri-
butions. From now on, we shall consider only macro-

Using Eq. (28a), we can replace the summation over i,'

in Eq. (27) by integration. Since each term in CI (r, —
e I

r, ) contains a factor e~~ l~"', where P, , is the az-
imuthal angle of the vector r, —r, , integration over P, ,
yields zero for m' g m, since the particle distribution has
azimuthal symmetry. Thus, the equations for multipole
moments with different m are decoupled. For m P 0
moments, we have a set of homogeneous linear equations
with nonzero determinant: hence each m P 0 multipole
moment must vanish.

For m' = m = 0, we obtain in Appendix A [cf. Eq.
(A17)] the average for the coupling coefficients
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) Gl'0( )
fl'

( ~

Oylgl'
~ ~

Oglyl'

&9) &3)

where

(29)

—r, 1&R

This term represents the contribution of the neighbor-
ing particles within the correlation range. In general,
all the multipole moments of these particles contribute
to the local field acting on the ith particle, depending
on the specific form of f(r —r, ). The second term in
Eq. (29) represents the contribution of the other parti-
cles outside the correlation range, while the third term
represents the contribution of all the images. The fac-
tor bi 6r indicates [cf. Eqs. (15) and (16)] that the higher
multipole moments of those particles and all the images
do not contribute to the local field, while their dipole
moments produce only a uniform field. As we mentioned
already, the coupling coefBcients are independent of the
particle shapes and orientations, and so then are these
results.

From Eqs. (20b) and (29), we obtain

We notice at this point that for a macroscopically ho-
mogeneous system, if we assume a priori a uniform ex-
ternal field rather than the parallel plate configuration,
we can obtain equivalent results. Therefore, as it was
reasonable to expect, the effective dielectric function is a
bulk property for a macroscopically homogeneous system
and does not depend on the configuration by which the
system is excited.

IV. SOLUTION FOR SPHERICALLY
SYMMETRIC TWO-PARTICLE DISTRIBUTIONS

A particular but important case occurs when f(r —r, )
has complete spherical symmetry. Then, fl' ——0 be-
cause of spherical harmonics orthogonality. This means
that the other particles within the correlation range do
not contribute at all to the local field acting on a given
particle. Consequently, the local field becomes uniform,
whatever the radial dependence of f(r r, ) m—ay be. This
applies to particles of arbitrary shapes and orientations.
For spherical particles, Eq. (31) reduces to

and we find immediately

).Giio = b'I —vnb'i 6i + (2t+1)/if, = Gl, (31)
(G-')I' = ~I'+

l l (1 )
l i

where v = (4iras j3)np is the volume fraction occupied by
the particles, and

Substituting Eq. (37) into Eq. (34), we obtain for the
multipole moments

pl = [(c„—e~)la '+'] j[tt.„+(l+ 1)e~]. (32)
3&o

Qlo =
4vr (1 —vn)

l'

3
Gl ~l/p 0,'+ +p~l ~4~ (33)

hence

Equation (31) defines Gl, the system configuration ma-
trix with reduced dimensions. Now, Eq. (27) becomes

We have thus proved that for any two-particle distribu-
tion with a short-range spherically symmetric correlation,
only the dipole moments are nonzero.

Substituting Eq. (29), with fl' ——0, and Eq. (38) into
Eqs. (15) and (16), we then obtain for the electric field

Ovo.' 2vo! 0!

Qlp = 3 nas(G '),'Eo. (34)
~r —r,

~

& a (39)
From Eq. (26) we obtain the efFective dielectric function

and

4~ no= 1+4~ = 1+3vn(G )', .
3 Ep

In general, the higher multipole moments of the other
particles within the correlation range contribute to the
local field acting on each particle and make it nonuni-
form, which in turn generates higher multipoles even for
spherical particles. Since the dipole moment of each par-
ticle is coupled to the higher multipoles of the other par-
ticles within the correlation range, the effective dielectric
function is affected by the higher multipoles of those par-
ticles, and it deviates from the Maxwell-Garnett formula.
These corrections depend specifically on the nonspherical
part of the two-particle distribution, and are of Brst order
in the volume fraction. We found them quite significant
in some cases. ~s

3vo! 2vO!
Eout Ep+

(
)Ep

( )EO

nas [3n, (Ep n, ) —Ep]

(4o)

where n, = (r—r, ) j~r—r, ~. The contributions in Eqs. (39)
and (40) are the applied field, the field produced by all
the images, the field produced by the other particles, and
the field produced by the ith particle itself. The external
field, which is the applied field plus the field produced by
the images, is indeed uniform, although it clearly depends
on the properties of the system. Substituting Eq. (38), or
Eq. (37), into Eq. (35), we obtain the effective dielectric
function
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(1+2va)
(1 —va. )

' (41)

Gv'
E~ 6~ + de~, Em E~, v

1 —v' (42)

The procedure is iterated until the volume fraction v'

reaches its final value. By integration, one obtains

(43)

This approach is clearly within the mean-field ap-
proxirnation, as correctly pointed out by Davis and
Schwartz. ~ ~ In fact, the mean-field Maxwell-Garnett
formula is applied at each step, keeping only the first-
order infinitesimal volume fraction of the added parti-
cles [that is v in Eq. (42), not to be confused with the
final value of the volume fraction in Eq. (43), also de-
noted by v]. Therefore, fluctuation effects, which derive
from higher-order infinitesimals in the volume fraction
of added particles, cannot be introduced in any step.
On the other hand, within the mean-field approxima-
tion, we have proved that, for a spherically symmetric
two-particle distribution, the Maxwell-Garnett formula
is exact for any volume fraction: the modification (43) is
incompatible with that. For nonspherical distributions,
the efFective dielectric function is given by Eq. (35), and it
depends on the specifi form of the two-particle distribu-
tion: Eq. (43) makes no reference to the distribution, but
only to the volume fraction. We have calculated practi-
cal examples of different distributions which yield vastly

which coincides with the Maxwell-Garnett formula. We
have thus proved that it holds for any spherically sym-
metric two-particle distribution, regardless of the particle
concentration.

Within the mean-field approximation, corrections to
Maxwell-Garnett formula can only result from non-
spherical distributions, in which the multipole moments
of the neighboring particles contribute to the local field of
a given particle. Those corrections arise directly from the

L'coefficients f&', rather than the average particle concen-
tration. Therefore, any theory within the mean-field ap-
proximation which predicts modifications of the Maxwell-
Garnett formula simply based on the average particle
concentration rather than the specific two-particle dis-
tribution is inconsistent with our results. An iterative
unsymmetrical procedure introduced by Bruggeman 7 is
a classical example, which has been widely used. We
therefore analyze this approach directly.

Bruggeman's iterative procedure consists in adding
particles to the system step by step, increasing infinites-
imally the volume fraction by dv'. It is assumed at each
step that the medium with the particles already present
in the system is equivalent to a homogeneous continuous
medium with an effective dielectric function correspond-
ing to the volume fraction v' at that step. The added
particles are then surrounded by this "effective medium, "
and the Maxwell-Garnett formula is applied to the addi-
tional particles at each step, with the following replace-
ments:

different results for the same volume fraction, which is
again incompatible with Eq. (43).

Aside from our results, Bruggeman's procedure is se-
riously Qawed in this respect: it implies that in the fi-

nal state of a fictitious procedure the particles added
at different steps end up with different dipole moments,
since the dielectric function of the effective medium varies
from step to step. The particles added earlier to the
system affect particles added later, but not vice versa.
Such inconsistency stems from nonconservation of charge
in Bruggeman's procedure. In this topology, the parti-
cles are always surrounded by the medium, which has
strictly dielectric function em, regardless of the particle
concentration. The surface charge at a particle-medium
interface, hence the multipole moments draw contribu-
tions from both the particle itself and the surrounding
medium. In Bruggeman's procedure, when the medium
with the particles already present is replaced by the effec-
tive medium, the charges belonging to those particles be-
come the charges of this effective medium. Consequently,
some charges, which in reality belong to other particles
surrounding an added particle, will end up being counted
incorrectly as charges belonging to the added particle as
well. As the procedure continues, some of these charges
will be counted again as charges of the new added parti-
cles in the subsequent steps. This unphysical extracharge
artificially generates unequal multipole moments for the
particles added at different steps.

We notice at this point that there is another effective
medium result, also due to Bruggeman, 7 which is com-
pletely different:

vi +vg = 0) (44)
6i + 26~ 62 + 2cg

where 1 and 2 label the two different materials. This
refers to the so-called "aggregate" topology, and it is
called by many authors the CPA result, since it is roughly
analogous to the coherent potential approximation of al-
loy theory. Our approach, as well as Bruggeman's it-
erative unsymmetrical result (43), refer to the so-called
"cermet" topology that we have just described. A com-
plete discussion of both Bruggeman's results is provided,
for example, by Landauer. s We also obtain Eq. (44), if
we make the same CPA assumptions of particles of differ-
ent species completely and symmetrically filling all space,
each particle being in contact with an effective medium
of dielectric function e, . However, these assumptions are
truly disconnected from our approach, which holds rig-
orously for a different topology. Therefore, we draw no
conclusions about Bruggeman's symmetric result (44).

V. CONCLUSIONS

In conclusion, the analytical solution of Maxwell equa-
tions as a boundary-value problem for a heterogeneous
system, although laborious to complete, pays off at the
end. Coupling that with the formalism of two-particle
distributions has provided unambiguous answers to the
validity of the Maxwell-Garnett result, or, equivalently,
the Clausius-Mossotti relation for spherical particles. We
expect that this solution, and particularly the knowledge



47 ANALYTIC APPROACH TO THE INTERFACIAL. . . 13 825

of the exact fields anywhere in the system, will be quite
valuable in the study of complex systems and distribu-
tions. In the case of suspensions, for example, the distri-
bution depends on the particle dynamics, which is gov-
erned by the exact microscopic field, and that in turn
must be generated from the distribution self-consistently.

In this paper, we have obtained specifically the exact
expressions of the fields and all multipole moments in
terms of the applied field at the electrode plates and the
system conFiguration. In particular, we have obtained ex-
plicitly the external field, which has a contribution from
all the image multipoles. If the sample is a thin film
of thickness d comparable to the particle dimensions, or
if d is comparable to a scale in which the system is in-
homogeneous, the external field is not uniform and the
general formulas in Sec. II should be used. On the other
hand, the external field becomes uniform in the bulk
of a macroscopically homogeneous system with a short-
range two-particle distribution. The field produced by
the particles outside the correlation range also becomes
uniform, whatever the particle shapes and orientations.
The field produced by the other particles inside the cor-
relation range is generally not uniform and depends cru-
cially on the form of the two-particle distribution. If that
is spherical, these particles do not contribute to the lo-
cal Field acting on the central particle. Consequently, all
multipole moments higher than dipole vanish, and the
Maxwell-Garnett result is rigorous within the mean-field
approximation. If the distribution is not spherical, all
multipole moments are generally coupled and there may
be a large correction to the Maxwell-Garnett result. We
have provided the explicit expressions in Sec. III. Such
correction is of first order in the volume fraction, and
may easily outweigh corrections due to fiuctuations, be-
yond the mean-Beld approximation, which are at least of

second order in the volume fraction. Our results seriously
question an iterative procedure proposed by Bruggeman,
as discussed in Sec. IV.

We have further developed this exact formalism for
clustered inclusions and calculated an example of par-
ticle chaining. We find in some cases large deviations
from the Maxwell-Garnett formula, due to strong mul-
tipolar effects, depending on the length of the particle
chains. This example represents an extreme deviation
from a spherical distribution and the corrections to the
Maxwell-Garnett formula are indeed of the first order in
the volume fraction. The complete results will be re-
ported elsewhere. is

A paper by Claro and Rojas has appeared, 2~ in which
they have also reached independently one of our conclu-
sions, namely that there are no multipolar corrections
to the Maxwell-Garnett result within the mean-field ap-
proximation. Our proof is more complete: only for spher-
ically symmetric pair distributions is there no correction
to the Maxwell-Garnett result, and we provide the cor-
rection for nonspherical pair distributions.
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APPENDIX A

In this appendix we outline some of the mathemat-
ics required in the paper. Using recurrence formulas for
spherical harmonics, we obtain the following identities:

(2l' + 1)(l' + t + m' + m)! (t' + t ~ m' —m)! Pi~+i, ~ ~~ (r —r')
(2t'+ 2l + l)(t'+ m')!(t' —m')! ~r —z'~i'+&+i

0 & m & t, ~m'~ &l' (Al)

Bi—m

Yi (r —r') ir —r'i'

= (+1)
(2t'+ 1)(t'+ m')!(l' —m')!

(2t' —2t + 1)(t' —t + m' + m)! (l' —t ~ m' —m)!

- 1/2

0&m&i, ~m'~ &t'. (A2)

Taking l' = m' = 0, Eq. (Al) reduces to

Now, consider the expansion

2t+ j.

4~(t + m)!(t —m)!

B™(B . B) 1+j ~, , 0&m&t.
Bz' m (Bx Byp ~r —r'~

' (A3)
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Yj (r —r')
(2l' + 1)~r —r'~'+'

L'= ) A,'„„(r'—r") Ir —r" I' '&i- ~-(r —r"),
L"m"

(A4)

as in Eq. (12). Apply B /Bz ™(B/Bx+jB/By) (0 & m, & l), and use the identities (Al) and (A2); then take the
limit r:r". The only surviving term on the right-hand side has l" = Lt, m" = —m for the uppercase, or t" = l,
m" = m for the lowercase. With a few additional manipulations, we obtain

1)l'+m' 47r(l + l' + m —m')! (l + l' —m + m')!
(2l + 1)(2l' + 1)(2l + 2l' + 1)(l + m)! (l —m)!(l' + m')! (l' —m')!

- 1/2

/m[ & l, /m'f & l'. (A5)

Equivalent expressions are well known in the literature: see, for instance, the appendixes in Refs. 10(b) and 26.
In order to establish Eq. (29), we write

) Cip (r& r ') = ) Aio (r~' r') (1 —6,' ) + ) Bip (r,' —r, ), (A6)

where

Bio (r; —r, ) = ) (—1) '+ "Aio (r, g
—r, ).

A:+0

The first summation in Eq. (A6) represents the contribution of all the particles other than the ith one, while the
second summation represents the contribution of all the images. We now use the distribution function defined in Eqs.
(28), and obtain

AIoo (r —r, )dsr +
—r, [&R

f(r —r, )Aip (r r')d r
—r, [&R

A,", (r —r, )d'r + no
—d/2(R (d/2

Bip (r —r, )d r
d/2& z(d/2

f(r —r, )Bip (r —r, )d r+ Bip (0).
—r, ((R

(A8)

In Eq. (A8), the first integral vanishes due to orthogonality of spherical harmonics (l, l & 1). In the fifth integral,

since the distances involved in Bipo(r —r, ) are of the order of d )) R, Bipo(r —r, ) is essentially a constant for

~r —r,
~

( R: then, according to Eq. (28d), this integral also vanishes. In the third and fourth integral, disregarding
edge eKects, the limits on the transverse dimensions can be taken to infinity and the ith particle may be assumed
on the z axis. Disregarding the relatively few particles which are very close to the electrode plates, we may always

assume z, + R ( d/2 and z, —R ) —d/2.
The third integral in Eq. (A8) can then be evaluated as

n0
R(fr —r

—d/2& ~(d/2 Q(2l + l)(2l'+ 1)l!l'!
0 (—&i~—')/*

+i
—1 R ~. L+L' —1

+ &i+i (~)d~
(

r. (i+i' —i (A9)

where pi(x) are Legendre polynomials, and x = cos 8, , 0, being the polar angle of r —r, . For l = l' = 1, that is

(4vr p (d/2 + z, ) (d/2 —z, ) & )d ~(8vr (A10)

For t+ I,
' ) 2, that is
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4~no(l + l')! 1

g(2l + 1)(2l' + 1)l!l'! R'+' Pi+i (x)dT

1 1

(d/2 + z, )'+' ~ (d/2 —z, )'+'
1
z'+' Pi~p(z)dz). (All)

The first integral in Eq. (All) vanishes due to orthogonality of Legendre polynomials. Using Rodrigues s formula and
integrating by parts l + l' —2 times, one can prove that the second integral in Eq. (All) also vanishes. Denoting by
fii the second integral in Eq. (AS), we thus obtain

) Aio (r" —r')(1 —~,' ) = fi +

which represents the contribution from all particles other than the one under consideration.
To evaluate the fourth integral in Eq. (AS), we first assume that the integration region is a cylinder of radius Rp, and

eventually let Ro approach infinity, maintaining the condition lim R,— Rp/(kd) = 0, since for any given transverse

dimension of the system the images always extend to infinity. Using cylindrical coordinates and the identity (A3), we
can write a typical term in the fourth integral in Eq. (AS) as

d/2 pl+i' PdP
z„'+' p Qp2 + (z„—z, )~

pi+i'
t+)I Rp2+ (u —z, )s —iu —z,

i—1/2) d

—1/2) Kj

where df = duO /Bu [QRp + (u —z, )~ —~u —z, ~j. Then, we obtain

p s ( 1) 2wn
Aio (rA, —r, )d r = dz

—d/a&z&d/2 g(2l + 1)(2l'+ 1)l!P! d/2 8
(I +S/2)a

{A13)
Q(2l + 1)(2l' + 1)l!lj! (i,

where r~ = (x, y, kd+ (—1)"z), and we have changed to the integration variable u = zi, = kd+ (—1)"z, k g 0. This
integral vanishes for l + l' & 2 when we let Bo .- oo. For l = l' = I, we have

n Bio(r —r, )d r = —
~ ~!

n ) df, (A14)(3t k~o (k

n' B,p(r —r, )d r= —
~ ~

n limio s /2~& o

d/2&z&d/2 4 3 ) /2

—8/2

/'2~ d/2 —z,
n 2—

QR(~) + (d/2 —z, )2

d/2+ z, /4n p

QR~ + (d/2 + z, )s

where the limit Ro
obtain

: oo has been taken last. Hence we distribution between the s' and s species can be written
as

) .Bio'(r,' —r*) = —
~~3) (A1.6)

which represents the contribution of all the images: in
fact we may disregard Bio (0) in Eq. (AS), which is at
most of the order of 1/ds (( no.

Substituting Eqs. (A12) and (A16) into Eq. (AS), we
obtain the Anal result

i'o i' /'S~ o i i' t'4~& o i i') Cio(r, —r)=f, +i n6ib, —
~

~!nbih', .
9 &3)

(A17)

n', (r —r, ) = 6'; b(r —r, ) + n' + f,' (r —r, ), (Bl)

where n' is the average number density of the s' species.
We assume a short-range correlation among all the par-
ticles; hence all f, (r —r, ) satisfy similar conditions to
the single-species case. Then, Eq. (29) is simply replaced
by

&'0) &(p (r' r )q'i'o

a'/' 4+ ~ i 8'=) f i
—

~
~Sin'6, q iii, (B2)

APPENDIX B
where q, tm are the average multipole moments of the s
species, and

The results for a single-species system can be easily
generalized to a many-species system. The two-particle —r, ~&R

f; (r —r, )Aio (r —r, )d r. (B3)
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Similarly, we generalize the system configuration matrix
with reduced dimensions as

G;t' ——6; 6I — cr,a, n' 6t 6r + (2l + 1)P,t f;t ', (B4)s

QstO = a,a,EQ33 p1
4~ (

1 —) U cps~

)
where cr, = (e, —e )/(e, + 2e ) and P, ~

= [(e, —
el)las]/[le, + (l + 1)em], e, and a, being the dielectric
function and the radius of the s-species particles, respec-
tively. Then, the equation for the multipole moments of
the particles for a many-species system with short-range
correlation can be written as [cf. Eq. (33)]

a' sEn= Ep,

1 —) v cps'

s'

[r —r,
f
( a„ (B9)

where v' = (4vras/3)n' is the volume fraction of the s
species particles. The field inside an s-species particle
1s

3 1a.,a, EQ bt.
4m

(B5)
while immediately outside the particle, where no other
particles are present, it is

Solving for the multipole moments in Eq. (B5), we obtain

(B6)

out

1 —) 'U
Cabal')

a, as [3n, (Ep n, ) —Ep]

r

l
i 1 —) U'n, [r —r, [s

a, ( ~r —r,
l
(a.+b. (»o)

The corresponding effective dielectric function is

The effective dielectric function is

1+2) v'cr,

&m

4'7l ~ A Qg] Q= 1+4'
0

&m
1 —) v'cr,

(B11)

=1+4~) n'(G' ');,'~„,&', , (B7)

In particular, if all f; (r —r, ) are spherically symmet-
ric, f,'t' = 0. Then, from Eqs. (B5) and (B6), it follows
that

which represents Maxwell-Garnett formula for a many-
species system. When em ——1, this result coincides with
the Clausius-Mossotti relation for spherical particles. We
have thus proved that it is rigorous to all multipole orders
and for all possible volume fractions in the case of short-
range spherically symmetric two-particle distributions for
all species, in the mean-field approximation.
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