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Helium-film-induced retrapping transition in the two-dimensional electron system
above an uneven solid-hydrogen surface
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A detailed theoretical analysis of the conductivity of surface electrons above a thin liquid-helium
film covering an uneven solid-hydrogen surface is presented. The pronounced conductivity anomaly
which is observed during the growth of the helium film is shown to originate from a strong coupling
of the electrons to the roughness of the underlying hydrogen substrate. The observed conductivity
anomalies (dip and peak) can be explained quantitatively by a retrapping structural transition within
the disordered system of localized charges. We have measured the effects of varying electron density
and discuss the inAuence of electronic correlation on the conductivity.

I. INTRODUCTION

One of the most intriguing results in studies of sur-
face electrons (SE's) above helium films is the observa-
tion of a pronounced anomaly in the conductivity upon
a continuous change in film thickness. This anomaly was
first reported b Andrei for rather thick saturated He
films (d 900 ) covering a sapphire substrate. A sim-
ilar phenomenon has been observed on solid neon2 and
solid-hydrogen substrates, and it has been extensively
studied on quench-condensed hydrogen films. The re-
sults obtained on different substrates look strikingly sim-
ilar, although it is not clear whether they represent the
same effect.

Several explanations for this conductivity anomaly
have been proposed. It has first been ascribed to
electron-ripplon scattering. 3 However, at temperatures
around 2 K where it typically is observed this contri-
bution is rather weak, and it is not clear why it should
lead to such a pronounced structure. A resonance en-
hancement due to the ac-conductivity measurements can
also be excluded. A possible polaronic state which has
been discussed as an origin of the anomaly would have
a binding energy much smaller than kIBT under the ex-
perimental conditions.

An alternative explanation has been presented
recently. There the interaction of the electrons with the
roughness of the underlying substrate is considered as a
function of helium-film thickness. It is found to change
sign at a definite thickness value d = d* and attains a
local extremum at d & d*. In this paper we present the
results of SE conductivity studies in the limit of strong
coupling of the electrons with surface irregularities, and
compare them to experimental data.

In Sec. II the theoretical concept is outlined and the
relevant equations for the electron-roughness interaction
are derived. Section III then deals with the consequences

of our results for experimental systems: in Sec. III A we
explicitly calculate the interaction potential and evaluate
the electron conductivity for appropriate experimental
parameters; the results are compared with experimental
data in Sec. III B; in Secs. III C and III D we examine the
influence of changes in the roughness wave vector and of
correlation effects within the electron system. Section IV
summarizes the conclusions drawn from our study.

II. THEORETICAL CONCEPT

The SE conductivity anomaly we are attempting to
explain can be observed at temperatures as high as 2 K.
Thus we can neglect the electron-ripplon scattering and
take into account only the static equilibrium distortion
of the helium surface caused by an uneven solid sub-
strate. Experiments which exhibit the anomaly have
shown the SE conductivity on bare hydrogen to be of
thermally activated nature with rather large activation
energies (AE, 10 K). We therefore consider the cou-
pling between the SE and the substrate roughness to be
strong, i.e. , the electrons are mostly trapped at surface ir-
regularities with their mobility being dominated by ther-
mally activated hopping.

A helium film changes the interaction of the SE with
the roughness of the solid substrate in two qualitative
aspects. It lifts the electrons away from the surface ir-
regularities, reducing the interaction with the substrate,
and it smooths the surface on which they move. It seems
that both these effects should monotonously reduce the
interaction with the roughness. However, a consistent
treatment shows that a reduction only takes place within
certain ranges of the film thickness.

In order to find the Fourier transform Vq~ of the in-
teraction potential of the SE with the uneven solid sub-
strate in the presence of a helium film, we must con-
sider that the electronic motion is confined to the film
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Here (~~" denotes the Fourier transform of the liquid-
helium (p=l) or solid-hydrogen (p=s) surface profile [the
index (f) stands for quantities relating to the helium
film with thickness d on the substrate], e is the electron
charge, E~ is the electric holding field, q is the surface-
roughness wave number, K„(x) is the modified Bessel
function, and

e2(e„—1)A„= ", p=s l.
4(e„+1) '

Equation (1) exhibits the necessary limiting behavior for
the helium-film thickness d —+ oo and for d —+ 0. The first
term Vz —— eF~ + Pq (z) (z in Eq. (1) is well known

from the electron-ripplon interaction potential and de-
scribes the interaction of the electron with static de-
formations of the helium surface. Its polarization part

P~ (z) has the specific form

P,"'(z) = —,'Ai O'Q(Qz) Q(*) = —,[1 —*Ki(x)] (2)

This term decreases substantially in the long-wavelength
limit qz « 1, with Q(x) ln(2/px) + 1/2 « 2/x2 (here

1.78), since Ki —+ 1/x for x « 1. Below we will show
that this important behavior leads to a strong influence
of even a thin helium film covering the uneven solid sub-
strate.

For d ~ 0 the interaction potential V~( ) obviously
transforms continuously into the potential for the inter-
action with the bare hydrogen surface irregularities,

V(»(z, O) = V()(.) = e~&+P(')(.) (('),

since the ratio of the Fourier-transformed surface profiles,
which can be written as

(i) (,) 0.5(qd)~K2(qd) 4 3AH pi
)1+ (d/do)4

' nimH, q2'

(3)

rapidly becomes equal to unity for d (& do and qd «. 1
(here AH is the van der Waals —Hamaker constant; pi,
o.~, and mH, are the density, surface tension, and atomic
mass of helium, respectively).

The polarization term Pq (z) is always positive for a
bulk liquid. This means that in the strong-coupling limit

surface at z = ((')(r). In this case the electron wave
function distorted by the uneven helium-film surface dif-
fers substantially from the one above a flat surface (1~z .
On the uneven surface it is actually close to (1

~

z —((i )
and it is generally accepted to use the matrix elements
of the interaction potential with the unperturbed wave
functions in this case, changing the perpendicular coor-
dinate from z to z+(( ). Accounting for the polarization
attraction between the electrons and the helium-covered
solid substrate in the usual way and inserting the above-
mentioned transformation of the z coordinate, the linear

terms of Vz can be written as follows:

V(f) = eZ~ + P("(z) ((')

+ ','k~,"'/~,"— ( + d)K [~( + d)])&,"

the electrons are trapped in the "valleys" of the surface
profile ((')(r). The same holds for the bare hydrogen

surface, since Pz differs from Pq' only by a constant
factor Ai /A, . Now considering a helium film on the un-
even hydrogen substrate it can easily be seen that at
d && do the surface smoothing effect on the electronic
motion is negligible (((i) g(')) and the second polariza-
tion term in Eq. (1) is proportional to Q[q(z + d)] ) 0.
Consequently for such a thin film the electrons are still
trapped in the valleys of the surface profile. However, the
smoothing effect becomes of major importance in the in-
termediate regime where d do. The ratio of the profiles

Bq ——(z /(z' starts to be substantially smaller than 1,(&) (8)

since Bq ——1/[1+ (d/do)4] (for qd « 1) is rapidly de-
creasing with d. According to Eq. (4) do is proportional
to q j . Such a behavior destroys the balance of the
polarization terms in Eq. (1). Hence the large negative
asymptote —xKi(x) —1 is not compensated any more,
thus at some point the interaction potential must change
sign This .can be seen more easily by rewriting Eq. (1)
as

V(f)(z ii) — e@ B + P(f)(z d) (( ) (5)

where

P(')(z, d) = ,'A, q' (1 ——W)B,Q(&z)

+AQ[q(z + d)] + 2A Bq —1

[~(z+ d)]'

with A=1 —Ai/A, 0.783. In the long-wavelength limit
we have Q[q(z + d)] « 2/[q(z + d)]2, so that already a
small disbalance Bq & 1 in the last term of Eq. (5) can
lead to a negative P~, eventually changing the sign of
V~ . The absolute value of the potential Vq may then
even increase beyond the value for the bare hydrogen film
upon increasing d further.

The physical picture behind the change in sign of the
interaction potential is schematically sketched in Fig. 1.
It marks a transition from the localization of the SE in
the valleys of the surface irregularities for thin helium
films [Fig. 1(a)] to the situation for a thick, nearly flat
helium film, where the electrons are localized opposite
the tops of the solid surface profile g(')(r) [Fig. 1(b)].
In between these two states where the SE's are trapped,
there must be a transition at some film thickness d =
d* do where they are virtually free [i.e. , V~ (z, d*) =
0]. In other words, at d = d* a structural transition takes
place in this system of localized charges.

A closer look at the interaction potential V~( helps
us to estimate the inHuence of the experimental parame-
ters (holding field E~ and surface-roughness wave vector
q) on this transition. First we should emphasize that
the polarization part P~ (z, d) increases with q2 and be-
comes much larger than the holding-field-dependent term
in Eq. (5) for typical SE concentrations and large enough
q, except for the close vicinity of the structural transi-
tion at d = d* do ~ q j . Then the position of the
retrapping transition at d* is almost independent of q—a
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a)

b)

thin He film e-

solid H2

thick He film

constant:

j. V~'~~d iAEf = AE,
~

vq(d)~, v (d) = (

(1 V"(z) I1)

Evidently vq(d) is independent of (~' . It character-
izes the change in interaction potential between the SE
and the substrate as a function of helium-film thickness.
Hence all substrate properties are included in AE, which
has been measured experimentally.

We include scattering of the SE from gas atoms by
adding an appropriate resistance term 1/az..

solid H2

FIG. 1. Schematic sketch of the two states involved in the
structural transition of the SE above a rough solid substrate
covered with a helium film. (a) SE are localized in the valleys
of the surface roughness. (b) SE are localized opposite the
tops of the solid surface roughness.

change in q mainly aR'ects the magnitude of the interac-
tion potential. For large enough q this statement will be
proved in Sec. IIIA by a numerical calculation of Vq

As sketched below, the tendency can be seen even analyt-
ically in the limiting case [q(z+ d)j2/2 « 1 which might
just apply to the experimental conditions. We have seen
above that in this limit Pq is changing sign at already
a small disbalance 1 —Bq when all of the terms inside

the square brackets of the expression for Pq (z, d) in
Eq. (5) are approximately independent of q: Q depends
only logarithmically on q, Bq is close to 1, (Bq —1)/q is
approximately constant. Under these circumstances we
can greatly simplify our problem by using only one typ-
ical absolute value of the wave vector q describing the
surface roughness of the solid substrate. A distribution
of wave numbers around q will only slightly broaden the
transition.

For a quantitative test of this behavior we can use
the results of experimental studies on bare hydrogen
surfaces, which indicate a thermally activated behav-
ior of the conductivity o = harp exp( —AE, /krrT). The
activation energy LE, could be lowered by thermal an-
nealing. For rougher surfaces and small electron densities
n, (some 10s cm 2) the measured AE, can be consid-
ered to be mostly due to the substrate roughness. In the
following we consider the simplified model with only a
single q dominating the electron-roughness interaction.
In order to establish a connection between the activa-
tion energy and the surface profile, we note that in the
strong-coupling limit the activation energy above a he-
lium film LEf is proportional to the amplitude of the
electron-roughness interaction potential (1~Vq ~1) (we
do not have to worry about the long-range order of the
potential, because quantum tunneling along the surface
is negligible). Since we have to recover the activation
energy above the bare hydrogen surface LE, for d = 0,
we can write down the equation with the proportionality

( AE, op
cr =op exp~ iv (d)~

' +-
kr3T (7)

accounting for the fact that the conductivity is limited
chiefly by gas atom scattering in the region where the
surface-roughness contribution is small. One should note
that Eq. (7) must not be considered too seriously in
the close vicinity of the conductivity maximum, since
EE, ivq(d)~ & k~T for small interaction potentials, i.e. ,
the thermal activation picture breaks down and Eq. (7)
is not strictly valid anymore. However, at any other film
thickness d where AE, ~vq(d)~ ) krrT, including the con-
ductivity dip, expression (7) represents a good approxi-
mation.

III. RESULTS AND DISCUSSION

A. The interaction potential

Within the interesting range of film thickness d there
are no a prioH small parameters in our problem: the av-
erage distance z of the SE from the liquid-helium sur-
face is usually on the same order of magnitude as d;
furthermore the roughness wave number q cannot be
assumed small compared to 1/(z + d) for the whole
range of film thickness. Thus the averaging of the in-

teraction potential V~ (z, d) over the SE ground-state
wave function (l~z) = 2a s~ zexp( —z/a) and the cal-
culation of the film-thickness-dependent effective Bohr
radius a(d) which enters here have to be done numer-
ically. The resulting electron-roughness interaction po-
tential v~(d) is given in Fig. 2 for different roughness
wave numbers q, normalized to its value on the bare hy-
drogen surface. Here we use the dimensionless film thick-
ness d/a„where a, =15.7 A is the effective Bohr radius
above bare hydrogen. The positions of the extrema of
~v~(d) ~, i.e. , the minimum at d = d* and the maximum
at d = d~ ) d*, depend on the roughness wave number
q (especially for small q), shifting toward smaller thick-
ness with increasing q. The potential v~(d) which weakly
depends on the holding field E~ in the long-wavelength
limit (q & ~ x 10 cm ) becomes field independent for
short-wavelength surface roughness (q ) 3vr x 10s crn )
at least for small SE concentrations n, & 3 x 108 cm
As another important consequence from the above re-
sults the values of d* and d must be independent of
temperature and the surface-roughness amplitude, which
is changed during annealing.
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FIG. 2. Electron-roughness interaction potential v~ (d)
(solid) from Eq. (6) and its absolute value ~v~(d){ (dashed)
as a function of dimensionless film thickness d/a, for a SE
concentration of n, = 3.1 x 10 cm and roughness wave
numbers q = m x 10 cm ' (1) and q = 3vr x 10 cm (2).

In order to determine the most relevant q for SE above
quench-condensed hydrogen films, we compare our con-
ductivity calculations with the experimental data. The
results of numerical calculations based on Eqs. (5)—(7) are
presented in Fig. 3(a) for an activation energy AE, =18 K
and an electron density of n, & 3.1 x 108 cm 2, corre-

10

c: qp-8—

sponding to the experimental situation in Ref. 6. In an
actual experiment AE, will be infiuenced by the electric
holding field as well as by correlation within the electron
system, which will be discussed below. Comparing our
calculations with experimental conductivity data (shown
in Fig. 3) from a system with conditions similar to the
ones used in the above calculation, we can estimate the
dominant surface-roughness wave number to be typically
around or above 3~ x 10 cm . For such rather short
wavelengths the position of the conductivity maximum
d is quite independent of E~ in accordance with the ex-
perirnent. As shown in Sec. II, this diminishing infiuence
of E~ is a consequence of the strong increase of the po-
larization term in Eq. (5) in the short-wavelength limit

(Pq ~ q for qz (( 1). The maximum position also(~)

shows only a rather weak dependence on q in this wave-
length region, again justifying the harmonic description
we are using in our model for the solid roughness.

B. Comparison with temperature-dependent data

Unfortunately most of the relevant experimental data
are recorded as isochores, i.e. , the helium-film thickness
is changed by varying the temperature T in a closed ex-
perimental cell. In order to determine the film thick-
ness d(T), in general one must take into account that the
amount of helium gas above the film self-consistently de-
pends on d. Luckily, for q = 3' x 10 cm the positions
d'=35 A. for the conductivity maximum and d =56 A. for
the dip are far enough away from the saturated film thick-
ness (d,~t 270 A.), i.e. , it is sufficiently accurate to use
the quite simple van der Waals relation

AH i,T, p kryo T,T (8)
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FIG. 3. (a) SE conductivity a. vs d/a, (taking AF, =18 K)
for three values of q: 7r x 105 cm (dashed-dotted), 3m. x
10 cm ' (solid), and 5n x 10 cm (dashed). (b) Experi-
mental SE conductivity data vs frequency of a quartz balance
measuring the helium-film thickness.

based on the usual temperature dependence of
the saturated helium gas concentration nG (T)
Ts/2 exp( —~/krrT), where W/k~=7. 17 K is the evapo-
ration energy of a helium atom from the surface. In this
approximation we get d ~ oo for T ~ T„ taking the gas
atom concentration n~ as fixed. The critical tempera-
ture T, is determined by the total amount of helium in
the cell.

The resulting conductivity IT (T) is presented in
Fig. 4(a) for T~=1.97 K and different annealing condi-
tions represented by the activation energy LE, . Fig-
ure 4(b) shows the corresponding experimental data from
Ref. 6 for comparison. As can be seen, theory and ex.—

periment are remarkably close, both showing a suppres-
sion of the dip on progressive annealing while the dip
position remains unaffected. The theory gives a slightly
sharper structure of the anomaly, since we used a fixed
value for q, whereas in reality a range of q values con-
tributes to the signal. The most notable difference be-
tween the calculated and measured data appears near the
conductivity maximum (especially for the smallest value
of AE, ) where Eq. (7) fails, and at T T, where Eq. (8)
is not valid anymore. Nevertheless the theory agrees sur-
prisingly well with the experiment, even quantitatively,
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FIG. 5. Conductivity anomaly on a freshly prepared
quench-condensed hydrogen film (lower curve) and after ther-
mal annealing (upper curve).
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FIG. 4. SE conductivity as a function of tempera-
ture in an isochoric environment for activation energies
AE, =22 K (upper dashed line), 18 K (solid line), and
10 K (lower dashed line). (a) Results of the calculations,
(b) experimental data from Ref. 6.

reproducing not only the dip structure but also the high-
temperature tail of the conductivity as a function of dif-
ferent annealing degrees.

C. Changing the surface-roughness wave vector

It should be noted here that from the physical point of
view the conductivity maximum is a more important and
unexpected feature than the dip, because it corresponds
to a specific structural transition in the electron system
from a strong SE localization in the valleys to a strong
localization above the tops of the solid surface-roughness
profile. At the transition itself, i.e. , at the conductivity
maximum, the SE become nearly free. Figure 5 shows
cr(T) for a freshly prepared quench-condensed hydrogen
film without any annealing which is extremely rough. In-
deed the maximum appears as a very pronounced feature,
the conductivity at the maximum attaining nearly the
same value as on the saturated helium film. The very
sharp tip of the maximum indicates that the electrons
mostly occupy rather long-wavelength potential wells of
the surface [cf. Fig. 3(a)]. Data taken after annealing,

also shown in Fig. 5, exhibit a much smoother maxi-
mum which is shifted to smaller thickness values (i.e. ,
higher T); the conductivity minimum is shifted even more
strongly towards higher T. We conclude that in our
case the annealing process reduces the long-wavelength
roughness the observed behavior is then in perfect ac-
cordance with the theoretical results presented in Figs. 2
and 3.

D. Influence of correlation efFects

Correlation effects within the electron system become
increasingly important with higher electron density n, .
Even for the rather low electron densities we have dealt
with above the plasma parameter I' = +7m, e /ek~T
(where e is the effective dielectric constant of the sub-
strate) is larger than 10, and it attains values above 100
for n, 10 cm . Hence correlation effects must be
taken into account. For delocalized electrons there is no
significant dependence of the SE mobility on I'. The
situation is changed, however, if the electrons are in lo-
calized states as in our case. Due to their trapping at
surface heterogeneities the electrons might evolve into a
sort of glassy state due to their mutual interaction. In
this picture electron hopping is suppressed by the addi-
tional Coulomb energy arising as a consequence of the
correlation. We can estimate this correlation correction
AE, to the activation energy LE, in the limiting case
A = 27r/q (( a = 1/~n, as

2 G

For densities of n, =10 cm and q = 3m x 10 crn it
attains a value of about 7 K. At even higher electron den-
sities where A a correlations become more effectiv"- in
this limiting case AE, e /a I'k~T && k~T Asimi-.
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activated behavior where the activation energy increases
with correlation.

10'— IV. CONCLUSIONS
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FIG. 6. Conductivity anomaly on an annealed hydrogen
film (DE, 5 K) for various electron densities r4 given be-
low; the corresponding approximate values for the plasma
parameter I' are shown in parentheses. a, 5.1x10 cm
(F 30); b, 2.0x10 cm (I' 55); c, 4.6x10 cm
(I' 85); d, 8.1x10 cm (I' 115); e, 1.27x10 cm
(F = 140).

lar dependence of correlation on the SE mobility was in
fact observed for SE on a bare hydrogen film. Conse-
quently, the SE mobility at both sides of the conductivity
maximum should be strongly suppressed for high electron
densities. New studies of the SE conductivity near the
maximum for various electron densities (Fig. 6) demon-
strate such a behavior. The data were collected in the
same way as described in Ref. 6. The corresponding data

We have investigated the conductivity behavior of sur-
face electrons on an uneven solid hydrogen substrate
covered with a thin helium-film in the limit of strong
coupling. Upon increasing the helium-film thickness the
electron system undergoes a structural transition from a
state where the electrons are trapped in the valleys of
the surface roughness profile to a state where they are
localized on a thick helium film opposite the tops of the
profile. At the transition itself the SE become nearly free.
From the electron-roughness interaction potential we can
calculate the SE conductivity as a function of helium-film
thickness. Using parameters measured in previous exper-
iments we can quantitatively explain almost all features
of the conductivity anomaly observed on rough hydrogen
substrates (the concept should apply equally to any other
substrate where the anomaly has been observed). Exper-
imental data measuring the dependence of the transition
on changes in the surface-roughness wave vector and on
correlation efFects within the electron system lend addi-
tional support to the validity of the presented calcula-
tions.
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