PHYSICAL REVIEW B

VOLUME 47, NUMBER 20

15 MAY 1993-11

Valley mixing in GaAs/AlAs multilayer structures in the effective-mass method
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We introduce a set of boundary conditions for electron envelope functions at GaAs/AlAs heterointer-
faces so as to take into account I'-X, and X,-X, valley mixings in the effective-mass method. The pro-
posed conditions enable one to obtain the dependence of the mixing effect upon the parity of monolayer
numbers in AlAs and GaAs layers, in agreement with the empirical model calculations. The tunneling
probability across a two-interface structure GaAs(AlAs), GaAs(001) is calculated as a function of the
I-electron energy. The electron transfer is shown to depend essentially on the parity of M. An analyti-

cal solution is obtained for the dispersion of mixed X,

minibands. Direct optical transitions are allowed

between these minibands in the in-plane light polarization. The corresponding far-infrared absorption

coefficient is calculated and estimated.

I. INTRODUCTION

GaAs/Al,Ga,_, As multilayer structures present con-
venient model systems for the study of valley-mixing
effects associated with the superstructure potential (see,
e.g., Refs. 1 and 2 and also references in Refs. 3 and 4 and
in the review®). Since the mid 1980s different pseudopo-
tential and tight-binding models®>~!! have been used for
the calculation of GaAs/AlAs(001) superlattice (SL)
minibands and for theoretical analysis of mixing between
the I'; conduction band and (001) X valley (I'-X or I'-X,
mixing) as well as between (100) and (010) X valleys (X, -
X, mixing). The most striking common feature running
through the results is a qualitative sensitivity of the
valley-mixing effect on the parity of monolayer numbers
in AlAs and GaAs layers. Ando and Akera!? presented a
generalized formulation of the effective-mass method in
which I'-X mixings at heterointerfaces are included by
boundary conditions. However, in this formulation the
parity of monolayer numbers has no influence on the
miniband spectrum!?2”!* in contrast with the results of
the empirical model calculations. Aleiner and Ivchenko!®
showed that the boundary conditions of Ando and Akera
are relevant to a single heteroboundary but they should
be corrected in cases of double- or multiple-interface
structures. If a factor changing its sign from one mono-
layer to another is introduced into the boundary condi-
tions [see Egs. (2.5) and (2.7) of the present paper], then
the effective-mass approximation leads as well to the
dependence of I'-X mixing in a (GaAs)y(AlAs),,(001) SL
on the parity of M.

In this work, we study tunneling properties of a
GaAs(AlAs),,GaAs single-barrier structure with an em-
phasis on the dependence whether the AlAs slab contains
an even or odd number of monolayers (Sec. II). In Sec.
IIT we propose a model effective-mass approximation to
describe the X, -X, mixing, and in Sec. IV we analyze the
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lowest-lying X,, minibands in a GaAs/AlAs SL and cal-
culate the far-infrared (submillimeter) absorption
coefficient under direct optical miniband transitions for
the in-plane light polarization.

II. VALLEY MIXING BETWEENI" AND X,

A. Three-band model

Figure 1 schematically shows the energy diagram of a
GaAs/AlAs SL of the period d =a +b. In the following,
the GaAs and AlAs layers are simply denoted by 4 and
B, respectively. In the three-band model which takes into
account mixing of I';-band states with those from two
close-lying bands X; and X3, the electron wave function
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FIG. 1. The energy diagram of the GaAs/AlAs SL. Hor-
izontal lines represent the edges of I', X, and X; bands in each
bulk material.
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is written as
\I/B(r)=w|rl>+v|X3>+u|X1> , (2.1)

where |T';), |X;), and |X,) are the Bloch functions of
the corresponding symmetry at the I' and X points. The
effective Hamiltonian H is an operator on the envelopes
w(r), v(r), and u(r) and can be conveniently represented
in the form of a 3 X 3 matrix,

Hy Pry
Vir By
where the scalar Hy and 2 X2 matrix Hy are Hamiltoni-
ans of I'- and X-point electrons operating, respectively,

on w and on the vector with two components v and u. In
the effective-mass approximation we have

# o~ 1 A

H= , (2.2)

=EQ2)+ 3k .
Hp=ER(2)+ % - k., (2.3)
N #wk: #k A
Hy=ER(z2)+ ——+_—+>6,+Rk,8,, (24
2m)  2my 2
where k,=—id/dr, (@=x,y,z), the Pauli matrices g,

and &, are used to make the expression compact, E%(z)
and EJ(z) give positions of the I'; minimum and the mid-
dle point between the X; and X; bands at the X point;
they are constant inside each layer and discontinuous at
the boundaries (Fig. 1); the effective mass of a T" electron,
m(z), acquires the alternating values m {f and m £ in the
GaAs and AlAs layers; A is the splitting between the X
and X; bands; the constant R describes the k-p interac-
tion of these bands which leads to the camel-back struc-
ture of the X; conduction band. For simplicity we
neglect the difference of m ,{,, m J}, A, and R in adjacent
layers. The off-diagonal operator er=f>x+r is a 1X2
matrix describing the mixing of I" and X states at hetero-
boundaries. Its form depends on boundary conditions
imposed upon the envelope functions. We assume the en-
velopes w, v, and u to be continuous at heterointerfaces
and use the boundary conditions for derivatives in the
form proposed by Ando and Akera'? and improved by
Aleiner and Ivchenko,!®

Vxv,=V,vp+ifiwy, (2.5a)
Viw, =VEwg+tv, , (2.5b)
Vyu, =Vyup . (2.5¢)
Here
—, Mo a3 __ ™Mo 3
Vy=a, ml 3 vi ao—m§ % (2.6)

a, is the lattice constant (in GaAs, a;=5.6 A), m is the
free-electron mass, f = A,B. By using the dimensionless
derivatives (2.6), one can introduce the dimensionless
coefficients ¢} (j=1,2) as a measure of the I'-X mixing
strength. From the requirement of electron flux continui-
ty at a heteroboundary one obtains the relation
t¥y=t¢) . According to the empirical tight-binding-
model  calculation'?  performed for a  single
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GaAs/Al,Ga, _,As heterojunction, ¢’} and ¢{?} are real
and can be estimated by t{'} =gx with g =1, x being the
Al concentration in the barriers.

The coefficients ¢y were considered in Refs. 12—14 to
be independent of the coordinate, zyr, of a heteroboun-
dary between layers. In this case the miniband spectrum
obtained in the effective-mass approximation is deter-
mined by the layer thicknesses a and b, whereas the pari-
ty of AlAs monolayer number in a B layer does not play a
role of an additional parameter in contradiction with the
results of empirical model calculations. In fact, the
coefficients ¢} in Eq. (2.5) should be written in the form

1%z ) =18 (zip ) =trgm(zy) 2.7)
where the phase factor %(z;)=exp(2miz;r/a,)
=cos(2mz;s /a,) takes the two values =1 varying from
one to another monolayer. The presence of the factor
1(z;) in Eq. (2.7) can be understood taking into account
that under translation by the ©basic vector
a,=(ay/2)(0,1,1) or a;=(ay/2)(1,0,1) (which corre-
sponds to a shift along the principal axis z by a single
monomolecular layer), the electron function |F1>
remains unchanged while Bloch functions at the point
k, =(27/a()(0,0,1) change their sign. Note that for a
single heteroboundary the sign of 7 can be chosen arbi-
trarily since the corresponding phase change can be in-
troduced into the envelope w or into the envelopes v, u.
However, this choice unambiguously fixes the phase
®=2mz;,/a, at any other heteroboundary of the same
structure.

The additional terms on the right-hand side of Eq. (2.5)
are equivalent to inclusion into the effective Hamiltonian
(2.2) of the operator Pry=(Vr y , Vr x,) with ¥ x =0
and

Vix,= S aoUn(z)E8(z—z) , (2.8)
1

where U=#ty /(2a3m,), z, is the heteroboundary coor-
dinate, §,=1 for the boundary AlAs/GaAs, and §;= —1
for the boundary GaAs/AlAs. The factor §; arises in Eq.
(2.8) because the operator d/9z is antisymmetric under
the coordinate change z— —z (see Ref. 13). Now the
Hamiltonian (2.2) is completely defined and can be used
for the miniband spectra calculation.

In order to demonstrate the role of the phase factors
7(z;) it is instructive to calculate the energy dispersion
for the two lowest electron minibands in
(GaAs)y(AlAs),, SL’s near the transition from type I to
type II. (The boundary between type-I and type-II
GaAs/AlAs SL’s was analyzed experimentally in Refs. 16
and 17.) In this case one can first calculate the lowest
minibands e1I” and elX for I" and X, minima in the ab-
sence of the I'-X mixing and then include the interaction
(2.8) between them. In the effective-mass tight-binding
approximation, one obtains the following dispersion
curves:!?
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E.(k)=HErKk)+Ex(k)
+{[Epr(k)—Eyx(k)]*+167%x}7%)  (2.9)

with the energies for unmixed I'- and X, -point states
given by

N k2
Er(0)=Ep+L(1—cosk,d)+ — , (2.10a)
2 M-

w2
Ey(k) =By +— . (2.10b)
M

Here E , is the electron energy in a single-quantum-well
structure AlAs/GaAs/AlAs (u=T) or GaAs/AlAs/
GaAs (u=X), M ;lx is the corresponding effective mass for
the electron movement in the (x,y) plane and slightly
differs from mY and mj, J is the overlap integral con-
nected with the ell-miniband-bottom effective mass
M| =2#%/Jd. Other notations introduced in Eq. (2.9)
are

V=a,UwBAWYBA),
x=cos¥k,d/2+®), D=Mn/2,

(2.11)
(2.12)

w®(z) is the envelope function for a I electron in a GaAs
single quantum well of the width a, v and u° are the en-
velopes for an X electron in an AlAs single quantum well
of the width b, M is the AlAs monolayer number in a B
layer, d =a+b is the SL period, and the symbol BA
means a coordinate of the heteroboundary AlAs/GaAs.
The parity of AlAs monolayer number is explicitly
present in the expression (2.12), and hence in the disper-
sion (2.9). When M is even, the phase ® is an integer
number of , )(Zcosz(kzd /2), and the states ell’, elX
are mixed at k,=0 and do not mix at k,=x/d. On the
contrary, in the case of odd M, )(=sin2(kzd /2), the TX
mixing is allowed at the SL Brillouin zone boundary
while at k, =0 the mixing is absent.

The existence or absence of the I'X mixing between the
elT and elX states at k,=0 and k, = /d can be under-
stood in terms of the general group-theoretical ap-
proach.*”> While making the symmetry analysis, one
should take into account that, in bulk GaAs or AlAs, the
X, state is invariant under mirror rotation S, (As) rela-
tive to an origin on an anion site and antisymmetric un-
der the transformation S,,(Ga) with an origin on a cation
site. The parity of the X, state is opposite to that of the
X, state. As far as the I'; Bloch function is concerned, it
is invariant with respect to both S,,(As) and S,,(Ga)
transformations. The space structure of (GaAs)y(AlAs),,
SL’s is characterized by the D,; point-group symmetry
which comprises the transformation S,, with the origin
at the midpoint in an AlAs (or GaAs) slab. For the
lowest minibands e 1T" and e 1.X the parity of states k, =0
with respect to this transformation coincides with that of
the Bloch functions |T';) and |X, ). This readily follows
from a simple consideration in the Kronig-Penney model
for T' and X electrons neglecting the I'X mixing. For
even M, the central atomic plane in an AlAs slab is occu-
pied by As atoms and, therefore, the states el1l’, elX at
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k,=0 have the same symmetry and they can mix in an
ideal SL in agreement with Eq. (2.12). For odd M, the
central plane is occupied by Al atoms which means that
the states e 1T, e 1X differ in symmetry and will mix only
by interface imperfections.4 The symmetry analysis of
the states at k, = /d is carried out in a similar fashion.
It is worth mentioning that in the case of reversed energy
positions of X, and X states, i.e., for the lowest X-point
conduction band being X3, the cosine in Eq. (2.12) would
be replaced by sine.

B. Transmission probability calculations

A double-interface structure GaAs(AlAs), GaAs is
used to study the effect of the I'-X mixing on the
transmission probability as a function of incident electron
energy. Throughout this paper, the structure growth
direction is chosen as the z direction. Band parameters
used in the calculations are listed in Table I. We assume
trx=1 in which case ti{y=rryn(z;;)=n(z;) [see Eq.
(2.7)]. The phase ® =27z /a, at the left interface (z=0)
is set to zero so that t=¢{}(z=0)=1. The right inter-
face is at z=Ma /2. Three situations are discussed.

(a) For odd M, t'=t{y(Ma,/2)=—1 due to the
phase-dependent factor 7 in Eq. (2.7). We call this case
FWIK.

(b) For odd M we set t'=1 neglecting the factor 7, the
AA case, which was used by Ando and Akera!? (see also
Refs. 13 and 14).

(c) For even M, t'=t=1.

Numerical results are presented in Figs. 2 and 3. For a
I electron, the AlAs layer is the potential barrier,
whereas it is the GaAs layer that plays a role of barrier
for an X electron. So in the GaAs(AlAs),;,GaAs system,
subbands are formed for the X electrons. When the ener-
gy E of the incident T" electron is matched with one of the
X subbands, the T electron is assisted to tunnel through
the AlAs T barrier due to the I'-X mixing. This explains
the peaks in the transmission probability which otherwise
increases monotonously with increasing I' electron ener-
gy. Numerical calculation shows that the positions of
peaks in the transmission probability spectra mark exact-
ly the X subbands.

For further understanding of Figs. 2 and 3, analytical

TABLE I Parameters used in calculations.
R=[(#/m})P1'"?, P=Y, +(Y2+A>/4)'\? | Y, =#k2 /2m}.
In calculations, the averaged values of R, A, and m} are used.

GaAs AlAs

E? (eV) 0.5645% 0.3424*

EQ (eV) 0.0°* 1.1094*

A (eV) 0.304° 0.350°

k., 0.10227 /a,)® 0.097(27 /a,)®
R (eVA) 0.876 1.004

mr (mg) 0.067° 0.150°

m} (mg) 1.800° 1.560°

#Reference 13.
"Reference 18.
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FIG. 2. Tunneling probabilities as a function of the electron
energy across a single-barrier structure GaAs(AlAs);GaAs cal-
culated neglecting (AA) and taking into account (FWIK) the
phase factors 7)(z;;) in the boundary conditions (2.5), (2.7).

analysis is discussed in the simplified case of R =0.
When R =0, only the I'; and X states are mixed, which
is demonstrated in Fig. 4. Since the I'-X mixing happens
at interfaces, the I'} and X; states propagate indepen-
dently both in GaAs and in AlAs layers. Let us discuss
the situation when the energy of the incident I'" electron
is below the X;(GaAs), since it is the most transparent
for analysis. The incoming I" electron with the energy E
at z=0" is characterized by the plane wave e’*?, where
fik =(2m {E)!/?% the reflected and transmitted T" elec-
trons are, respectively, re % (z <0) and Te™** =% (z > p,
Ma,/2=0>b). Due to the I'-X mixing, X states, pe*” when
z<0 and 7e **7Y when z>b, are expected as well,
where #is = {2m}[Ey (GaAs)—E]}'/2.

Let #ig={2mp[Er(AlAs)—E1}'% #g={2m}[E

. !ogTO(Transmission Probability)

0.2 0.4 0.6 0.8 1

0 0.2 0406 08 1 0
Energy (eV)

FIG. 3. Tunneling probabilities as a function of energy
across a single-barrier structure GaAs(AlAs), GaAs for
different monolayer numbers M. The phase factors 7(z;,) are
taken into account in the calculations. (a) M =S5, 9, 19. (b)
M =6, 10, 20.
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FIG. 4. Transmission probability in the absence of k-p in-
teraction between X; and X; bands (R=0). M =5, 19. (a)
FWIK. (b) AA.

—Ey (AlAs)]}'7, AB=a,(m,/

m¥g, ni=ay(my/ml)s, and nS=aq(me/m})q. By
the matching conditions of Eq. (2.5) and the proper con-
sideration of the wave propagation in the AlAs layer, we
have the following matrix equation:

A=ay(my/m#)k,

1+~ T
irvQ=ry|  iAMfT

. T Tos o (2.13)
nip —nxT

Here the transfer matrix f"ff, connects the four-
component vector

mo dw my dv
w,a,— ==

— U, dg——
mp dz’" " O m) dz

at the left- and right-hand sides of the interface
AlAs/GaAs (fB 4) and GaAs/AlAs ( T 4p) or at the oppo-
site boundaries of the AlAs layer (Tpp). The matrix %)BB
is quasidiagonal,

o
0 X

2

Tpp= (2.14a)

>

where the transfer matrices for I' and X electrons are
given by

1
cos(gb) — ——sinh(gb)
T T AR
~ |Ta Tpn| |—ABsinh(gh)  cosh(gh) ’
(2.14b)
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1 .
cos(gb) ——5sin(gb)
Xy X Nx
T | X Xy | |mEsin(gd) cos(gb)

(2.14¢)

Taking into account the boundary conditions (2.5) we ob-
tain for the interface transfer matrices

2i7»f4(2X—tt'F12)
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1000 1 0 0 O
~ 011:0 0 1 —t 0
Tis=loo010|> To4a=| 0o 0 1 o

:t 00 1 —t 0 0 1

(2.15)

The solution of Eq. (2.13) for the transmission ampli-
tude coefficient 7" can be written as

T

where we use the notations = =T",; —(A#)* T, +2iAAT
and 2y =X,, +(71)°X,, —2m£X,, and take into account
the identity t2=(z')>. Note that the solutions of the
equation 25, =0 give the quantum-confinement energy
states of an X electron for the GaAs(AlAs), GaAs struc-
ture in the absence of I'-X mixing.

When E is close to a subband E,,y, =y can be approxi-
mated by the linear dependence P, (E—E,, ), the
coefficient P, of the lowest subband being positive since
24 <0 in the region O<E <E, y. According to Eq.
(2.14a) the component I';, is negative. Then, for t=t¢’,
the factor (£y—1t'T"},) in the denominator of Eq. (2.16)
vanishes at some point E <E, y while, in the case
t'=—t, the denominator has no zeros in this region in
agreement with Fig. 4. The last term in the denominator
is proportional to the product #¢' and independent on the
f-matrix components. This means that for barriers thick
enough so that exp(gb)>>1, this term can be ignored and
the peak positions given by the denominator minimum
become the same for t'=1and t'=—¢.

III. VALLEY MIXING BETWEEN X, AND X,

Here we extend the Kronig-Penney model to reproduce
the X, -X, mixing in a similar fashion as it was made in
the preceding section for the I'-X, mixing.

A. Boundary conditions

Let us introduce the envelope functions u,, u,, v,, and
v, which describe admixture of [X, ), [X,,), [X;, ), and
| X 3y) states in the electron wave function. We propose
the following boundary conditions for this set of en-
velopes at interfaces AB or B A.

For both AB and B A interfaces:

A_ B A— B

ul=uy , uw'=u;, G
A_ B A_ B :
v =y, v =,

For AB (GaAs/AlAs) interfaces:

S, Sr—20A X — AKX o (D HIAAT )+ 14X Ty +218"

s (2.16)
-
Viud =Viul+inz,)up ,
(3.2a)
Vi d=viul+tnz, wf .
For B A (AlAs/GaAs) interfaces:
Viud=viuB—tWnz ul ,
@ TxTe by AR (3.2b)

L A—ygl, B_ () B
Vg =V, =tz vg

Here superscripts 4 and B denote interface boundaries
z;r from the side of GaAs and AlAs, respectively,

Mo 3
1 0
Vi=ay— Py (3.3)
my 0z
ti;”, t,(cj) are real dimensionless constants, a=x,y, B=y if

a=x and B=x if a=y, and 7(z;,) is the phase factor
exp(2miz;r /ay) =cos(2miz;s /ay) as in Eq. (2.7). The op-
posite signs of the terms in Egs. (3.2a) and Egs. (3.2b)
describing the X,-X, mixing are connected with the an-
tisymmetric nature of the operator d/9z under transfor-
mation S, changing z to —z, u, to u, and u, to u,. The
presence of the factor 77 in Egs. (3.2) can be understood
taking into account that for a bulk zinc-blende structure
there exists the reciprocal-lattice vector
b=(2m/ay)(1,—1,1). The superstructural potential re-
moves the wave-vector conservation along the z direction
and allows mixing between states with k’s differing by the
vector (27 /ay)(1,—1,0). However, the memory about
the nonzero z component b, =21 /a, should be retained
in those terms in the boundary conditions that determine
the state mixing. Note that Egs. (3.1) and (3.2) are the
simplest boundary conditions for the envelopes u, ,, v, ,
which are allowed by symmetry, maintain continuity of
the electron flux at interfaces, and take into account the
X,-X, mixing effect. Similar to Sec. II A [see Eq. (2.8)],
the inclusion of extra terms in Egs. (3.2) is equivalent to
an additional &-functional perturbation potential. In the
basis X, Xy, X35, and X3, the potential has the follow-
ing 4 X4 matrix form:
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U(u)I 0
ny: 21(107](21 )8(2—21) 0 U(U)f ) (34)
where U("’”)=—ﬁ2t§;"”)/2a%mo, T is the unit 2X2 ma-

trix.

B. Subbands along (a *, 0, fc*)

First, we consider the states in a (GaAs)y(AlAs),, SL
with wave vectors (a*,0,fc*), where a*=2w/a,,
c*=21/[ag(N+M)], 0=|f|<1. A more general case
of the wave vector (a * -f-kx,ky, fc*) will be considered in
the next section. If k, =k, =0, then the states X; and X,
are not coupled and can be analyzed independently. We
concentrate here on the analysis of the lowest X, and
X, states.

In the absence of X,-X, mixing we have two degen-
erate states

Wakz(2)=% %elkldmug(z-dm) . (3.5)
Here a=x and y, k, coincides with fc¢*, and N is the
number of SL periods. As in Ref. 15, we use the tight-
binding approximation in order to take into account the
tunneling of an electron along the z direction so that u9
are the X-electron envelope functions in a single-

quantum-well structure GaAs/AlAs/GaAs.
For the states e1X, e3X, ...,

Ccos(gqz) if |z|<b/2
Ccos(gb /2)e ~sUd=6/2 ¢ 17| > /2,

(3.6a)

ul(z2)=ul2z)=

and for the states e2X, edX, ...,
o Dsin(gz) if |z|<b/2
uz)= D sin(gb /2)sgn(z)e ~=87/2) i |7]>p /2,
(3.6b)

where g =(2m%E /%)%, s=[2m3(A,—E)/# 1'% E is
the electron energy referred to the energy E(X,) at the X
point, and A, is the X;-band offset (see Fig. 1). The nor-
malization coefficients C and D are found from the rela-
tion

[ azlu%)P=1. 3.7)

1. Interaction between \lekz and \I’ykz

By using Eqgs. (3.4) and (3.5), one can obtain for the ma-
trix element of the X, -X , mixing,

Ve =X,k |V, 1X,,k,)

=a, U4 BA) M2 4o —Mr2y L Lim(N+M)m
0 [ ] )Nge ’

(3.8)

where m labels the superlattice unit cells in the z direc-
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tion. We took into account that, at interfaces
z,f=dm +b /2 of the mth AlAs layer, the phase factor
can be rewritten as

g i
,r’(z';)___etm(N+M)ﬂ'/2e__1M1r/2 ,

because d =ay(N+M)/2 and b=Ma,/2. If M is odd,
then the sum of the two exponents exp(+iM/2) is zero
and the matrix element (3.8) vanishes. On the other
hand, if M is even, then

eiMT/2 L o —iMT/2— 4o (3.9)

As far as the sum over m in Eq. (3.8) is considered it can
be written as

1 1 for even N+M

im(N+M)r—
N> 0 for odd N+M . (3.10)

m

It follows then that the states \I’xkz and \I’ykz will mix only

if both N and M are even, in which case the splitting be-
tween the mixed states (1/V2)(Wy +W,; ) is

A, =4a,|U|[u%(BA4)]*. (3.11)

From a comparison with the results of the numerical cal-
culation® one can extract U'®, and hence obtain an es-
timation for #%.

2. Interaction between ¥,, and ¥ k —c*
z vk, =

Calculating the matrix element of the operator (3.4) be-
tween the states ¥,;, and \I/y & — %> One obtains
Vi, =Xk, | P |1X,  k,—c*)
:aoU(u){uO(BA )]Z(eiMﬂ/2+e —iMﬂ'/Z)

XL Ee—ic*dmeim(N+M)ﬂ . (312)

m
For odd M this matrix element vanishes as well as V,, in
Eq. (3.8). Taking into account that ¢ *d = and

1 for even N+M

et HT= L"M for odd N+M , G.13)
one can easily transform Eq. (3.12) to
Viy=%+2a,U"[u"(BA4)]?
1 if N odd and M even
{0 if cither N even or M odd . 14

3. Brief summary

Thus, the results for the four possible cases can be
summarized as follows.
Case I. N and M both even,
+ ol Iy
E—(kz)=EX+7[1—cos(kzd)]ilnyi . (3.15a)

Case II. N and M both odd,
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+ fod Ju
E*(kz)ZEX+—2—[1—cos(kzd)] . (3.15b)
Case III. N and odd and M even,
21172
— J, , J,
Ei(kz)=EX+7i (Vi )2+ —cos(k.d)
(3.15¢)
Case IV. N even and M odd,
+ =% Ji +
E (kz)—EX+7[1_cos(kzd)]. (3.15d)

J, is the overlap integral dependent on the effective mass
ml. In case III we took into account that
cos[(k,—c*)d ]=—cos(k,d). It is seen from Eq. (3.15d)
that in the tight-binding approximation the state splitting
at k,=c* /2 is zero. The analytical results presented by
Egs. (3.15a)—(3.15d) are in a complete agreement with
those obtained numerically by Lu and Sham (see Fig. 10
of Ref. 3).

C. Symmetry conditions

One can show that in a bulk GaAs the twofold rota-
tions C,, (Ga) and C,, (As) are interconnected by

Cy.(Ga)=t, C,,(As), (3.16a)

while for the twofold rotations around the y axis one has

C,,(Ga)=t, Cy,(As), (3.16b)

where a,=1a,(0,1,1) and a;=4a,(1,0,1). From Egs.
(3.16) the following symmetry properties of the states
|X,,) and |X,,) are derived:

Cza(AS)|X15)='X15) (a,ﬁ:‘X,Y) )
Cro(Ga)| X ) =1X1,) (a#B),
Cyo(Ga) X p)=—1X3) (a#PB).

(3.17)

While deriving Eq. (3.17) we used the translational prop-
erties of Bloch functions at the X, and X, points:

taz|X1x>:|X1x) ’ taz|X1y>=_‘X1y> ’

(3.18)
ta3|X1x>=_‘X1x)y ta3|X1y):|X1y>-

Thus, for either N or M odd, when the central plane of a
GaAs or AlAs layer is occupied by cation atoms the
states |X,,) and |X,,) differ in symmetry and will not
mix if the corresponding envelope functions u, and u
are characterized by the same symmetry. For N and M
both even the central planes of the GaAs and AlAs layers
are occupied by anion atoms and the symmetries of the
states [X;, ) and |X 1y ) states coincide, which means that
they can mix.

It is instructive to reiterate that the basis vectors of the
reciprocal lattice corresponding to (GaAs)y(AlAs),, SL’s
are (see, e.g., Ref. 3) for N+ M even,
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af=a*(1,1,0),

ay=a*(—1,1,0), (3.19a)
a}=2¢*(0,0,1),

and for N +M odd,
af=(a*,a*,—c*),
ay=(—a*,a* —c*), (3.19b)
ay=2c¢*(0,0,1) .

Since the difference between the wave vectors

K,=(0,a*,—(1—f)c*) and K;=(a*0,fc*) is
(—a*,a*,—c*), which is nothing more than aj in Eq.
(3.19b), K, and K, are equivalent vectors and the corre-
sponding states are allowed to be mixed in an ideal SL in
accordance with the above-considered case III. The
above symmetry analysis is completely valid for the mix-
ing between the states with

K, =(a*+ky,k,,fe*), Ky=(k,a*+k,, —(1—f)c*).

IV. X, AND X, MIXING. DEPENDENCE ON k,, k,

A. The energy dispersion

For k, ,70, the X-valley states X; and X; are coupled
and should be treated together. If we use a four-
component envelope function

¥= 4.1)

to represent the electronic state in a SL, the electronic
Hamiltonian can be written as

ﬁx vxy
H:: N PN , (4.2)
Ve H,
where
H, —762+ka6y+Eelx
Jy #wk}  #k]
+—[1—cos(k,d)]+ + s
2 2m}  2m;
(4.3)

A,=26,+Rk,6,+Ely

K K2
2m}

Ji
+ - [1+cos(k,d) ]+

-

ij,

V,, is given by Eq. (3.4), and Ely is the electron
confinement energy in an AlAs quantum well.

In the absence of the X,-X, mixing, the low-lying-
miniband solutions are
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alk,)
ik -p . B(k )
_e 1 ik,dm o *
BT - BCEN
0
0
ik -p . * 0
e 1 ilk,—c™)dm o,
k= ‘/§ —\/ﬁ 2 u(z—md) a(ky) >
B(k,)
(4.4b)
| A/ 172
k)= |~ ’
B( > [(A/272+R k2] ]
172
A/2
alk)=i(sgnRk) 2 [(A/272+R%Kk?]/? ] ’
(4.5)

S being the cross section of the structure in the (x,y)
plane. The energies corresponding to the states ¥,, and
W i are

A #wk}  #k}?
=E; iy +— [l—cos(kzd)]
2mi  2ml
—[(A/2)*+R%*k2)V?, (
4.6)
E, —E} +Jl[1+ (k,d) k’3+ﬁ2ky2
axt cos(k,d)]+ omb | 2ml

—[(A72+RK}]? .

The matrix element of the X, -X, mixing is obtained by

using Egs. (3.4), (4.4a), and (4.4b):
Ve (k) =AX, k0, K, | P 1 X, Ky, k, —c*)
=Va*(k)alk,)+ VB (k)Bk,) , (4.7
where
V' =2costMm/2)agU*" [u(BA)T . (4.8)

The mixed states X, are obtained by a replacement of
the column in Eq. (4.4a) [or Eq. (4.4b)] by

alk,) 0
Blk,) 0
F7=F | o |*F |a,) (4.92)
0 Blk,)
and
alk,) 0
Pr=-F, B(l;x> +F, a((;() (4.9b)
0 B(k,)
with
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o 1 AE /2 172
* o2 [(AE 27+ V212 ’

(4.10)
F,=sgnV. - AE/2 v
y ) [(AE/2)2+V3y]1/2 ’

AE being the difference E,, —E,y. The corresponding en-

ergies are
Ef=E, *[(AE 2+ V21, 4.11)
_  E,+E,
EkE#y:EellX
J
+ e | L L
my m}
—H{[(A/2)*+R%k2)>+[(A/2)*+R%k]]?},
4.12)
AE EEyk—Exk:chos(kzd)
1 1
122(1.2__ 1,2 —_— =
+ 172 (k2 —k}) oy )
+[(A/2)*4+R%Kk21V2—[(A/2)*+R %212,
4.13)

k}=k}+k?. As expected the dispersion E{" is an invari-
ant of the point group D,; Xi=D,,. Note: for the [110]
and [170] directions (with k, ==k, ) the energy difference
AE is equal to J cos(k,d) and independent on k, ,,

Figure 5 shows the electron energy structure for the
lowest X,, minibands calculated for the (GaAs),(AlAs),
SL. In order to obtain a better agreement with the nu-
merical calculations by Lu and Sham,’ we used the band
parameters A;=0.3 eV, my?=0.30m, and
myB =0.23m0, the difference between the effective
masses my in the 4 and B layers being included in this
calculation. Then the best-fit value for the X,-X, mixing
coefficient Itxy | is close to 0.5. The similar comparlson
with the dispersion along [001] for the (GaAs);;(AlAs),
SL (see Fig. 9 of Ref. 3) gives the I'-X, mixing coefficient
try=~0.3. We expect that the analytical results of the
present work can be used to estimate both ¢,, and -y
directly from experimental data.

B. Interminiband optical transitions

In this section we consider the light absorption in the
Elz polarization for direct optical transitions between
E (k) and E " (k) minibands. To evaluate the absorption
coefficient k(w), we use the standard formula

472>

m V2|<+ kle9]—,k) |2

klw)=

X[fEL)—fES)]

XSEY —Ef —#o), (4.14)
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FIG. 5. Electron minibands X,, in the ideal (GaAs),(AlAs),o
SL along (a*,0,fc*) (a) and (a*+ fa*,0,c*/2) (b). k, and k,
are referred to the X, point (¢*,0,0). The dispersion (a) agrees
with that for the lowest-lying minibands calculated by Lu and
Sham using a second-neighbor tight-binding method and shown
in Fig. 10(c) of Ref. 3.

where o is the frequency and e is the polarization unit
vector of the light wave, ¥ is the electron velocity opera-
tor, €, is the background dielectric constant, f(E) is the
electron energy distribution function, the factor 2 ac-
counts for the spin state degeneracy, and V is the SL sam-
ple volume. In the representation (4.1) the transverse ve-
locity operator is given by

_iom _|R/B, 0O
x5 Bk, 0 Ak, /mb|’

(4.15)
s 1 8H _ #ik, /my 0
" 7 ok, 0 (R/#0,

Using Eqgs. (4.9) and (4.15) one can derive the following
expressions for the interminiband matrix elements:

k)=(+,k[0,|—,k)

=+F,F,

R
|, @4.16)
X T h

where the right-hand side + corresponds to ¥ =x and y,
respectively. Taking into account that

Rk

—2ia(k)B(k)= (4.17)
g [(A/2)2+R%*k?)17?
and
1 Viy _Vy
F.F,== , (4.18)
7 2 (AE/2Y+V}, 12 o
we can rewrite Eq. (4.16) in the form
v, #k miR?
— Xy Y X
vy (k) =% fio mi I #[(A/2)*+R?*k2 112
X Y
(4.19)
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Note that for AlAs band parameters the second term in
the brackets is small as compared with unity, and for sim-
plicity in the following this term is omitted. Since the ab-
sorption coefficient is independent on the polarization
direction in the (x,y) plane, the matrix-element squared
modulus in Eq. (4.14) can be replaced by

1[v k)+v (k)] .

Further simplifications can be achieved by neglecting
the electron dispersion along k,, so that the sum over k,
in Eq. (4.14) can be replaced by the inverse period, d ~ !,
and by using the approximations

272

— A kY
Ey~E;y— "+ ,

k elX 2 4m,{;

(k2 — kyz)
AE~—TF 7",
2my

Ve (k)= Vi

xy

(4.20)

which are valid if io—A,, <<A, A,, being the miniband
splitting 2| V{¥'| at the X pomt (Fig. 5) Define

A2 1122
p:[(ﬁmZkBATxy] , J(p):fowdxe_xv;(cx;___;%;)_,
then we obtain
()= 42 A,, ? _fw | prkpTe pJ(p)

dcfi(e,)? | fiw 2kpT p

(4.21)

where the Boltzmann distribution is used for the X elec-
trons and kp is the Boltzmann constant. The chemical
potential u is calculated from the electron density in the
X,, states:

n, =2e""7 Tzexp (Ef +A/2—Eloy)/kyT] .

(4.22)

For frequencies ® close to the absorption edge
A,, /% one can use the following crude estimation:

2 (2D)
e’ #i‘n

cti(e, )2 k,gTd(m,(mJ})'/2 ’

wlw)=2mT (4.23)

where n(}%D) dn,,, n,, being the three-dimensional den-
s1ty (4.22). Recall that the relative positions of X, and

y valleys in type-II GaAs/AlAs SL’s were analyzed by
Scalbert et al.'7 For T=100 K, d=50 A, Eq. (4.23)
gives k(w)=~40(n2P'/n,) (cm™?), the reference density
n, being 10'° cm 2. It should be stressed that, in the ab-
sence of X,-X, mixing, direct optical intraband transi-
tions in n-type SL’s are forbidden in the Elz polarization.

V. CONCLUSION

It should be mentioned that for ultrashort-period SL’s
like 2X2 or 3X3 SL’s, the proposed effective-mass ap-
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proximation can be invalid and gives only a qualitative
description. In this case first-principle calculations are
necessary.

In conclusion, the version of the effective-mass approx-
imation proposed in this work can be readily and success-
fully extended to treat valley mixings in multilayer
GaAs/AlAs structures grown along other high-symmetry
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axes, say along [110] or [111], and in structures with oth-
er compositional materials.
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