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We analyze several experimental results, obtained at different pressures, on three heavy-fermion sys-

tems using a quantum scaling approach. In spite of the distinct ground states attained by CeRu2Si2,
UPt3, and CeA13, the crossover into the dense Kondo regime and the renormalized Fermi-liquid state of
these materials in this regime, below the coherence line, is shown to exhibit universal behavior. This is

associated with the proximity of these systems to a zero-temperature instability.

The materials which are known as heavy fermions have
as a distinct feature the presence of elements with unsta-
ble f shells such as Ce and U. These systems present a
rich variety of physical behavior as evidenced by the
different ground states they can attain. Superconductor,
magnetic, or simply a Fermi liquid are possible low-
temperature states for these materials. ' Recently an in-
sulating ground state has been found as still another pos-
sibility. In spite of this diversity, it is the purpose of this
paper to show the existence of an underlying universality
in the physics of heavy fermions. This is done by analyz-
ing several sets of experimental data, obtained as a func-
tion of pressure, on three different materials: the super-
conductor UPt3, the Fermi liquid CeRu2Si2, and the anti-
ferromagnetic system CeA13. The analysis is carried out
within a scaling theory recently proposed. ' The theory
relies on the existence of a zero-temperature phase transi-
tion associated with an unstable fixed point which con-
trols the physics of heavy fermions and gives rise to the
universal behavior our study exposes.

The scaling theory has been formulated within the con-
text of the Kondo lattice model which has as an essential
ingredient the competition between long-range order and
Kondo effect. The parameters of this model are the ex-
change interaction J between the magnetic moments of
the f and conduction electrons and the bandwidth W' of
the latter. At zero temperature, above a lower critical di-
mension (probably dI =2), for a critical ratio (J/W), of
these parameters, there is a quantum phase transition be-
tween a state with long-range magnetic order
[J/8'&(J/W), ] and a nonmagnetic state where the
Kondo e6'ect prevails.

The scaling expressions of the relevant physical quanti-
ties close to the zero temperature unstable fixed point at
(J/W), are given by'

f Ijl' f [TIT„H/H, ],
X, "jl 'f, [T/T, »/H, ]

mT ~y ~C/T jII 'f, [T/T, H/H, ] (I)

jIl "f,[T/T„H/H, ],
f, [T/T„H/H, ],

where f,y„mT stand for the singular part of the free-
energy density, the order-parameter susceptibility, and
the thermal mass obtained from the linear term of the
specific heat respectively. ~ is the characteristic relaxa-
tion time which governs the critical slowing down and g

the correlation length measured by neutron scattering.
Also T, =

I
jl", H, =

Ijl, and j =(J/W) —(J/6'), rnea-
sures the distance to the critical point in parameter space.
Since heavy fermions are generally close to an antiferro-
magnetic instability, the order parameter is the stag-
gered magnetization m, which at zero temperature scales
as m, ~ j I~. Consequently in the equations above, H is a
staggered field conjugated to the order parameter and g,
a staggered susceptibility. The exponents a, b, =P+y, v
and z are associated with the zero temperature fixed point
and obey standard scaling relations like a+2P+y=2.
However because we are dealing with a zero-temperature
instability the hyperscaling relation is modified ' and is
given by 2 —a =v(d +z).

In the argument of the scaling functions temperature
appears scaled by the characteristic temperature
T, =jll '. Since the scaling functions have in general
different asymptotic behavior for ( T/T, ) )) 1 and
(T/T, ) « 1, the line T, = I jl ', in the noncritical part of
the T/W vs J/8 phase diagram, represents a crossover
line between different regimes. This line has been
identified ' as the coherence line which marks the onset
with decreasing temperature of the dense Rondo regime
in heavy fermions. This dense Kondo state is a renormal-
ized Fermi liquid with enhanced susceptibility and
thermal mass. The coherence temperature T, defines the
characteristic energy scale of the lattice problem and is
much lower than the single-ion Kondo temperature T~
(see Fig. 1). In addition, the collective nature of the
coherence line is clearly indicated by the fact that, ac-
cording to the generalized scaling hypothesis, the criti-
cal Neel line in the critical region of the phase diagram
(J &J, ) is governed by the exponent of the crossover line,
i.e., T~ ~

I jl '. The Neel line in Fig. 1 gives the Neel tem-
perature T& for a given ratio (J/W) smaller than the
critical one.

Since for T((T„ i.e., below the coherence line, the
system attains a Fermi-liquid regime as evidenced by ex-
periments, the scaling functions f (T/T, ) in Eq. (1) have
Sommerfeld-like expansions in this region of the phase di-
agram, i.e., f (T/T, « l)-=1+a(T/T, ) +b(T/T, )

+. . . . Using such an expansion for the free energy, we
have obtained ' the scaling expression of the thermal
mass IT, defined as the coefticient of the linear term of
the specific heat, which is given in Eq. (1). This thermal
mass is meaningful only for T ((T, when the system has
reached a truly Fermi-liquid regime. Notice that if
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FIG. 1. The phase diagram of the Kondo lattice. The coher-

ence line provides a new energy scale for the lattice which is
lower than the single-ion Kondo temperature.

2 —o, —2vz &0, the thermal mass will be enhanced as a
consequence of the proximity to the magnetic instability.
A similar enhancement occurs for the limiting Pauli-like
uniform susceptibility as we discuss below.

The scaling form of the uniform magnetic-field-
dependent free-energy density is given by

f" Ijl' fl, [(Ii/~)/ljl "], (2)

where Ph
=v(cr +z) and o the exponent which renormal-

izes the uniform magnetic field h close to the T=0 fixed
point at (J/W), (h'=b h). The uniform susceptibility
g& is given by

XI, = r) f IBh —
l jl ' f, [TIT„h lh, ]

with h, ~
l jl ". The temperature independent or Pauli-

like behavior of the uniform low-field susceptibility go for
T« T; implies that in the equation above

. 2 —a —
2~It~f, ( T/T, « 1)=const such that Xo ~

lj ". For
2 —a —2/I, &0 the uniform susceptibility is enhanced as
found experimentally. ' On the other hand, local moment
or Curie-Weiss behavior for T))T, implies the follow-
ing asymptotic behavior for the susceptibility scaling
function: f, ( T /T, )) 1 ) ~ ( T /T, )

' such that
. 2 —a —2P +vz

Xo~ ljl /T in this limit. A useful expression
for the uniform susceptibility, which interpolates between
the two regimes is Xoa:p I(T+T, ) where the effective
moment p ~

l jl " and T, = l jl '.
In Ref. 5 it was shown that the logarithm of the nor-

malized ratio of a physical quantity X ~
ljl, as a func-

tion of pressure P, can be expanded as (P = Po ):

ln[X(P)IX(PO)]= —x(iron )(P —P.),
where ~0 is the compressibility and I a property indepen-
dent Crruneisen parameter defined by I = lBlnj/BlnVl
such that 1,= —xI (x )0). The reference pressure Po
is generally taken as zero. Then for small applied pres-
sures the logarithm of a given quantity X, normalized by
its equilibrium (zero pressure) value, varies linearly with
pressure, with a coefficient that is directly related to the
exponent x characterizing its critical behavior. Further-
more, the expression above shows that by comparing the

pressure ratios of different physical quantities, for the
same material, we can obtain relations between the ex-
ponents governing their criticality.

In Fig. 2 we show in a semilog plot the ratio of several
physical quantities measured in the system CeRu2Si2, as a
function of pressure, for small pressures (Po ——0, P &8
kbars). The expected linear behavior given by Eq. (3) is
observed in every case. Furthermore, all the straight
lines have the same inclination implying that the physical
quantities shown there are governed by exponents which
assume the same numerical values within experimental
accuracy. The quantities whose pressure variations are
shown in this figure are the following: (i) T, (P)/T, (0),
where T, is the coherence temperature defined by the
maximum of the uniform susceptibility as a function of
temperature. (ii) [A (P)/A (0)]'~ where A is the
coefficient of the T term of the low-temperature resis-
tivity (T « T, ) and defined by p=po+ AT where po is
the residual resistivity. ' For a Fermi liquid the relation
A ~ T, is expected. (iii) h, (P)/h, (0), where h, is the
characteristic uniform magnetic field at which the uni-
form differential susceptibility Xh = r) f /Bh —=dm/dh
has a maximum for a fixed temperature T « T, . This
maximum at h, is associated' with a "metamagneticlike
transition" which shows the existence of strong anti-
ferromagnetic correlations in the Fermi liquid.
(iv) Xh(h =h, T=O, P=0)/g—h(h =h„T=O, P), wh—ere
Xh(h =h„T—=0) is the value of the uniform difFerential
susceptibility' y& =dm /dh, at the characteristic field
h, for T « T, . (v) Xo(h =0 T=T„P=0)/
Xo(h —=0, T = T„P), where Xo(h =-0, T = T, ) is the value
of the uniform low-field susceptibility at the coherence
temperature for h «h, .

The fact that the data of (i) and (ii) fall on the same line
confirms the Fermi-liquid nature of the state attained
below T, since in this case the relation 3 ~ T, is ex-
pected from the scaling form of the resistivity
p=p(TIT, ). The data of (i) and (iii) falling on the same
line imply the important exponent equality Ph =vz since
the characteristic uniform field h, and the coherence tem-
perature T, shift with pressure at the same rate.

Finally the scaling form of the uniform susceptibility

X& ~ lj "f(TIT„h/h, ), the results of (iv) and (v)
together with the data of (iii) and (i) falling on a unique
line, imply the exponents relations 2 —a =vz and further-
more vz =Ph.

A similar analysis" of the data for CeA13 (Refs. 12—14)
shown in Fig. 2, where now the ratio [mr(PO)/mr(P)] is
also plotted, leads to the relation 2 —a=vz, using the
Fermi-liquid assumption A ~ T, . For this material the
reference pressure was taken as Po=1.2 kbars to avoid
complications with a possible residual antiferromagne-
tism ' and guarantee that the system is in the noncriti-
cal part of the phase diagram (J)J, ).

An inspection of the data for UPt3 shown in Fig. 2
(Refs. 15—17), obtained in the Fermi-liquid regime but
above the superconducting transition temperature,
confirms the equality 2 —a=vz, since mT(P) and T, (P)
are now available, verifies the Fermi-liquid relation
A ~ T, and implies P&

=vz.
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%'e can extract some consequences of the empirical re-
lations 2 —a =vz =Ps, implied by the results contained in
Fig. 2, which are independent of the particular values of
these exponents (weak universality). These are the fol-

lowing:
(i) The Wilson ratio go( T « T„h =0)/m T turns out to

be'a constant independent of pressure (this is due to the
equality Ps =vz). For the systems studied here the
specific heat and the uniform susceptibility go have not,
both, been measured as a function of pressure, for the
same material, to confirm this prediction. However, lim-
ited data available for CeA13 is in agreement with this re-
sult (see Refs. 11 and 14).

(ii) The empirical Kadowaki-Woods —type of relation, '

A o- y or A /y =const, where A is the coefficient of the
T term of the resistivity and y~mT the coeKcient of
the linear term of the specific heat, is directly obtained
from the Fermi-hquid relation A ~ T, and the equality
2 —a =vz.

(iii) The scaling expression for the uniform magnetiza-

tion given by m ~Of/dh "ljl' "f (T/T, h/h, )

and the equality 2 —a =pi, implies that the "metamagnet-
iclike transition" at h =h, and T « T, occurs always at
the same fixed value of the magnetization independent of
pressure, i.e., m =f (h/h, )=const for h =h, (P). This
has indeed been observed for CeRuzSi2.

(iv) The amplitude of the magnetic moment obtained
from the Curie-Weiss form of the high temperature sus-

2 cx fg +vz
ceptibility (T»T, ) scales as p =ljl " as we

have shown before. Consequently the relation
2 —a =vz =ps implies that p does not renormalize as l jl
varies. This can be appreciated in Table I where in spite
of the strong renormalization of go( T ((T, ) the effective

moments obtained from the high-temperature susceptibil-
ities (T»T, ) are nearly the same for the materials
shown.

The empirical relation 2 —a=vz, which holds for the
three heavy fermion systems studied above, shows that
the exponents associated with the zero temperature un-

stable fixed point of the Kondo lattice violate the
modified hyperscaling relation 2 —a=v(d+z). This in

turn suggests that the magnetic phase transition associat-
ed with this fixed point occurs above the upper critical di-

mension d, for this transition. Notice that d,z=d+z
so that d, tr

& d, may be satisfied for reasonable values of
the dynamic exponent z in three dimensions.

Although the data in Fig. 2 imposes constraints on the
critical exponents they do not univocally determine these
exponents. Considering the violation of hyperscaling and
the fact that the uniform field acts as an additional
relevant field besides the staggered field, we suggested
that these exponents assume classical tricritical
values ( d, =3 for a tricritical point), i.e.,
a= —,', v= —,', PT=Ps/vz =1, implying z =3 for the
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FIGr. 2. Semilogarithmic plot of the pressure ratio of several

physical quantities for three heavy fermion systems: ( o )

h, (P)/h, (0), ( + ) g„(h„0)/g„(h„P) for T && T„(Q)
[A (0)/'A (P)]'~~, (A) T, (P)/T, (0), (0) y (T„Oo)/y (T„P0) for
h ((h„(*)mr(0)/mr(P), ( 0 ) [b (0)/b(P)]'~', see text. For
CeA13 the reference pressure is 1.2 kbar. Dashed lines are a
guide to the eye.

System

CeCu6
CeRu, Si2

I (Ia)
2.69
2.44

go (10 emu mol ')
34
14

TABLE I. The effective moment obtained from the high-

temperature susceptibility [y=p /3k~(T —8)] and the limiting

Pauli susceptibility yo(T~O), for different heavy fermions. The

effective moment for a free trivalent Ce ion is 2.54pz (from Ref.
19 and references therein).
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dynamical critical exponent. This value of z is generally
associated with paramagnon excitations and may be also
related to the long-range character of the Ruderman-
Kittel-Kasuya-Yosida interaction decreasing as 1/r .

Recently Schlott and Elschner' performed electron
paramagnetic resonance measurements on CeA13 under
pressure using as probe Gd ions in dilute proportions.
The experimental very low-temperature linewidth
(T ((T, ) has a linear temperature dependence AH=bT.
It can be easily shown"' that within the experimental
conditions, b ~ g, ~ where g, is the staggered susceptibili-
ty and ~ the characteristic relaxation time of the critical
spin fluctuations of the host material. The scaling proper-
ties of the quantity b can be obtained from the fact that

j~ r and r j~~
". We obtain b ~j~

'r "' and
since T, ~ j~", we may obtain the relation between the
pressure dependence of b and that of the coherence tem-
perature T, namely"

[b (P ) /b (P)]'" r+"' T, (P) /T, (P ) . (4)

The value of the exponents that we argued are associated
with the Kondo lattice fixed point imply that the loga-
rithm of [b(Po)/b(P)] (y= l for a classical tricritical
point) has the same inclination as the logarithm of
T, (P)/T, (Po) as a function of pressure. This is explicitly
verified in Fig. 2. Although this result does not yet
unambiguously determine the critical exponents it im-
poses a further constraint, namely vz = ( 3/2) y and

represents a step forward in determining them explicit-
11

We have shown that the critical exponents describing
the crossover and the behavior of the renormalized Fermi
liquid in the dense Kondo state of heavy fermions obey
the general relations 2 —tz=vz and Ph =vz (the latter has
not been explicitly checked for CeA13 due to the lack of
measurements). These relations hold for the three heavy
fermions studied in this paper, revealing a universal be-
havior of these systems in spite of the diA'erent ground
states they can attain. This universality has been attri-
buted to the existence of a zero-temperature phase transi-
tion, associated with an unstable fixed point, from a state
with long-range magnetic order to a dense Kondo state as
described by the Kondo lattice Hamiltonian. The ex-
ponents we have obtained violate the modified hyperscal-
ing relation implying classical exponents for this T=O
phase transition. We point out that the renormalization
group and the scaling theory provides the appropriate
framework to unify the intense experimental investiga-
tions on heavy fermions. Finally, our results suggest that
the reason UPt3 becomes superconducting as the temper-
ature is further lowered in the Fermi-liquid regime, in
contrast to what happens to CeRuzSi2 where no instabili-
ty is observed down to the lowest temperatures, is due to
an additional interaction, probably rn, arginally relevant
since it does not modify the critical behavior, which is
not included in the Kondo lattice Hamiltonian and is
present in the former system.
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