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We study the collective excitations of a two-dimensional electron gas in the presence of a spatially
periodic magnetic field. Both frequency and oscillator strength of the excitations are calculated, and
their dependences on the wave vector and magnetic-field strength are investigated. We focus on the re-
gime where the uniform and modulation components of the field have the same strength, and the mag-
netic Aux per unit cell is a few times the fundamental quantum Aux hc/e. The possibility of observing
the Hofstadter-type spectrum is discussed.

The motion of an electron in a magnetic field and a
periodic potential is a nontrivial problem, and has been
intensively studied for decades. ' The beauty of the ener-

gy spectrum is demonstrated by the Hofstadter
"butterfly, " and many transport properties have been pre-
dicted. ' However, experimental explorations of these sys-
tems have been hindered until very recently by the re-
quirement of an extremely high magnetic field. The rapid
advances in submicrometer technology have made it pos-
sible to fabricate microstructures in which one can reach
the interested regime with even moderate magnetic
fields. Thus, one is now able to put the theoretical pre-
dictions to various experimental tests. This has attracted
considerable attention in the study of transport and opti-
cal properties of these so-called laterally modulated elec-
tronic systems. '

Typically, a laterally modulated system is formed on a
two-dimensional (2D) electron gas. A periodic electro-
static potential, modulating the lateral motion of elec-
trons, is then introduced by using a grating gate or etch-
ing processes. In this paper, however, we study a 2D
electron gas (2DEG) in a spatially modulated magnetic
f'iield in both lateral directions. The experimental im-
plementation of such a magnetically modulated system
(MMS) has not been reported yet, but may be realized in
the near future. A MMS has an interesting feature,
namely, the modulation period plays the role of control-
ling the effective modulation strength, a feature which
should be clearly identifiable in experiments. Note that
this peculiar behavior is absent in an electrostatically
modulated system (EMS). We also anticipate that a
MMS is strongly modulated, i.e., the uniform and modu-
lation components of the magnetic field have nearly equal
strength. This comes as a natural consequence of the
probable implementation of a MMS, realized by deposit-
ing a patterned superconducting metal onto the surface
close to a 2DEG. In this paper, we will focus on the col-
lective excitations of a MMS, since this type of response
is readily accessible via far-infrared spectroscopy. Other
theoretical studies of MMS have considered transport
properties of weak and unidirectional modulations.

In our model MMS, a 2DEG is located on the xy
plane, and described by a single-electron Hamiltonian
H=(p+e A/c) /2m, where p is the momentum opera-
tor and A the vector potential. The magnetic field ap-
plied perpendicularly to the 2DEG is assumed to be
B,=BO+(B, /2)Isin(2~x/a)+sin(2rry/a)j, where Bo
and 8, give the strength of the uniform and modulation
components of the field, respectively. The gauge is
chosen as A„=(Bi/2)(a/27r)cos(2~y/a), A» =Box
—(Bi/2)(a/2m)cos(2'/a), and A, =O. The system
can be basically characterized by two dimensionless pa-
rameters, the modulation strength s=B, /Bo, and the
effective modulation period p =a/i, with 1=(A'/mco, )'
the magnetic length and co, =eBO/mc We use. Landau
levels of the 2DEG without modulation as the basis set in
the calculation of the eigenstates, so that the magnetic
field is limited to rational Aux values, i.e., Plgo=n~/n,
where n and n are integers, /=Boa, and go=bc/e. '

Since the modulation can no longer be treated as a per-
turbation for s = 1, we have generalized the earlier calcu-
lations to include inter-Landau-level couplings, which
lead to a Harper equation in matrix form. '

For a system without modulation, the eigenstates are
the well-known Landau levels, which are degenerate and
independent from the cyclotron center coordinate. As
the modulation is turned on, however, the Landau levels
split and the degeneracy is partially lifted. Each Landau
level will split into np sublevels, when the magnetic field
takes a "rational" value, i.e., Bo=(n /n )Po/a . ' The
energy levels now depend on the cyclotron center coordi-
nate. This may be viewed as a broadening of the Landau
level (so-called Harper broadening'). In Fig l, the width
of the lowest three Landau levels, including their split-
tings, is shown for some values of the modulation period
p, with s=1, and n ~6. The energy scale is Ace, . For
the rational Bo, p=(2vrnz/n )'~ . It is clear that the
"band width" oscillates versus p in a nonmonotonic
fashion. The resulting energy spectrum resembles the
well-known Hofstadter butterfly, but with marked
differences. For example, the energy spectrum here is no
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longer a periodic function of n In (Ref. 1) due to inter-
level couplings. For small p values (= 1), the broadening
is small, while for larger p the broadening becomes con-
siderable. This is a consequence of the difference between
the Hamiltonian above and that without the modulation,
as it is directly proportional to a and a . Thus, the
effective modulation strength is controlled by p, as men-
tioned before.

We now turn to study the collective excitation spec-
trum of our model MMS. We wish to explore the possi-
bility of observing the highly structured Hofstadter-type
spectrum of Fig. 1. Note that the experimentally mea-
sured far-infrared spectra of a typical EMS, e.g., an array
of quantum dots or antidots, have given no definite indi-
cation of a Hofstadter-type spectrum. However, we be-
lieve that this is because in a typical experiment, the mag-
netic field is such that the magnetic Aux threading a unit
cell is considerably larger than Po. Consequently, the en-
ergy spectrum of a strongly modulated system may be too
complicated to make any definite identification. In this
paper, we will focus on the regime where the magnetic
flux is just a few times $0. We will study the excitation
spectrum in different directions in the wave-vector (q)
space. The random-phase approximation is employed
for simplicity. We also limit our results to n 3, due to
the large demand in computational resources.

First, let us study the wave-vector dependence of the
excitations. In Fig. 2, the excitation spectra, given by the
imaginary part of the electron density-density correlation
function, are shown for n =1, s =1, and at two different
magnetic fields: in 2(a) and 2(b), n =6, while in 2(c) and
2(d), n =1. The peak structures in each curve give the
position of the excitations, while the height of the peak
gives the corresponding oscillator strength. The ampli-
tude of each curve has not been rescaled. The spectra are
shown for two directions in q space: in 2(a) and 2(c),
q =0, and in 2(b) and 2(d), q =q . Different curves cor-
respond to different values of q, scaled by 2nla In 2.(a)
and 2(b), q starts from 0.05 (bottom curve), then ranges
from 0.1 to 0.5 (top curve) in steps of 0.1. In 2(c) and
2(d), q, varies from 0.1 (bottom curve) to 0.5 (top curve)
in steps of 0.1. The origin of each curve is shifted, so the
dispersion can be seen.

In Figs. 2(a) and 2(b), p is small (nq is large), thus, the
effective modulation strength is small. The spectra
indeed reAect this fact: the dispersion relation closely
resembles that of a 2DEG in a uniform magnetic field.
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FIG. 1. The lowest three Landau levels split and broadened
by the modulated magnetic field are shown as a function of the
modulation period p. s = 1, and n~ ~ 6.

FIG. 2. The collective excitation spectrum for two different
magnetic fields vs the wave vector. n~=1, s=1 in all panels.
The dispersion is obtained by tracing the peaks in each curve,
while the height of peak gives the oscillator strength.
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The general features of 2D magnetoplasmons (without
modulation) are well known: in the long-wavelength lim-
it, all modes start from neo, (n =1,2, . . . ), because of
Kohn's theorem. As the wave vector increases, they de-
viate away from neo, to higher frequencies, but for very
large vectors, they reduce back to neo, again. The oscil-
lator strength of these modes first increases, then de-
creases, and the higher-frequency modes gain strength at
relatively larger wave vectors. Apparently, Figs. 2(a) and
2(b) fit into this description. However, the spectra of our
MMS show different behavior along different directions
in q space. When q„=q =0.05, the amplitude is too
small to detect any structures, while a peak can be seen
when q, =0.05 and q» =0 [bottom trace in Figs. 2(b) and
2(a), respectively]. This anisotropy is expected because
the system no longer has the rotational symmetry of the
unmodulated case.

Let us next examine the case of a larger p value shown
in Figs. 2(c) and 2(d). The Fermi energy (0.6A'co, ) is
chosen in such a way that it crosses energy levels, so
there is an intralevel contribution to the collective excita-
tions, which can be barely seen at low frequencies with a
weak dispersion. The spectra are anisotropic, and there
are multiple-peak structures, as we now have more
broadened, although nonoverlapping Landau levels
(n =1). In the case of an unidirectional modulation, '

similar spectra are found, and are described within an in-
tuitive zone-folding picture. As the wave vector increases
across the "Brillouin"-zone edge, the mode folds back,
splits at the zone edge, and forms multiple peaks. ' This
picture is qualitatively correct in describing the wave-
vector dependence of the spectra. The exact position and
strength of the excitation are, of course, given by the
density-density correlation function, and the details de-
pend not only on the energy levels, but also on the matrix
elements involving the wave functions. Note also that
the various mode dispersions in 2(c) and 2(d) are much
smaller (flatter curves) than in 2(a) and 2(b).

Next, we study the excitation spectra versus the
magnetic-field strength, as shown in Fig. 3. Here the
wave vector is fixed, but in two different directions: in
3(a) q =2n/a, q =0, while in 3(b) q„=q =2'/a, s =1.
The values of the magnetic field (n and n ) are chosen in
such a way that n ~ 3 and 1 ~p =(2m'nz/nz)' 4.
Twenty-three curves are plotted in order of increasing p
from the bottom of each panel upwards, and the origin of
each curve is shifted equally for clarity (e.g., top curve,
n =2, n =1; middle curve, n =3, n =10; and bottom
curve, n» =1, n =6). The amplitude of all curves has
been rescaled, in order to see the structures of all curves.
For smaller p values (curves near the bottom of panels),
the amplitude is smaller. Note that p is proportional to
g 1/2

o ~

In Fig. 3, we only observe single peaks around nm,
(n =1,2) when p is small. This is because the effective
modulation strength is small. As p increases, the single
peak develops into multiple-peak structures. However,
the number of peaks does not exactly correspond to the
number of levels split from one Landau level by the
modulation (see Fig. 1). The intralevel contribution to

the excitation spectra can also been seen at low frequen-
cies (co/co, —0.4), but only for larger p values (top
curves). The spectra are clearly anisotropic, as expected.
Note that the absence of anisotropy in the experimentally
observed spectra of an EMS may be due to the coupling
of incident light with the grating gate, while in this pa-
per, we have only calculated the response from the
2DEG itself. From Fig. 1, one may expect to find the ex-
citations covering a wide range of frequencies, especially
when p is large. However, one has to realize that not all
resonances can be seen, as determined by the different
matrix elements contributing to the oscillator strength.
Note that the zone-folding picture can no longer be used
to describe the magnetic-field dependence of the excita-
tion spectra shown in Fig. 3. As p increases from a small
value, the zone-folding picture predicts that the modes
should deviate away from nm, first, and then fall back.
This is not the case. The only reliable way, of course, is
to examine the density-density correlation function of the
system, as shown here. In a MMS with a unidirectional
modulation, it is found that the system undergoes a di-
mensional crossover, when the modulation period p be-
comes very large. The physical reason behind this cross-
over is that the electrons tend to locate in the regions
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FIG. 3. The excitation spectrum vs the magnetic-field

strength for two fixed wave vectors. s = 1 in both panels. n~ ~ 3

and 1 p ~ 4, e.g., top curve, n~ =2, n~ = 1; middle curve, n~ =3,

nq = 10; and bottom curve, n~ = 1, nq
=6.
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where the local magnetic field is higher, as the local cy-
clotron radius is smaller. Following the same physical
reasoning, we expect a similar behavior in the MMS with
a 2D modulation. This aspect will be studied in detail
elsewhere.

In conclusion, we have studied the collective excita-
tions of a 2DEG in the presence of a magnetic field spa-
tially modulated in both lateral directions. Both frequen-
cy and oscillator strength of the excitations have been
calculated, and their dependences on the wave vector and
magnetic-field strength have been investigated. We find
that multiple-peak structures develop either as the wave

vector increases from the long-wavelength limit, or as the
magnetic field increases. Although the excitation spectra
do not exactly map the Hofstadter-type energy spectrum,
because of complicated oscillator strength distributions,
an interesting and nontrivial spectrum is found neverthe-
less. It is desirable to experimentally implement the
MMS studied here and observe the predicted spectra.
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