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Momentum distribution in vanadium: Compton scattering and positron annihilation
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Self-consistent, linear-combination-of-Gaussian-orbitals band-structure method is used within the in-

dependent particle model, to calculate the electron momentum distributions, p(p), and two-photon
momentum distributions, p (p), in meta11ic vanadium. We present results for p(p), Compton profiles,

p ~(p), one- and two-dimensional angular correlation of positron annihilation radiation, etc. Results are
compared with other calculations and with experiments wherever available. In particular, the present
results for p ~(p) are analyzed in terms of contributions from different sheets of Fermi surface of V, and
are compared with p ~(p) reconstructed from experimental two-dimensional angular correlation of posi-
tron annihilation radiation data sets by Pecora et al.

I. INTRODUCwxON

~(p p )=f'+"pr(p) (2)

and it allows an easier reconstruction of p r(p) from the
measured data sets N(p, p, }. The theoretical calculations
of p(p) and p r(p) are usually carried out in the indepen-
dent particle model and for a more complete description
it is necessary to include e ecorrelations -for p(p) and
positron wave functions as well as e+-e many-body
correlations for p r(p}. It is well known ' that the

In view of its interesting band structure and Fermi-
surface (FS) topology, the electron momentum distribu-
tion in metallic V has been well studied theoretically, us-
ing different methods of band structure, and experimen-
tally, using the Compton scattering and positron annihi-
lation techniques. While the electron momentum distri-
bution p(p) is the quantity studied in Compton scatter-
ing, ' the positron annihilation technique probes the
two-photon momentum distribution p "(p). Such
theoretical studies of V have used the Korringa-Kohn-
Rostoker, augmented-plane wave (APW), Hubbard's
fast approximate scheme, linear muffin-tin orbital,
and linear-combination-of-atomic-orbitals (Ref. 12)
methods of band structure while the experimenta1 mea-
surements have been carried out by using x-ray, ' y-
ray, ' ' and synchrotron radiation' Compton scatter-
ing, as well as one-dimensional (1D) and two-
dimensional ' angular correlation of positron annihila-
tion radiation (ACAR) studies. Recent technical develop-
ments have now made it possible to measure the Comp-
ton profiles

~(p. )=f f I (p)dp. dp, (1)

with high-momentum resolution (-0.1 a.u. ) which is as
good as that available in some ACAR measurements.
The 2D ACAR experiment offers 2D data sets

effect of e ecor-relations on p(p) is to raise some elec-
trons from levels just below (p (py) the FS to levels just
above (p)pF) it without shifting the discontinuity at
p =pF, which marks the FS. Introduction of a positron
as a probe in a metal introduces the effects of positron
wave function and e+-e many-body correlations and
this renders the shape of p r(p} different from that of
p(p), although the discontinuities due to FS still occur at
p =p~. The information about the FS can thus be ob-
tained from p(p) and p r(p) in a complementary way.
Although the effects of positron wave function on p r(p)
were known for some time, good progress in calculating
the effects of e ecorrel-ations ' on p(p) and e+e-
many-body correlations ' on p r(p) in 3d transition
metals has been made only recently. For a systematic un-
derstanding of these effects it is desirable that the band
theoretical calculations of p(p) and p~r(p) be carried out
using the same set of electron wave functions and the
same band-structure methods. Keeping this in mind, we
have calculated p(p) and p r(p) in metallic V using the
same set of electron wave functions and the linear-
combination-of-Gaussian-orbitals (LCGO) method,
which is known to describe the experimental data of CP
in V satisfactorily. ' ' Although Laurent, Wang, and
Callaway' have calculated the CP in V using the LCGO
method, we have incorporated two improvements in the
present work: (i) the treatment of exchange and correla-
tion potential was improved. Cardwell and Cooper
have compared the results for Compton profiles calculat-
ed by the APW and LCGO methods for V, Cr, Ni, and
Fe and have concluded that a proper formulation of ex-
change and correlation in the LCGO theory is important;
(ii) the LCGO method' has been extended to calculate
p r(p) and ACAR distributions X(p,p, ). The results of
the present calculations are compared with experiment,
in particular, with the high-resolution Compton profile
data measured with synchrotron x rays' and p r(p)
reconstructed from the measured 2D ACAR data
Set$22737
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II. CALCULATIONAL PROCEDURE

The distributions p(p) and p ~(p) in V were calculated
using the LCGO method described elsewhere. ' The
LCGO method carries certain advantages, such as its
self-consistent character and the absence of any shape-
dependent approximation. Another advantage relevant
here is that the Gaussian nature of the basis functions in
the LCGO method allows one to compute the p(p) and

p r(p) up to a desired high-momentum (p) value analyti-
cally and accurately and this is an important advantage
while obtaining Compton profile (or ACAR) curves from
the integration involved in Eqs. (1) and (2) in the p space.
Our previous application of this extended version of the
LCGO method to Fe, Ni, and Cu has already provided
satisfactory results.

In the present calculations, the Gaussian basis set con-
sisting of thirteen s, ten p, five d, and one f functions and
the lattice constant a =5.7445 a.u. were used. The previ-
ous LCGO calculation by Laurent, Wang, and Calla-
way' used the exchange-only approximation while the
present work used the exchange-correlation potential of
von Barth and Hedin as parametrized by Rajagopal,
Singhal, and Kimball. The positron wave function hav-

ing I'& symmetry was also calculated under the frame-
work of LCGO theory using seven s Gaussian orbitals by
reversing the sign of the electron potential and removing
the exchange part. Contribution to p(p) due to the band
electrons was calculated up to p =10.0 a.u. using a total
of 2123 reciprocal-lattice vectors and it yielded a value of
4.99 electrons, thus indicating the high accuracy
achieved. A total of 135 reciprocal-lattice vectors were
used to cotnpute p "(p) up to p =4.0 a.u. These compu-
tations were performed in the independent-particle model
with no corrections made for the e -e or e -e corre-
lations in the first stage.

III. RESULTS AND DISCUSSION

A. Electron momentum distributions
and Compton profiles

As a typical result of the present calculation, we have
plotted in Fig. 1 p(p) in the form of the surface

p(p„,p~,p, =O) in the plane (p„,p }=(100). The overall

shape of this surface is determined by the electron wave
functions while the sharp structures observed in Fig. 1

arise out of the FS topology. It is well known that the FS
of V (see Figs. 3 and 4 of Ref. 12) shows the following
features: (i) second-band octahedral hole surface cen-
tered at I, (ii) third-band distorted ellipsoidal hole sur-
face centered at N, and (iii) third-band multiply connect-
ed arms along the (100) directions. The structures seen
in Fig. 1 can be more readily understood by referring to
Fig. 2 of Ref. 40, where the FS of V in the (010) plane is
shown in the extended-zone scheme. Thus, for example,
the craterlike depression seen at p„=0.5(2m. /a ),

p» =0.5(2m. /a), and p, =0 refiects the effect of the third-
band ¹entered ellipsoidal hole and its Umklapp image
is also seen, with reduced amplitude, further along the
[110] direction. Another minor depression having a

lA
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FIG. 1. Plot of p(p„,p~,p, =0) for V in the plane

(p„,p„)=(100)passing through the point I .

square shape is centered around p„=2m /a, p =2m /a and
has its edges parallel to the Brillouin zone boundaries. It
is ascribed to the combined effect of the second-band I-
centered octahedral hole and third-band jungle-gym
arms. It is now recognized that theoretical results for the
surfaces (e.g. , Fig. 1) and contours of p(p) in different

(p„,p„) planes can provide a basis with which to compare
similar distributions obtained by the reconstruction of
p(p) from a set of Compton profiles measured for several
directions. Such a reconstruction effort for Fe using 14
magnetic Compton profiles has been recently reported by
Sakai. ' At this point a comment about the previous
effort by Das, Bhagwat, and Sahni to reconstruct elec-
tron momentum distributions in V using experimental
Compton profiles might be in order. These authors ap-
plied the method of Radon transform to reconstruct p(p)
from a set of three directional Compton profiles mea-
sured for V for the [100], [110], and [111] directions.
Their results indicated that the shapes of p(p) along the

p =[100], [110], and [111] in V are almost similar and
they show monotonically decreasing behavior devoid of
any structures. However, the present results (Fig. 1) and
the previous reports 9 3 clearly show that p(p) in V has
strong discontinuities along the [110]and [111]directions
that survive the smearing effect brought on by the recon-
struction scheme. We attribute this discrepancy to the
fact that the reconstruction effort of Das, Bhagwat, and
Sahni was incomplete because they used only three
directional Compton profiles, and thus their expansion of
p(p} in terms of three kubic harmonics (Ko, K„and K2)
had perhaps not converged fully. In view of the anisotro-

py and sharp discontinuities present in the p(p} of V,
many more directional Compton profiles will have to be
used to ensure a nearly complete reconstruction of p(p) in
V.

Recently, Shiotani et al. ' have measured the Comp-
ton profiles for V along the [100] direction with an
overall momentum resolution of 0.12 a.u. using 59.38-
keV x rays from synchrotron. A comparison of their ex-
perimental results with the APW theory has shown that
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FIG. 2. Comparison of the present theoretical (LCGO)
Compton profile (solid curve) for the band electrons of V along
the [100] direction with experimental'9 CP (dotted curve). The
theoretical curve is convoluted with a Gaussian of full width at
half maximum (FWHM) =0.12 a.u.

FIG. 3. Comparison of the present theoretical (LCGO)
difference Compton profile, hJ (solid curve) for V for the
([110]-[100])directions with experimental'9 hJ curve (dotted
curve). The theoretical curve is convoluted with a Gaussian of
FWHM =0.12 a.u.

there is good agreement in the characteristic features of
the two profiles, with the structure appearing sharper in
the theoretical curve. In its overall shape, the APW
theory overestimates the Compton pro61e J(p, ) in the low

(p, &1 a.u.} -momentum region but underestimates it in
the high (p, & 1 a.u.} -momentum region. The theoretical
(LCGO} Compton profile calculated by us for the band
electrons of V (Fig. 2) shows an excellent agreement with
the APW theory as presented by Shiotani et al. ' Thus,
the two theories (APW and LCGO} agree closely among
themselves but both predict Compton profiles that are
higher than experiment [-8% J(0) at p, =0] at low

(p, & 1.0 a.u. ) momenta and lower at high (p, & 1.0 a.u. )

momenta (Fig. 2). The concavity in J(p, ) at p, =0 and

p, =(2~/a) has been explained in terms of the FS topolo-

gy earlier. ' ' ' ' The anisotropy or difference profile
5J=(J»0—J,co) calculated by us is shown in Fig. 3
where it is compared with experiment. We have observed
that the LCGO theoretical curve (Fig. 3} agrees very
closely with the APW theory (not shown here but report-
ed in Ref. 19). However, both the theories display larger
amplitudes of the oscillation in the hJ curve, although
the general trend of theoretical and experimental curves
is similar. The same observation was made when we
compared the present theoretical hJ curves with those
measured by Rollason and co-workers' ' with poorer
(0.39 a.u. ) resolution using y rays. Such discrepancies be-
tween theory and experiment have also been observed for
other transition metals. ' The present results confirm,
once again, that the source of these discrepancies lies not
in a particular band theory but in the nature of the in-
dependent particle model used. As pointed out ear-
lier, ' a solution to the problem can be found by includ-
ing the e -e correlation effects. To test this point we
applied the Lam-Platzman correction to our LCGO re-
sults for J(p, ). Although this procedure helped to bring
down the difFerences between present theory and experi-

ment, the theory still overestimated experiment in the
low-momentum region and the residual differences ap-
peared anisotropic, thus proving the inadequacy of the
Lam-Platzman correction, which is isotropic. Recent
work by Cardwell, Cooper, and Wakoh on Cr and by
Wakoh and Matsumoto on V and Cr has indicated how
the anisotropic e -e correlation effects can be calculat-
ed. In particular, the latter study has shown that in the
case of V the efFects of e -e correlation on p(p) are
determined by the energy occupation function for the d
bands. We plan to incorporate such corrections in our
LCGO scheme in the future. Until then, the present re-
sults indicate that the LCGO theory provides a good
basis to calculate p(p) in V using the independent particle
model.

B. Two-photon momentum distributions

After having tested the quality of the one-electron
wave functions used by us, we proceeded to calculate

p "(p) and ACAR distributions in V. With the present
results, the interest in the theoretical p r(p) is twofold: (i)
first it can be used to compute 2D and 1D ACAR distri-
butions, which can be compared with experiment; (ii)
second, the theoretical p r(p) can be compared, through
its surfaces and contours, with the p r(p) reconstructed
from experimental 2D ACAR data sets. The former
method is more useful for providing quantitative infor-
mation about the e+-e many-body correlation correc-
tions needed, while the latter method can be used to ex-
amine the FS topology.

Recently Pecora et al. have reconstructed p r(p) in
V using the high-resolution 2D ACAR data sets mea-
sured for four crystalline orientations. ' In their work, a
direct comparison has been made between the p r(p)
reconstructed from the experimental ' and theoretical
2D ACAR data sets. In view of the merits of the LCGO
theory used by us, we have compared (Figs. 4—6) the ex-
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FIG. 4. Present theoretical (LCGO) p (p) (solid curve) com-
pared with p ~(p) reconstructed from experiment' (dashed
curve) along the [100] direction in V. Relevant band structure
is shown in Ref. 37.

L

I

12 16

p (mrad)

FIG. 6. Same as Fig. 5 but for the [111]direction.
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FICs. 5. Same as Fig. 4 but for the [110]direction.

perimental p "(p) reconstructed by Pecora et al. T with

p r(p) calculated by us. It is observed that theory and ex-
periment show similar trends, with the theoretical curves
showing sharper FS breaks along the [110] and [111)
directions. Particular attention is drawn to the interest-
ing structure in the p r(p) curve along the [110]direction
(Fig. 5). Theoretical curves show a "spike" at p-0. 45
a.u. or 3.3 mrad (and its Umklapp images), which arises
from the dipping of the second g 1 band below the Fermi
level by a few mRy between I and X. ' '~ The com-
parison shown in Fig. 5 once again confirms that such a
dipping of the second g, band exists and that there is no

neck along I X in the FS of V. Following Pecora et al. ,
the slight shift of FS breaks observed in Figs. 5 and 6 can
be attributed to the small difference in the experimental
lattice parameter and the value used in our calculations.
Possible factors responsible for the differences between
theory and experiment (as seen in Figs. 4—6) have been
pointed out by Pecora et a/. However, we wish to un-
derline one important feature. Present results as shown
in Figs. 4-6 might suggest that the present theory (in the
independent particle model) underestimates experiment.
It should, however, be remembered that we have normal-
ized both the p "(p) curves at p=0 for each direction.
This might not be a correct procedure to follow because
it has been proposed ' ' ' that the two-photon
momentum distribution pf,""(p), enhanced by the e+-e
many-body correlations, is related to p1,"J(p), calculated
in the independent particle model, through the relation

(3)

where k denotes the wave vector and j the band index of
the electron and e1, ,(E) is the enhancement factor, which
might be character or state dependent. Thus, e1,J(E)
might not be 1 at p =0 and, in that case, a different nor-
malization between theory and experiment will have to be
followed. It is difficult to determine the normalization
without knowing the quantitative treatment of the e+-e
many-body correlation correction. As an aid to the un-
derstanding of the effect of positron wave function, we
give in Table I the ratios of the weighted areas of pure s,
p, and d contributions to p(p) and p r(p) in V. In view of
the uncertainty about the e+-e many-body correlation
corrections, it might be more useful to carry out the com-
parison between experiment and theory in terms of the
contours of p r(p) in the (p~,p, ) planes. Accordingly, we
have shown in Figs. 7 and 8 the contour plots of p r(p)
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calculated by us in the (100) and (110) planes, respective-
ly. The effect of the FS topology of V is seen clearly in
these contour plots. Thus, the four ellipsoidal pockets
observed in Fig. 7 at p„=+0.5(2n /a ) and

p, =+0.5(2n. /a) and the two pockets observed in Fig. 8

at p =k(1/~2)(2m/a) and p, =O arise out of the N-

centered elipsoidal holes. Recently, Kubota et al. have22

measured 2D ACAR spectra from V single crystals for
ten orientations and have reconstructed p r(p) from these
data sets. Their results for the contour plots in the plane

(p~,p, )=(100), p„=O (not shown here} show a striking
agreement with the present theory (Fig. 7). These results
indicate that within the independent particle model the
LCGO theory can provide a satisfactory basis with which
to calculate p "(p) in V in the first stage.

We shall now show the 1D and 2D ACAR curves cal-
culated from the present results for p r(p}. The 1D
ACAR curves are shown in the form of difference curves
in Fig. 9, where they are compared with the experi-
ment. Such a comparison shows that best agreement is
obtained for the ([110]-[100])directions, fair agreement
for the ([111)-[100])directions and rather poor agreement
for the ([111]-[110]}directions. Similar behavior was ob-
served when the same 1D ACAR data were compared
with the APW theory. The discrepancies observed in
Fig. 9 are thus caused not by any particular band theory

TABLE I. The ratio of the weighted areas of pure s, p, and d
contributions to the total p(p) and p "(p) in V.
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FIG. 8. Same as Fig. 7 but for the (110)plane.
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but by the limitations of the independent particle model
(i.e., neglect of e+ eman-y-body correlation effects).
The characteristic structures observed in Fig. 9 have been
explained in terms of the FS topology in the literature. '

The present results for the 2D ACAR single curves
N(p~, p, ) along the two lines for the orientation
p„=[110]are (A) N[p~=(0, 0,0), p, (~[001]) and (B)
N[p~~~ [110),p, =(0,0,0}j are shown in Fig. 10, where
they are compared with the experimental results reported
by Singh et al. ' Concavity observed in curve A at p =0,
and p =2m/a and in curve 8 at p =0, p =(2n/a)/~2,
and p=2(2m/a)/W2 are caused by the third-band FS
(¹entered ellipsoidal hole and multiply connected arms)
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The solid curve represents LCGO theory while the solid circles
represent experimental data.
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TABLE II. A comparison of the dimensions of the FS of V
obtained by experiment (Ref. 22) and present theory. All values
are in a.u. NCE: third-band N-centered ellipsoids. GCO:
second-band I -centered octahedra. MCA: third-band multiply
connected arms.
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FIG. 10. Comparison of the present theoretical (LCGO) and
experimental ' 2D ACAR curves along two lines for the orien-
tation [110]:(A) N[J»» =(0,0,0),p, ii [001] ] and (B) N [p ii[110],
p, =(0,0,0)]. Solid curves denote theory while solid circles
represent experimental points.

FS dimensions (Table II). It is usual to compare theoreti-
cal p r(p} with experiment by plotting (i) lt-space momen-
tum distributions using the Lock-Crisp-West folding"
and (ii) the Fourier transform of momentum density or
the autocorrelation function B r(r). We have calculated
these functions from our theory and they show satisfacto-
ry agreement with experiment and other theory.
These results are not shown here for lack of space, but
they can be made available on request.

IV. CONCLUSIONS

of V. While comparing the present theory with experi-
ment (Fig. 10} it should be remembered that the core-
electron contribution to the theoretical 2D ACAR curve
was not reduced by any factor. Similarly, no enhance-
ment correction for the e+-e many-body correlation
was applied. Closer agreement between theory and ex-
periment was obtained by Genoud' after applying these
two corrections. We feel that the neglect of these two
corrections in the present work is responsible for the
differences between theory and experiment observed in
Fig. 10. However, these two corrections could not be
determined without the availability of complete numeri-
cal data from the 2D ACAR experiment and, hence, we
have left the comparison in the form shown in Fig. 10.

Kubota et al. have determined the dimensions of the
FS of V from the analysis of their 2D ACAR experiment.
The values obtained by them are compared with the
present LCGO theory in Table II. It is observed that the
dimensions of the third-band and ¹entered ellipsoidal
hole (along NI and NH) as obtained from the experiment
are lower than theoretical predictions. Similar observa-
tion has been made for V earlier. ' There is satisfacto-
ry agreement between theory and experiment for other

Self-consistent band calculations of the electron and
two-photon momentum distribution in metallic V have
been made in the independent particle model using the
LCGO method. Directional Compton profiles and 1D
and 2D ACAR curves have also been calculated. The
present theoretical Compton profile curve agrees very
well with the results of APW calculations and both
theories show the same differences with experiment
which are attributed to the e -e correlations. Present
theoretical results for the 1D and 2D ACAR are com-
pared with experiment and the residual differences are at-
tributed to the e+-e many-body correlations. On the
whole, the LCGO theory is found to give satisfactory
description of the momentum distributions in V.
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