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Systematic study of structures and stabilities of fullerenes
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We describe a scheme to generate the ground-state network for carbon clusters. Combining this

scheme with an accurate tight-binding potential for carbon, we have systematically studied the
ground-state structures of fullerenes from C20 to C94. Clusters of sizes 60, 70, and 84 are found to be
energetically more stable than their neighbors. The occurrence of the more abundant fullerene sizes is

related to the fragmentation stability and chemical reactivity of the clusters obtained from our calcula-
tions.

With the breakthroughs' in synthesizing macroscopic
quantities of Cso, experimentalists have unambiguously
characterized its highly symmetric icosahedral structure,
confirming the theoretical prediction made several years
ago by Kroto et a!. Now that many more large carbon
fullerenes are being isolated, determining their struc-
tures becomes a big challenge to both experimentalists
and theorists.

One important piece of experimental evidence of the
cluster structure comes from measurement of the ' C nu-
clear magnetic resonance (NMR) spectra. From the
number of NMR lines, it is possible in some cases to
determine the symmetry of the molecule. However, it is
hard to pinpoint the symmetry exactly when the structure
has a low symmetry. Even when the symmetry is known,
the structure is still undetermined because large fullerenes
can have more than one structure under the same symme-
try.

On the theoretical side, existing approaches can be di-
vided into two categories. The first one is to construct
several plausible networks from geometry and symmetry
considerations, '3 and then pick out the best one after
calculating the total energy or the energy separations be-
tween the highest-occupied molecular-orbital (HOMO)
and the lowest-unoccupied molecular-orbital (LUMO) of
each candidate. Approaches based on symmetry con-
sideration are useful only for clusters of certain special
sizes and the deduced structures usually possess high
point-group symmetry. But the recently isolated C76 has
the relatively low D2 symmetry. To overcome this limita-
tion, Manolopoulos introduced a new geometry method'e
which uses the computer to search for every possible net-
work. Since there is no symmetry constraint, the number
of possible isomers is huge. For example, there are 1812
distinct isomers for C60 alone. ' Although the isolated-
pentagon rule can be used to reduce the possible struc-
tures to a limited number, the number of isolated-
pentagon structures grows very fast as the clusters get
bigger and it is quite expensive to test each one of them.
Moreover, with the exception of C60 and C70 fullerenes
with sizes less than 70 have no isolated-pentagon isomers.
It is not efficient to test thousands of possible isomers to
pick out the ground-state isomer.

In the second approach, ' ' the ground-state struc-
tures are obtained by simulated annealing. This approach

requires an accurate and efficient interatomic potential. It
is still beyond our present computer capability to perform
first-principles molecular dynamics for large fullerenes
over tens of thousands steps. A more serious problem is
that the system will often be trapped in some metastable
high-energy structure because the strong directional
bonding of carbon creates large energy barriers between
various metastable structures. For example, in the work
of Ballone and Milani, ' it is reported that structures for
Cs2 and Cs4 always contain seven-member ring defects al-
though we now know that a much more stable structure
exists with only five- and six-membered rings. The energy
to break the carbon bonds and rearrange the network is so
high that it is difficult to reach the ground state unless one
starts from a structure which already has the correct to-
pology.

To overcome the difficulties mentioned above, we de-
vised a scheme for generating energetically favorable
structures for large fullerenes. In this scheme, we first
focus on generating the correct topological networks for
energetically favorable structures. Instead of looking at
the network connecting individual atoms, we focus our at-
tention on the "face-dual" network obtained by linking
the centers of each of the polygonal face of the cage struc-
ture. Since each atom of the fullerene is threefold coordi-
nated, the face-dual network consists of a triangular
mesh. For a fullerene with N atoms, the number of polyg-
onal faces is N/2+2. We represent each of the faces by
a point lying on a predetermined surface (a sphere for ex-
ample) and obtain the ground-state network by simulated
annealing. Initially these points are placed at random and
interact with one another through a two-body repulsive
potential. The face-dual network obtained can then be in-
verted to obtain the fullerene structure. In this scheme,
whether a face is pentagonal or hexagonal is determined
by the number of nearest-neighboring faces. Thus the
change from pentagon to hexagon can occur easily with a
small energy barrier and even for quite large number of
atoms, the system does not get trapped in local metastable
states. Also, this scheme distributes the faces as evenly as
possible on the constrained surface and the resultant topo-
logical networks tend to separate the pentagonal faces as
far apart as possible which makes the structures generated
good candidates for low-energy fullerene structures. By
varying the shape of the constraining surface (changing
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the sphere to ellipsoids), we can obtain a set of energeti-
cally favorable topological networks. The ground-state
structure is then found by unconstrained simulated an-
nealing of the atomic arrangements for each of the candi-
date network using an accurate tight-binding molecular-
dynamics scheme and comparing the energies of the vari-
ous competing isomers.

The tight-binding potential model we used has the
total-energy expression:

occu led

E(~r(~) = &iinlHTs(~r ~) IWn)+Ere'(~r;I ). (1)

The first term in (1) is the electronic band-structure ener-
gy calculated by a parametrized tight-binding Hamiltoni-
an HTa(jr;j ), and the second term is a short-ranged repul-
sive energy. The orthogonal sp basis tight-binding Ham-
iltonian HTii(ir;i) is described by the following parame-
ters: a, and a~ are on-site atomic energies, v„(r; J),
v p (p' j) vpp (p' j) and vpp (f j) are'overlap parameters
as function of interatomic distance r; ~. The repulsive en-
ergy is in the form of E„~ P;flap(r; ~)]. The above
parameters and functions were fitted to first-principles
calculation results of electronic band structure and
volume-dependent binding energies of various crystalline
carbon phases. The optimized parameters not only repro-
duce the binding energies and bond lengths of crystalline
carbon with different coordination numbers, but also de-
scribe well the properties of the liquid and amorphous
states. ' The speed of this calculation is hundreds of
times faster than regular first-principles molecular dy-
namics, so we can easily handle systems with several hun-
dred atoms. The reliability of the TB potential for clus-
ters is demonstrated by accurate ground-state geometries
of small clusters in comparison with ab initio quantum
chemical calculations. '9 In the range 5~N~ 11, we
found that odd-numbered clusters prefer a linear struc-
ture, while even-numbered clusters prefer a ring structure.
These results cannot be obtained by classical potentials
which neglect quantum mechanical effects. Since the po-
tential parameters were fitted to bulk properties, we ex-
pect that our results for large clusters should be even more
reliable.

With the efficient face-dual network generation method
and the accurate tight-binding molecular-dynamics
scheme described above, we have systematically studied
every even-numbered carbon cluster ranging from C20 to
C94. Except in the case of C22, all the lowest-energy
cages obtained by the present scheme contain only five-
and six-membered rings. The number of five-membered
rings is exactly 12 in each fullerene, consistent with the
well-known Euler's theorem. In the range of N =20 to 70,
the II, isomer of C60 and the DgI, isomer of C70 are the
only two isomers having no adjacent pentagons. For
72» n»94, all ground-state structures are found to
satisfy the isolated-pentagon rule. These results demon-
strate that the present scheme is indeed better than earlier
simulated annealing methods' ' which deals with the
atomic network directly. More details of the structural
properties are published elsewhere. ' The present scheme
reproduces well the ground-state structures of all the ex-
perimentally determined fullerenes, i.e., the Ip structure

of C60, the Dsg structure of C7Q and even the chiral (D2)
structure of Cq6. Moreover, the present tight-binding
calculation on C60 yields a heat of formation of 0.40 eV
per atom (with respect to that of bulk graphite) and a
HOMO-LUMO energy gap of 1.61 eV. These values
agree quite well with the ab initio local-density approxi-
mation calculation results of 0.40 and 1.71 eV, respective-
ly

22

The heats of formation of the ground-state cages as a
function of cluster size obtained by our present scheme
are plotted in Fig. 1. We found that the formation ener-
gies of the small cages grow rapidly as the cluster size is
increased. This behavior can be related to the rapidly de-
creasing number of adjacent pentagons as the cluster size
increases. On the other hand, the energies of large ful-
lerenes which have no adjacent pentagons are found to in-
crease at a slower rate. The most interesting feature is
that C60, Cio, and Cs4, which are the magic numbers ob-
served in experiments, are found to be more stable than
their neighbors.

Although the extraordinary abundance of C60 and Cio
has been known for several years, the underlying origin of
the phenomena is still not well understood. Recently,
abundance peaks have also been observed for C7$ C7s,
Cs4, C90, and C94 but not for every even-numbered clus-
ters in this range. It seems that a complete explanation of
the experimental observations has to involve kinetic fac-
tors in addition to thermodynamic stability. Otherwise all
fullerenes larger than Cia would be more abundant than
C60 according to their cohesive energies. From our
present systematic study, we found that the abundance
peaks of the mass spectra can be correlated with the frag-
mentation stabilities and electronic HOMO-LUMO ener-

gy separations of the fullerenes.
Since the exact fragmentation process of carbon ful-

lerenes is still unclear at present, we limit our considera-
tion to a process with successive Cz loss as suggested by
O' Brien et al. The fragmentation energy in this process
is defined as

Efigs(N ) =E„h(N ) —E,oh(N —2) —E,oh(2) . (2)

Here the E„h(N) is the cohesive energy of CN and
Er„s(N) is the energy needed for C~ to fragment into

0 2

0
Co

0.4I
0.6C

Eg

O 0 8
LL

$4

O ) 0

X q 2i
20 30 40 50 60 70 80 90 100

Cluster Size N

FIG. 1. The heat of formation of carbon clusters relative to
bulk graphite as a function of cluster size N.
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C~ 2 and C2. Therefore clusters with larger fragmenta-
tion energy will be more stable against fragmentations. In
Fig. 2(a), the fragmentation energy as a function of clus-
ter size obtained from our present study are plotted. It is
clearly shown that C60 and C7p have very large fragmenta-
tion energies with respect to their neighboring fullerenes.
These results may explain why these two fullerenes are su-
perstable. However, it is not clear from the fragmentation
energy that in the range of N=72 to 94, why C74 Csp,
Cs6, and Css do not show abundant peak in the mass spec-
tra.

Recently, Manolopoulos' suggested using the HOMO-
LUMQ energy separation as a criterion for the kinetic
stability of fullerenes. While it is still not clear to us how
the HOMO-LUMQ gap can control fullerene formation
at high temperature, we believe that it is a key parameter
controlling the chemical reactivity of the fullerene during
the extraction and isolation process. A big HQMO-
LUMO energy separation makes it more difficult to ex-
tract electrons from the low-lying HOMO or add elec-
trons to the high-lying LUMO. It is easier for the clusters
with small HOMO-LUMO energy gap to react with the
solvent and other encountered chemicals. A bigger
HOMO-LUMO gap might also make the cluster more
stable towards further accretion of extra C atoms. In Fig.
2(b), our result of the HOMO-LUMQ gap is plotted as a
function of cluster size. It is clearly shown that the C6p
and C7p not only have very large fragmentation energies,
but also have very large HOMO-LUMQ gaps. These re-
sults are strongly correlated to the extraordinary abun-
dance of these two fullerenes. It is also interesting to see
that C74 Csn, Cs6, and Css, which are absent in the mass
spectra, all have very small HOMQ-LUMO gaps. Due to
the chemical reactivity discussed above, these fullerenes
should be less stable during the isolation process.

Finally, we would like to point out that an explanation
of experimental mass spectra based solely on the con-
sideration HOMO-LUMO energy separations would not
be satisfactory. An obvious example is C72 which has very
large HOMO-LUMO energy separation but it is not
abundant in the mass spectra because its fragmentation
energy strongly favors losing a dimer to become C7Q. Our
present study shows that in order to explain the mass spec-
tra of larger fullerenes, it is necessary to consider both the
HOMO-LUMO gaps and fragmentation energies simul-
taneously. The HOMO-LUMQ gap measures the stabili-
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FIG. 2. (a) The fragmentation energy and (b) HOMO-
LUMO energy separation as a function of cluster size.
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ty of the cluster against further chemical reaction, while
the fragmentation energy measures the stability of the
clusters against further fragmentation. The only excep-
tion in our calculation is C64. It has quite high peaks in
both stabilities, but it is not observed in experiments. We
suspect that C64 is too close to the superstable C6n and it
may be unstable towards a fragmentation with a loss of
C4.

In summary, we have shown that the new cage network
generation scheme can efficiently and accurately predict
the network of large fullerenes. The ground-state struc-
tures and energies obtained from tight-binding molecular
dynamics agree very well with the existing experimental
results. From this systematic study, we found that the su-
perstable carbon clusters not only have high fragmenta-
tion stability but also have a large HOMO-LUMO energy
separation. On the contrary, the fullerenes which are
hard to obtain in experiments have a tendency towards
fragmentation or further chemical reactions.
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