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A first-principles quasiparticle study

Helio Chacham, * Xuejun Zhu, and Steven G. Louie
Department ofPhysics, University of California, Berkeley, California 94720

and Materials Science Division, Lawrence Berkeley Laboratory, Berkeley, California 94720
(Received 13 April 1992)

We report a quasiparticle study of the pressure-induced isostructural insulator-metal transition in

solids by the mechanism of band-gap closure. Two examples are investigated: solid Xe and molecular
solid hydrogen. The band gaps are calculated with a first-principles quasiparticle approach, in which the
electron self-energy operator is expanded to first order in the screened Coulomb interaction, viz. , the
GW approximation. For the case of solid xenon, the crystal structure has been experimentally estab-
lished to be hexagonal-close-packed (hcp) in the vicinity of the observed metallization pressure of
132(+5) GPa. Our calculation for solid xenon yields a metallization pressure of 128 GPa, in good agree-
ment with experiment. The theoretical results further quantitatively explain all the salient features ob-
served in the experimental optical spectra at metallization. For molecular solid hydrogen the structure
has yet to be determined definitively. Our calculations are carried out for structures in which hydrogen
molecules assume an hcp arrangement. The quasiparticle results are compared with those from
Hartree-Fock (HF) and local-density approximation (LDA) calculations. In addition to the well-known

HF overestimate and the LDA underestimate of the band gap, we find that both HF and LDA predict a
linear behavior in the band gap versus density, whereas the quasiparticle results do not show such a

linearity. This difference results from a significant increase in the dielectric screening with density,
which gives rise to a strong and nontrivial dependence of the self-energy correction to the LDA band

gap on density. We have also studied the effects of orientational disorder of the H2 molecules within a
virtual-crystal model. We find that at a given density, the minimum band gap increases monotonically
and nonlinearly with orientational disorder. A simple tight-binding picture provides a convenient way

to understand the variation of the hydrogen band gap both with pressure and with disorder. Our calcu-
lations predict a metallization pressure of 151 GPa for the hcp phase if the molecules are perfectly
aligned along the c axis, and 300 GPa if there is no orientational order. At present, a definitive con-

clusion is difBcult to draw as regards the metallization of molecular solid hydrogen. More details of the

crystal structure, especially those concerning the orientational ordering of molecular H2 at megabar

pressures, are needed.

I. INTRODUCTION

The notion that any insulating crystal will eventually
become metallic at a high enough pressure is well known
and was put forward in the early days of quantum
theory. ' The metallization is expected to occur through
one of three processes.

(a) The material becomes metallic by a pressure-
induced structural transformation. Silicon under pres-
sure is a well-known example of this case.

(b) The material, which is an antiferromagnetic insula-

tor at low pressures, becomes metallic by a simultaneous
magnetic and metal-insulator transition. Such is the case
of NiI2, for instance.

(c) The material becomes metallic without any concom-
itant structural or magnetic phase transitions. This is the
case of solid Xe. '

Among these three processes, (a) is not a true electron-
ic transition in that the metal-insulator transformation is
a byproduct of a structural modification. Both (b) and (c)
are electronic in nature. A quantitative calculation for
realistic materials of process (b), which involves strong

electron-correlation effects in a Mott insulator, is difficult

using present-day first-principles theoretical techniques.
On the other hand, process (c) usually involves the over-

lap of the valence and the conduction quasiparticle bands
in band insulators, and is amenable to study with existing
techniques by calculating the variation of the band gap
with pressure.

In the present work, we investigate the band-gap clo-
sure in solid xenon and hydrogen under megabar pres-
sures. We make use of a first-principles quasiparticle
technique that, unlike the Hartree-Fock (HF) or the
local-density approximation (LDA), reproduces accurate-
ly the band gaps of insulators and semiconductors and
therefore can be applied to a quantitative investigation of
metallization due to band-gap closure. In Sec. II we give
a brief description of the theoretical techniques for calcu-
lating the quasiparticle energies and the optical proper-
ties. Section III contains our results for the rnetallization
transition in solid xenon. In Sec. IV we present our re-
sults for molecular solid hydrogen, including studies of
the orientational disorder effects and the optical proper-
ties. Finally, a summary is given in Sec. V.
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II. THEORETICAL APPROACH

A. Qnasiparticle energies

where T is the kinetic-energy operator, V„ is the potential
due to the nuclei, VH is the Hartree potential, and X is
the electron self-energy operator. The following approxi-
mations have been used in solving Eq. (1).

(i) The self-energy operator is taken to be the first term
in an expansion in the dynamically screened Coulomb in-
teraction:

Xow= dec e 's"G(r, r', E —cu) W(r, r', co) .
2~

(2)

This is the so-called GW approximation, which has been
shown to yield very accurate electronic excitation ener-
gies for insulators, semiconductors, and semiconductor
surfaces. In Eq. (2), 8' =e ' Vc is the screened
Coulomb interaction. The electron Green's function 6 is
given in the quasiparticle approximation by

g;(r)g, (r')
G (r, r', E —c0)= g (3)

The transport and optical properties of a solid are
governed by its quasiparticle spectrum and its collective
excitations. In the theoretical approach used in this
work, the quasiparticle energies E„k are determined from
the Dyson equation:

( T + V„+VH )g„&(r )+Jd r'X( r, r'; E„&}f„&(r' }

where 5; =0+ for a quasihole and 5, =0 for a
quasielectron.

(ii) The wave functions g; in Eqs. (1}and (3}have been
shown to be well approximated by the solutions to the
Kohn-Sham equations in the local-density approxima-
tion (LDA}:

( T+ V„+VH+ V„,)f„q(r)=E„qg„~(r), (4)

where V„, is the exchange-correlation potential. We use
the Ceperley-Alder form of the V„, throughout this pa-
per. The energy spectrum and the character of the wave
function in Eq. (3) which determine the signs of 5; in Eq.
(3) must be consistent with the final quasiparticle band
structure. This is important in our calculations, since the
LDA band overlap occurs at a pressure (or density) lower
than that in the quasiparticle calculation. In the interval
between these densities, LDA predicts the existence of a
Fermi surface which is consistent with the final quasipar-
ticle result.

For xenon, the pseudopotential approximation for the
electron-ion interaction is also used. ' This approxima-
tion replaces V„and the potential from the core electrons
with a nonlocal ionic pseudopotential which eliminates
the core eigenstates and the nodal structure of the
valence wave functions in the core region. The vector
part of the pseudopotential is retained for computing the
spin-orbit interaction, "which is important for Xe. For
hydrogen, we have used the exact 1/r potential.

(iii) The static dielectric matrix e(co=0) including
local-field effects is obtained from first principles' within
the random-phase approximation (RPA): eRp~ = I—
Vgpp where Vz is the bare Coulomb interaction and the
static independent-particle polarizability yo is given by

4 (u, k~e 'q+ '~c, k+q)(c, k+q~e'q+ '
~v, k)Xoo(q)= —gQ, „k ~v, k ~c,k+q

Here, ~i ) and s; are LDA eigenvectors and eigenvalues, and c and v denote the conduction and valence states, respec-
tively. e(co=0) is extended to finite frequencies through a generalized plasmon-pole model.

These approximations result in an accuracy of the order of 0.1 eV on the band gaps of most semiconductors and insu-
lators. The method is thus expected to be of predictive power for calculations of band-gap closure under pressure.

B. Optical properties

For comparisons with experimental optical data, we have also calculated the macroscopic dielectric constant ev. The
theoretical approach used in this work' ' involves a combination of LDA calculations with many-body corrections ob-
tained from the quasiparticle self-energy calculations. Local-field effects are taken into account through the calculation
of the full dielectric matrix eoG.(q). The macroscopic dielectric constant

ev= lim 1/evv'(q)
q~o

is obtained from the inverse of the dielectric matrix, given by'

e '=1+Vc(1—yoVc —pe„, ) 'yo .

Here, Vc is the Coulomb interaction, and K„, is the functional derivative of the exchange-correlation potential with
respect to density. In this work, E„, is calculated within the LDA. At the scissor's operator level, ' the many-body
corrections to the LDA energies are approximated by a rigid and state-independent self b,ow. This modifies Eq. (5) in
the following form:

0 4 (v, k~e "q+o'~c, k+q)(c, k+q~e'"+ "'~u, k)
xGG (q}=—g (&)Q, „k v, k ~c,k+q ~GW
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how could be taken to be the quasiparticle correction to
the LDA minimum band gap. Because the scissor's
operator preserves the wave function, it can be shown
that the dipole matrix elements in Eq. (8), for G=O, or
G'=0 and q=0, are to be obtained from perturbation
theory' with the LDA eigenvalues and wave functions.

We should mention that the inclusion of K„, in e in

Eq. (7) has very little impact on the quasiparticle energies
in a semiconductor. The RPA form of the response func-
tion e is consistent with the GW approximation for the
self-energy where the vertex function is taken to be a 5
function. However, vertex corrections do affect the opti-
cal response function and they are included at an LDA
level here. This has been shown' to be a viable approxi-
mation when combined with yo from Eq. (8). In any
event, our main concerns here are the trends of the opti-
cal response function as the pressure increases. The ap-
proximations made in treating the vertex corrections are
not expected to be severe in this regard.

III. RESULTS FOR XENON

tion spectra has been interpreted as electronic transitions
to hole states at the top of the valence band which are
only available after the bands overlap. The integrated in-
tensity of such a peak is associated with the number of
free holes. The extrapolation of this intensity to zero is
yet another way to determine the metallization pressure.

The simultaneous observation of all of the above is
very convincing that indeed metallization has occurred
and that it occurs by the band-overlap mechanism. Ex-
perimentally, procedures (i)—(iii) have all been used to
determine the metallization pressure. The result is a
metallization pressure of 132(+5) GPa according to Ref.
4. In Ref. 5 the authors estimate the metallization to be
around 150 GPa without giving an explicit estimate of
the possible error bar.

The crystal structure of solid xenon has been deter-
mined by x-ray diffraction in the pressure range where
metallization occurs. ' For pressures above 75 GPa up
to at least 172 GPa, xenon remains in the hcp structure at
room temperature. Therefore, the metal-insulator transi-
tion is isostructural.

In this section we present our results for the metalliza-
tion of solid xenon in the hcp structure. This transition
has been well characterized experimentally in both its
structural and its electron properties. ' The experimen-
tal results are briefly reviewed in Sec. III A. Section III B
is a discussion of some previous theoretical work. Our
calculational details are given in Sec. IIIC. Sections
III D and III E contain our theoretical results, the former
focusing on the spin-orbit effects in the latter on the self-

energy effects. The salient features observed experimen-
tally in the optical spectra associated with the metalliza-
tion transition have been explained by the present calcu-
lation.

A. Experimental status

Until recently, the observation of metallization in solid
xenon was a controversial matter. ' However, two recent
independent experiments ' have given to a good pre-
cision the pressure at which xenon undergoes a metal-
insulator transition. They also showed that indeed
metallization occurs within the hcp structure. In these
two experiments, three different optical properties have
been used to characterize the transition.

(i) The metallic phase is characterized by the appear-
ance of a sharp rise in absorption in the low-energy side
of the spectra. The shape of the spectra is then fitted to a
Drude model which provides an estimate of the plasma
frequency as a function of pressure. The extrapolation to
zero of the plasma frequency gives the metallization pres-
sure.

(ii) In the insulating phase, the absorption spectra have
an energy threshold below which there is no absorption
due to the existence of the gap. Assuming an indirect
band gap, the measured spectra are extrapolated to ob-
tain an estimate of the band gap as a function of pressure.
The extrapolation of the band gap to zero also gives the
metallization pressure.

(iii) The appearance of a peak at —2 eV in the absorp-

B. Previous calculations

Several previous calculations have been done with the
LDA for the band-gap closure of solid xenon. Most of
them' were carried out assuming a face-centered-cubic
(fcc) structure because it was not known at the time that
the relevant structure is hcp. ' A recent LDA calcula-
tion has been reported for hcp xenon in the neighborhood
of the metal-insulator transition. However, this calcula-
tion, as well as all the previous ones, has two severe draw-
backs. The first is the failure to include the many-body
correction to the LDA band gap. The LDA Kohn-Sham
eigenvalues are well known to underestimate the band

gaps in semiconductors by up to 50% or more. The
second is the neglect of spin-orbit interaction which
affects the valence-band maximum complex most
significantly. Xe is rather heavy, and the relativistic
effects are large. As we shall show below, inclusion of
both of these effects is essential for a quantitative descrip-
tion of the band-gap closure in solid Xe.

C. Calculation details

The Xe calculation was carried our at eight densities
ranging from 0.093 to 0.077 mol/cm . For lower densi-
ties the hcp structure is unstable. ' To compute the
pressure, we use the equations of state from Refs. 4 and 5,
obtained from fits to the experimental results of Refs. 15
and 5. The equation of state obtained from our LDA cal-
culation agrees well with experiment other than a slight
overestimate of 0.3% for the lattice constant. The wave
functions are expanded in a plane-wave basis set with an

energy cutoff of 30 Ry. We use a uniform grid of 12 k
points in the irreducible wedge of the Brillouin zone to
evaluate the charge density and potential. The dielectric
matrix was evaluated on the same grid with a reciprocal-
space cutoff of 3.7 a.u. We have included 390 bands for
the sum over the intermediate states in Eq. (5).
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D. Presentresults: Effects of spin-orbitinteraction

Figure 1 shows the LDA band structure at the density
of 0.0887 mol/cm calculated without spin-orbit interac-
tion. The band gap is indirect, with the valence-band
maximum (VBM) at 1 and the conduction-band
minimum (CBM) at K. Also notable is the twofold degen-
eracy at I at about 2 eV below the VBM. This feature
has been previously considered to be responsible for the
observed absorption peak at 2 eV in the metallic phase
mentioned in Sec. III A. But the inclusion of spin-orbit
interaction changes the VBM complex drastically, and
we show that the twofold degenerate states here are not
relevant to the experimental observation. As the density
increases, the energy of the VBM, consisting basically of
antibonding Sp states, goes up faster than that of the
CBM, which has a Sd bonding character. Consequently,
the band gap decreases as the density increases. The
non-spin-orbit LDA calculation predicts a metallization
density of 0.0912 mol/cm, which, from the equations of
state of Refs. 4 and S, corresponds to a pressure of 123
GPa. This seems to agree rather well with experiment,
but, as we shall show below, the agreement is fortuitous
and is due to the accidental cancellation of two large er-
rors.

In Fig. 2 we show the LDA band structure at the same
density as that of Fig. 1, but with spin-orbit interaction
included. The most significant effects of the spin-orbit in-
teraction are on the splitting of the valence states at I
close to VBM. This has three consequences.

(i) A reduction in the number of valence bands close to
the VBM. This causes a reduction of about 30% in the
integrated density of states in the range from the VBM
down to 1.S eV below. This low density of states might
be responsible for the observed transparency of the sam-
ple even at pressures above metallization. (The direct
gap remains well above the visible range at metallization. )

(ii) A drastic change for states at I around 2 and 3 eV
below the VBM. Interestingly, we find that there are still
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FIG. 1. LDA band structure without spin-orbit interaction
for hcp xenon at the density of 0.0877 mol/cm . The top of the
valence band is indicated by the dashed line.
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FIG. 2. The same as Fig. 1 after the inclusion of spin-orbit
interaction. The Fermi level is indicated by the dashed line.

states at 1.9 eV. These states are most likely to be the ini-
tial states of the observed optical absorption at 2 eV. Fig-
ure 2 further suggests that spin-orbit splitting gives rise
to another absorption peak at -3 eV, in addition to the
2-eV absorption that has been observed. This theoretical
prediction has yet to be confirmed by experiment.

(iii) A reduction of the LDA band gap by 0.65 eV at
this density. This is a considerable change and has im-
portant consequences for the predicted metallization
pressure within the LDA. With spin-orbit interaction in-
cluded, the LDA metallization density is at 0.0867
mol/cm and the metallization pressure at 104 GPa, a
18% reduction relative to the non-spin-orbit calculation.
Not surprisingly, the LDA underestimates the metalliza-
tion pressure due to its underestimation of the band gap.

E. Quasiparticle results: efFects
of many-body interaction

The quasiparticle corrections calculated within the
GW approximation to the LDA minimum band gap are
shown in Fig. 3 in the form of Es(GW) Es(LDA), —
where Es(GW) and Es(LDA) are the quasiparticle and
the LDA minimum (indirect) band gaps, respectively.
Figure 3 shows two important features: First, the many-
body correction decreases significantly as the density in-
creases. This is due to an increase in the dielectric
screening with density. We shall discuss this effect in
more detail in Sec. IV D, in the context of our work on
solid hydrogen. Second, the many-body correction is
about 0.8 eV at the calculated metallization density. This
large correction places the metallization density at 0.0924
mol/cm and the metallization pressure at 128 GPa, in
very good agreement with the experimental value of
132(+5) GPa.

In Fig. 4 we show the LDA and quasiparticle band gap
as a function of density. In this figure we also show the
experimental estimates for the band gap deduced from
the absorption threshold at several densities. The figure
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FIG. 3. Qnasiparticle correction to the LDA band gap of
hcp xenon as a function of density.

demonstrates clearly that the GW results are in much
better agreement with the experimental. In Table I, we
list our results for the metallization density and pressure,
together with the experimental values. Neglecting spin-
orbit interaction accidentally places the LDA metalliza-
tion pressure close to the experimental value. We shall
discuss in more detail the trends of the many-body
correction in the context of solid hydrogen under mega-
bar pressure, where we encounter even larger changes in
crystal volume.

IV. RESULTS FOR MOLECULAR
SOLID HYDROGEN

The structural characterization of molecular solid hy-
drogen in the megabar pressure range is not nearly as cer-
tain as it is for xenon. Nor is the observation of metalli-

FIG. 4. LDA and quasiparticle (GW) minimum band gaps of
hcp xenon as a function of density. Lines are drawn to guide
the eye. The experimental results of Ref. 4 for the optical ab-
sorption threshold are also shown as solid circles.

zation. The difficulties owe their origin to the extremely
light mass of hydrogen and are encountered by experi-
mentalists and theorists alike. Experimentally, the light-
ness of hydrogen makes it very difficult to perform x-ray-
diffraction measurements, which are a reliable way of
determining the crystal structure. The extremely high
pressure and correspondingly small sample volume also
make it extremely difficult to try to detect the metalliza-
tion electronically. On the theoretical side, the large
zero-point motion of the hydrogen molecules makes ac-
curate total-energy calculations difficult. A perhaps more
severe hindrance is that, in the insulating molecular
phase, we are faced with the problem that, on the one
hand, the total energy is not very sensitive to the libration
of the hydrogen molecules, but, on the other hand, the

TABLE I. Experimental and theoretical results for the pressure and density at which hcp xenon un-

dergoes metallization. Some values, indicated by an asterisk, were converted from pressure to volume
or vice versa using the experimental equation of state from Refs. 4 and 5, as described in the text.

Experiment

LDA, no spin-orbit
LDA
Quasiparticle

'Reference 4.
Reference 5.

Transition
pressure (GPa)

132(5)'
150
123*
104
128*

Transition
volume (cm'/mol)

0.0933( 14)*'
0.0963
0.0912
0.0867
0.0924
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minimum band gap is very sensitive to it. The energy
scales of the electronic, the vibrational, and the libration-
al movements of a molecular hydrogen are on the order
of I:Qm, /m~:m, /m~. (Here, m, and rn~ are, respective-
ly, the mass of an electron and a proton. ) Crystal-field
splitting will not change the order of magnitude of these
energies. Complete structural characterization requires
handling all these different energies accurately. This is
important because the resultant quasiparticle gap de-
pends on the structural details. We will illustrate this
point using a virtual-crystal approximation.

The calculations that we report below explore the rela-
tion between atomic and electronic structures. These are
accurate first-principles calculations. If the structural pa-
rameters that we used were a good correspondence to
those under the experimental circumstances, our results
then would provide a reliable estimate for the possible
metallization. Our investigation of the effects of molecu-
lar orientational disorder at the virtual-crystal-
approximation level is suggestive of what might happen
when the molecules have a different orientational order-
ing, or no ordering at all.

In Sec. IVA we again give a brief overview of the
present experimental status for the metallization of
molecular solid hydrogen under pressure. Some of the
previous theoretical efforts are discussed in Sec. IV B. In
Sec. IVC the technical details of our calculation are
given. In the balance of the Section, we report results on
the variation of the band gap with density (Sec. IV D), on
the effects of orientational disorder (Sec. IVE), and on
the optical properties (Sec. IV F).

A. Experimental status

At low pressures, solid hydrogen is an insulator with a
wide band gap, determined to be 14.5+1 eV (Refs. 17 and
18) experimentally. Diamond anvil cell experiments are
now able to place hydrogen samples under pressures up
to 230 GPa, ' which are high enough to reduce the molar
volume by more than tenfold ' ' relative to that at am-
bient pressure. Even with such a drastic compression,
there has so far been no definitive evidence of hydrogen
metallization. A recent debate on this subject was kin-
dled by an observation of darkening of hydrogen samples
above 200 GPa. Further measurements indicated an in-
crease in the low-frequency reflectivity of hydrogen sam-
ples at pressures above 150 GPa; this was interpreted as a
fingerprint for the band-gap closure. Such an interpre-
tation has been challenged by subsequent work. Eggert
et al. ' claim that the absorption spectra are incompati-
ble with metallization unless the metallic phase has an ex-
tremely low carrier density. Ruoff and Vanderborgh sug-
gest that the observed increase in reflectivity is due to
the continuation of the sample by metallic aluminum
above 150 GPa, caused by the reaction of ruby with hy-
drogen under megabar pressures. It has also been sug-
gested that vibrational transitions might be the origin of
the low-energy reflectivity and absorption above 150
GPa. Therefore, unlike the case of Xe, results on the
molecular-solid-hydrogen metallization from various
measurements are inconclusive, and the experimental

data are often interpreted in very different ways.
An alternative way to detect the onset of the

insulator-metal transition is to monitor the change with
pressure of the dielectric constant and its frequency
derivative 26 —28 although this scheme is limited in that it
only gives information on the closure of the gap for direct
transitions. Several experiments have been reported
on the dielectric properties of hydrogen and deuterium
under pressure. The measured quantity is the index of re-
fraction, which can be obtained from either (a) the angu-
lar dependence of frequency shifts in Brillouin scatter-
ing or (b) the angular or energy dependence of interfer-
ence patterns. Method (a) gives an experimental resolu-
tion of about 4% in eo at 20 GPa (Ref. 29) versus a reso-
lution of about 25% for method (b) at the same pres-
sure. The experimental results show that eo increases
from 1.3 to about 5 in the 0-to-73-GPa interval. The
behavior of eo and its frequency derivative with pressure
has been used to estimate the metallization pressure of
solid H2. ' Typically, a single oscillator model for the
refraction index,

n (co)=1+F(co] co ), —

is assumed. The derivative of n (co) with co is then used to
compute the behavior of co& with pressure, and extrapola-
tions are used to estimate the critical pressure that corre-
sponds to the closure of some averaged direct gap. The
critical pressure thus derived varies between 150 and 400
GP 26, 28

As mentioned earlier, a particular difBculty associated
with solid hydrogen is the limited direct experimental in-
formation on its structural properties. X-ray-diffraction
measurements have only been done for pressures up to 26
GPa, and up to this pressure the hcp structure is stable
at 300 K. ' Above 26 GPa, only Raman-scattering ex-
periments have been able to give clues on the possibility
of structural transformations from changes in the vibra-
tional and rotational spectra. The disappearing of the ro-
ton bands of parahydrogen above 100 GPa at 8 K has
been identified as an orientational ordering transition. '

This interpretation, however, has been questioned. For
temperatures between 77 and 295 K, the roton bands per-
sist up to at least 160 GPa, with no sign of any observable
orientational transition. ' Another possible sign of a
structural transition has been the discovery of a discon-
tinuity in the intramolecular vibron frequency as a func-
tion of pressure at pressures close to 150 GPa. ' This
discontinuity has been used as an order parameter to map
out a phase diagram, in which a transition to a high-
pressure phase with a critical point at 170 GPa and 150
K (Refs. 36 and 37) is identified. The nature of this phase
transformation is unknown, but it has been speculat-
ed ' that it corresponds to a metal-insulator transition.

B. Previous calculations

Several LDA calculations have been performed for the
structural and the electronic properties of solid hydrogen
under pressure. ' Some of them, however, have as-
sumed cubic structures ' whereas current experi-
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mental information ' indicates that the relevant struc-
ture is hcp. A recent LDA calculation has compared
the enthalpies of several structures, within the Born-
Oppenheimer approximation, and concluded that for
pressures between 80 and 380 Gpa, the hcp structure
with the molecules oriented along the c axis is stable
against several cubic structures and the simple hexagonal
structure. Another recent LDA study, also within the
Born-Oppenheimer approximation, reported that a struc-
ture with the molecules on hcp sites but oriented along
lower symmetry directions is marginally more stable than
the structure with the molecules along the c axis.

A severe hindrance to more conclusive theoretical
determination of the most stable structure, however, is
the large zero-point motion energy of the hydrogen mole-
cules, " which can be essential in determining the
structural properties. For example, the differences in
electronic energies among the different molecular orienta-
tions that we mentioned at the end of the last paragraph
are smaller than the zero-point motion energy by an or-
der of magnitude. The zero-point-motion effect can be
taken into account in quantum Monte Carlo calcula-
tions, but the large computational cost of this approach
prevents a thorough investigation in a large structural pa-
rameter space. The innuence of the rotational motion of
the H2 molecules on the band gap has also been investi-
gated; ' ' it has been predicted that the inclusion of ro-
tational disorder increases the band gap relative to an
orientationally ordered state.

TABLE III. Number of points in the irreducible wedge of
the Brillouin zone used in the summation over k in Eq. (8) for
the calculation of the macroscopic dielectric constant in molec-
ular solid hydrogen. Different grids are used for the orienta-
tionally ordered and disordered structures.

p (mol/cm )

0.3962
0.3265
0.2723
0.2293
0.1950
0.1672
0.0967
0.0431

Ordered

252
120
80
64
36
36
12

Disordered

80
80
36
36
36
36
36
12

in our calculation was made through the equations of
state (EOS) of Refs. 20 and 21 obtained from extrapola-
tions of experimental results at lower pressures. The
difference between the two extrapolations is taken to be
the uncertainties in the EOS.

The c/a ratio, the energy cutoffs used in the plane-
wave expansion of the wave functions, and the
reciprocal-space cutoffs used to truncate the dielectric
matrix are given in Table II. In Table III we list the
number of k points in the irreducible wedge of the Bril-
louin zone used in the summation over k in Eq. (8) for the
calculation of the macroscopic dielectric constant.

C. Present calculational details

In the present study we assume an hcp structure with
the H2 molecules oriented along the c axis. Orientational
disorder is considered later in Sec. IV E within a virtual-
crystal approximation. The intramolecular separation is
fixed at 1.40 a.u. , based on results from LDA total-energy
calculations. Also, based on LDA calculations and
extrapolations of x-ray data, we use the following values
for the c/a ratio: 1.580 for density p larger than 0.27
mol/cm, 1.590 for p=0. 23 mol/cm, 1.610 for p=O. 195
mol/cm, 1.624 for p=0. 167 mol/cm, 1.630 for
p=0. 125 mol/cm, and 1.633 for p smaller than 0.1

mol/cm . The conversion between density and pressure

D. Behavior of the band gap with density

In Fig. 5 we show the quasiparticle band structure for
molecular solid hydrogen in the c-axis-oriented hcp struc-
ture at the density of 0.396 mol/cm, which is very close
to the theoretical metallization density for this structure.
The bands are plotted along a line from the I point to
the E point, as shown in the inset of the figure. Both the
valence-band maximum and the conduction-band

TABLE II. Computational details for molecular solid hydro-
gen. E,„ is the energy cutoff (in Ry) of the plane-wave expan-
sion of the LDA wave function, and G,„(in a.u. ) is the
reciprocal-space cutoff of the dielectric matrix.

o 0

G)

LU
c 8

p (mol/cm )

0.4873
0.3962
0.3265
0.2723
0.2293
0.1950
0.1672
0.0967
0.0431

c/a

1.58
1.58
1.58
1.58
1.59
1.61
1.624
1.633
1.633

Emax

55
55
45
45
45
45
45
30
30

Gmax

5.9
5.5
5.5
5.5
5.5
5 ' 5

4.68
4.68
3.5

-16

r„
M

FIG. 5. Quasiparticle energy bands for molecular solid hy-

drogen in the orientationally ordered hcp structure at the densi-

ty of 0.396 mol/cm . The Fermi-level (dashed line) is the origin
of the energy scale.
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minimum are in this direction. At this density the band

gap is indirect, with the CBM at I and the VBM at ——,'
of the way from I to K.

The quasiparticle results for the band gaps for the e-
axis-oriented hcp structure as a function of density are
shown in Fig. 6. In the same Sgure we also show our
LDA results, as well as our results from a Hartree-Fock
calculation in which the HF wave functions are approxi-
mated by the LDA counterparts. A very interesting
feature of Fig. 6 is the constant density derivative

dEs/dp of the LDA and HF band gaps (the curves are
almost perfect straight lines), while it is not the case for
the GW results. We see from Fig. 6 that the GW results
for the gap are closer to the HF results when the gaps are
large, and become closer to the LDA Kohn-Sham gaps as
the density increases. This qualitative feature of the GW
results is not surprising since, as the density increases, the
system transforms from being more atomiclike to more
uniform-electron-liquid-like: in the large-gap atomic, HF
is a better description than the LDA; as density increases,
LDA will eventually become more appropriate.

The GW correction to the LDA band gap can be writ-
ten as the sum of the correction to the VBM energy and
the correction to the CBM energy. This is shown in Fig.
7, where these quantities are plotted as a function of den-

sity. The LDA potential used here is the Ceperley-Alder
form. Figure 7 shows that the use of empirical correc-
tions to LDA calculations (for instance, see Ref. 13) for
the pressure dependence of the band gap would be of lim-

I I I I I I

0—

I

C7

II

I I I I I I I

0.00 0.05 0.10 0.15 0.20. 0.25 0.30 0.35 0.40

Density (mol/cm )

FIG. 7. Many-body correction to the LDA eigenvalues at the
conduction-band minimmum (CBM) and valence-band max-

imum (VBM) as a function of density for orientationally ordered
hcp hydrogen. Lines are drawn to guide the eye.

15—

ited accuracy due to the large variation of the many-body
corrections to the LDA band gap. This is not surprising
in view of the complexities of the electron self-energy
operator in real materials.

E. Effects of orientational disorder

10—

0 I

0.0 0.1 0.2 0.3 0.4

Density (mol/cm )

FIG. 6. Theoretical results for the minimum band gap of
orientationally ordered molecular solid hydrogen in hcp struc-
ture as a function of density. Results are from quasiparticle
(GW), Hartree-Fock (HF), and local-density (LDA) calcula-
tions. Lines are drawn to guide the eye.

An interesting property of solid H2 is the quantum na-
ture of the rotational degrees of freedom of the mole-
cules, which seem to remain active up to very high pres-
sures. The large zero-point rotational (or librational)
motion of the molecules is expected to have a strong
effect on the optical and electric properties. ' '" We
have included this effect in our calculations through a
virtual-crystal model. Within this model, the electrons
are subjected to a proton potential averaged over an
orientational distribution of the molecules. We employ a
model for this distribution which is a constant for axial
angles smaller than a given Ho and zero otherwise. The
results for the electronic structure are expressed as a
function of Hp. For Op=0 we go back to the e-axis orien-
tationally ordered structure discussed in Sec. IVD. For
Hp

=90 we have a totally orientationally disordered
structure with a spherical-shell nuclear-charge distribu-
tion. At any Hp, the rotational symmetry about the e
axis is retained in this model.

In Fig. 8 we show the quasiparticle band structure for
Hp

=90' at a density of 0.396 mol/cm . By comparing
with the results for 80=0 (Fig. 5) at the same density, we
see that the overall topology of the band structure is not
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-16

FIG. 8. The same as Fig. 5, but for the orientationally disor-
dered hcp phase in the virtual-crystal approximation. See text
for discussion.

affected by the orientational disorder with our model:
the conduction-band minimum is still at I and the
valence-band maximum is between I and E. The band
gap, however, increases significantly with disorder. The
effect of disorder on the band gap also increases with den-
sity. This can be seen in Fig. 9, where we show the quasi-
particle band gaps for both orientationally ordered and
disordered structure as a function of density. At low
pressures, the effect of disorder on E is negligible, but it
becoxnes larger as the density increases. We also show in
Fig. 9 the experimental band gap at zero pressure' ' for

solid H2 and an experimental estimate for the band gap at
0.133 mol/cm from shock-wave measurements. In both
cases the theoretical results lie within the experimental
error bars.

The behavior of the band gap as a function of both
density and orientational disorder can be understood
within a tight-binding description. We decompose the
wave function of the relevant states in terms of the orbit-
als og (occupied state, even parity) and o „(first excited
state, odd parity) and 0 „(first excited state, odd parity)
of an isolated H2 molecule. In the solid, the valence-band
maximum is essentially an antibonding combination of
0.~'s of the two hydrogen molecules in one hcp cell, and
the conduction-band minimum is basically a bonding
combination of o.„'s. The increasing overlap between
molecular orbitals with increasing pressure causes an in-
crease in the energy of the VBM states relative to the
CBM states and therefore a reduction of the band gap.
Further, the inclusion of orientational disorder has a
stronger effect on the linear combinations of the 0 „orbit-
als (conduction band) due to their odd parity. As a re-
sult, the conduction-band width decreases and the band
gap increases with disorder. The direct gap at I in-
creases, while the direct gap at K decreases. This results
in a shift of the VBM toward the K point. However, the
overall bandwidths are determined by the electronic ener-

gy scale and are not much affected by these modifications
to states near the gap.

We have also calculated the band-gap closure density
for different values of the disorder parameter 00. From
those calculations and from the equations of state of

I
I

I I I I
I

I I I I
I

I I I I
I

I I I I
I

I I I I

280—

260—

10— 240—

0

N
~ W

Q3

200—

180—

160—

0 I I I I I I I I I I I I I I I I I I » J I I I I I I I I I

0.0 0.1 0.2 0,3 0.4 0.5. 0.6

Density (mol/cm )

FIG. 9. Variation of the calculated minimum band gap with
density for the orientationally ordered and disordered phases of
hcp hydrogen. Lines are drawn to guide the eye. The experi-
mental result sof Refs. 17 and 18 (the upper open circle) and
Ref. 49 (the lower open circle) are also shown.

140 I I l I I I ( I « I I I I I I

0 20. 40 60 80

Maximum Librational Angle (deg)

FIG. 10. Calculated metallization pressure of hcp hydrogen
as a function of the maximum librational angle which character-
izes the amount of orientational disorder. The line is drawn to
guide the eye.



46 PRESSURE-INDUCED INSULATOR-METAL TRANSITIONS IN. . . 6697

Refs. 20 and 21, we obtained theoretical metallization
pressure as a function of 80. The results are shown in

Fig. 10. The metallization pressure varies over a wide

range between 150 and 300 GPa depending on the
amount of disorder assumed.

I I I I
I

I I I I
I

I I I I
I

I I I I
I

I I I I
I

I I I I

15—

F. Results for the dielectric constant

Np
e(a)) = I+ (9)

Figure 11 shows the calculated values of e0 for both
orientationally ordered (80=0) and disordered (80=90')
hydrogen solids using the virtual-crystal model in the
density range corresponding to pressures from zero to
240 GPa. The available experimental data for solid H2
and Dz, extracted from measurements for the finite-

frequency index of refraction, are also shown in the
figure. All experimental data were converted from pres-
sure to density through the equations of state of Refs. 20
and 21. Figure 11 shows a good agreement between
theory and experiments, although there are large uncer-
tainties in some of the experimental data at higher pres-
sures.

Figure 11 suggests that, at high densities, the dielectric
constant would undergo a catastrophe due to the closure
of the direct band gap. To better understand this behav-
ior, let us examine the average gap co,„as defined in the
Penn model:

10—
80=90-

co=90

I 1()
;-&)

Ea, 80=0

0 I I I I I I I I I I I I I I I I I I I I I I I I I I I I I

0.0 0.1 0.2. 0.3 0.4 0.5 0.6

Density (mol/cm )

FIG. 12. Calculated direct band gap at I (Eg") and the aver-

age band gap (co,„, obtained from the calculated dielectric con-
stant; see text) for hcp hydrogen as a function of density. The
results are for both the orientationally ordered and the orienta-
tionally disordered phases. We also show the experimental re-
sults from Ref. 28 for the single-oscillator frequency extracted
from the fitting of a single-oscillator model to the frequency
dependence of the refractive index.

U

O
Q

A

0
0.0

I

0.1

I

0.2.
I

0.3
I

0.4 0.5

where co is the plasma frequency. co,„can then be ob-
tained from our results for e0. This is shown in Fig. 12
together with Eg, the direct quasiparticle band gap at I .
Eg decreases with pressure and increases with orienta-
tional disorder in the same way as the minimum band gap
does. The average gap calculated from Eq. (9) has a be-
havior similar to that of E" for the disordered phase.
This similarity is less pronounced in the ordered phase
due to a stronger k dependence of the direct gap. There-
fore, the increase of e0 with increasing order is related to
the corresponding decrease of the direct gap. We also
show in Fig. 12 the experimental results from Ref. 28 for
the single-oscillator frequency, extracted from the fitting
of a single-oscillator model to the frequency dependence
of the refractive index. Although this quantity does not
correspond exactly to either E"or co,„, it shows a similar
behavior with density and suggests a closure of the direct
gap at some density above 0.5 mol/cm, in agreement
with our calculations.

Density (mol/cm ) V. SUMMARY

FIG. 11. Theoretical results for the static dielectric constant
of hcp hydrogen for the orientationally ordered structure
(squares) and for the totally orientationally disordered structure
(triangles). Also shown are the experimentall results for the
square of the refraction index from Ref. 29 (o ), Ref. 30 (+),
and Ref. 26 (Q).

In summary, we have studied, using a first-principles
quasiparticle approach, the insulator-metal transition in-
duced by the band-overlap mechanism in solid Xe and
H2. For the case of Xe, where the structure is well
characterized, our theory explains the observed features
in the experimental spectra, including the metallization
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pressure. The case of molecular solid hydrogen is more
elusive in that details of the structural parameters are not
known and are difficult to calculate theoretically. More-
over, such details have a rather large impact on the band
gap, and thus on the metallization pressure. For the hcp
phase in which all the molecules are perfectly aligned
along the c axis, our theory predicts a metallization pres-
sure of 150 Gpa. Effects of molecular orientational disor-
der are shown to be important and could increase the
transition pressure by as much as a factor of two.

The calculations also show that, under such drastic
changes in crystal volume as are in the megabar pressure
range, the quasiparticle band gaps calculated from the
GW approximation are sublinear with density. The
differences between the GW quasiparticle energies and
the LDA eigenvalues vary with pressure in a complicated
way. For solid H2, the self-energy corrections in general
decrease as the pressure increases. This is a result of the

very large change in the dielectric screening of solid H2
as the pressure is changed over the megabar range. In
addition, the corrections are state dependent.
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