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Lower limit to the thermal conductivity of disordered crystals
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Measurements of the thermal conductivity above 30 K of mixed crystals with controlled disorder,

(KBr)q ~(KCN), (NaC1)q (NaCN), Zrq Y 02 ~g2, and Bay La F2+~, support the idea of a

lower limit to the thermal conductivity of disordered solids. In each case, as x is increased, the

data approach the calculated minimum conductivity based on a model originally due to Einstein,

These measurements support the claim that the lattice vibrations of these disordered crystals are

essentially the same as those of an amorphous solid.

I. INTRODUCTION

We have shown previously~ 2 that the thermal conduc-
tivity of amorphous solids above 30 K can be described
with a model originally proposed by Einsteins who as-
sumed that the mechanism of heat transport in crystals
was a random walk of the thermal energy between neigh-
boring atoms vibrating with random phases. 2 In Ref. 2,
we also stated that the same model applies to a number of
highly disordered crystals, and that we have never been
able to produce a disordered crystal with a thermal con-
ductivity smaller than the prediction of the model. This
latter observation encouraged us to refer to Einstein's
model as that of the minimum thermal conductivity, a
concept first proposed by Slack.4

Heat transport in disordered materials has been the
subject of several recent theoretical investigations. For a
review of the fracton model with comparison to thermal-
conductivity data for amorphous solids, see Ref. 5. Allen
and Feldmans calculated the thermal conductivity of a-Si
using a harmonic, Kubo-Greenwood approach and found
good agreement with experimental data' near room tem-
perature. Molecular dynamics calculationss s are also in
good agreement with the data

Naturally occurring disordered crystals with low, glass-
like thermal conductivities were studied by Birch and
Clark ~o in their work on the thermal conductivity
of feldspar minerals above room temperature. Some
feldspar minerals have a thermal conductivity that is re-
markably similar to an amorphous solid over the entire
temperature range of 0.1 (T ( 300 K, as illustrated in
Fig. l. Unfortunately, unraveling the cause of the low
conductivity has been complicated by the complex crys-
tal structure and growth conditions of naturally occur-
ring minerals.

Many types of disordered crystals have been shown to
have glasslike thermal conductivities: Bi~03, the
so-called dirty ferroelectrics, certain glass ceramics,
and YBss, to mention a few examples. As in the case

of the feldspars, the experimentalist has little control over
the degree or type of disorder present in these crystals.

Experiments on structurally simple crystals with dis-

order that can be systematically controlled allow us to
demonstrate more clearly the validity of Einstein's model
and the concept of a minimum thermal conductivity.
For example, the mixed crystal (KBr)q ~(KCN) can be
made for any value of z and near z = 0.50 the ther-
mal conductivity and low-temperature specific heat are
glasslike. ss To help elucidate the types of disorder that
can produce a glasslike conductivity, we have extended
previous low-temperature measurements of the thermal
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FIG. 1. Data for two disordered single crystals with
glasslike thermal conductivity: OryAb33An66 feldspar and
Bay La F2+, x = 0.33 compared to data for two amor-
phous solids: c-Si02 and CdaeAsq. Data for feldspar below
30 K are from Ref. 30.
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conductivity of a number of other disordered crystals
to room temperature. One system of mixed crystals,
Baq La~F2+~ discussed below, provides a structurally
simple example of a crystal with glasslike conductivity;
see Fig. 1.

In this paper, we present detailed measurements of
these disordered crystals and explore structural similar-
ities. Low-temperature measurements for most of these
crystals have been published previously; for the sake of
completeness, these data are included. The paper begins
with a detailed presentation of Einstein's arguments on
which the model is based.

and one of its neighbors Mz are shown in Fig. 2. Atom M
moves in the x direction and is displaced from its equilib-
rium position by a distance x under the inQuence of the
force exerted by M on Mf. Atom M& moves in the di-
rection of M to M& and is displaced from its equilibrium
position by a distance (q. The equilibrium separation of
the two atoms is d, which is large in comparison to the
displacements z and (q. The direction from M to Mf
makes an angle yq with the x axis. Using a as the force
constant of the spring that connects M and Mf, the force
on atom M in the z direction is

a((q —x cos yq) cos yq

II. EINSTEIN'S MODEL

In 1911,Einstein published his calculation of the ther-
mal conductivity of solids in an attempt at understanding
recent thermal conductivity data of Eucken~7 on crys-
talline solids between 80 and 373 K. The calculation was
an extension of his successful theory for the specific heat
of solids 's

Since Einstein's paper is not readily available to most
researchers and has not been, to our knowledge, trans-
lated into English, we reproduce his arguments below.
This is not a direct translation of Einstein's paper, but
his notation has been maintained.

Einstein started from his 1907 model for the atomic vi-
brations of a solid as harmonic oscillators, all vibrating at
the same frequency v. ~s If the oscillators are not coupled
to one another, the thermal conductivity of this model
solid is zero: thermal energy cannot be transmitted from
one atom to another. For thermal transport to occur, the
oscillators must be coupled, and Einstein did this by sup-
posing that each atom was connected to its neighbors on
a simple-cubic lattice by harmonic forces. Einstein chose
to couple each oscillator to its first-, second-, and third-
nearest neighbors ( 6+12+8, a total of 26) to maximize
the heat flow.

The angles and distances between a central atom M

x axis

With m as the mass of atom M, the x component of the
equation of motion for M is

z2

m z
= ax) —cos y„+) a( cosy„ (2)

where the sum is over all 26 neighbors.
As shown below, the oscillators do not oscillate sinu-

soidally about their equilibrium positions, but it is a rea-
sonable approximation to assume so at this point:

z = Asin27rvt (3)

(„=A„'sin(2mvt+ n„) (4)

with the crucial assumption that n„ is a random phase
difFerence, i.e., there is no coherence between the motions
of neighboring atoms. This is the fundamental difference
between Einstein's model and the models of Debye and
of Born and von Karman.

Multiplying Eq. (2) by (dx/dt)dt and integrating with
respect to time gives an equation in the energy of atom
M:

i' - x'
d m —+ ) (acos y„)—"2

= ) acosp„ f(„dt . (5)—
n

Equation (5) expresses the changes 6 in the energy of
atom M as a result of the work rl„done by neighboring
atoms M„':

(6)

where

dxri„= a cosy„(„dt-
dt

(7)

FIG. 2. Description of angles and displacements in Ein-
stein's calculation of the thermal conductivity of solids. The
oscillatory displacements x and (z are small relative to the
interatomic spacing d.

Inserting Eqs. (3) and (4) for x and („and integrating
Eq. (7) over one half a period of oscillation, one obtains

7C /ri„= —aAA„cos y„sin n„ (8)

Since o,„ is a random variable, there are just as many
neighbors that add as subtract energy from atom M.
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The average change in the energy of M is zero, Z = 0.
The mean-square fluctuations A2, however, are nonzero:

AzA'csin n = -Az2 1 2
(io)

so that

and

2 1 2 2—a -Az cos &p„
2 2

) (~)

where the average is over different time intervals of one
half a period of oscillation, and the average was moved
inside the summation, since the g„are uncorrelated.

From Eq. (8),

of a random phase between oscillators was flawed. How-

ever, his model does appear to apply to amorphous solids
and certain highly disordered crystals, as we reported
previously. i z

To remove the uncertainty of choosing the Einstein fre-
quency, we modified Einstein's result somewhat in our
previous work by including larger oscillating entities than
the single atoms considered by Einstein. For this, we bor-
rowed from the Debye model of lattice vibrations and di-
vided the sample into regions of size A/2, whose frequen-
cies of oscillation are given by the low-frequency speed
of sound u = 2z v/A. The lifetime of each oscillator was
again assumed to be one half the period of vibration, i.e. ,
7 = vr/cu. The thermal conductivity resulting from the
random walk between these localized quantum mechan-
ical oscillators can then be written as the following sum
of three Debye integrals:2

2
A2= —a A2 ) cos y„

2

8 (12) T & ejT
Q

A reasonable estimate of the last sum gives Q„cosz y„=
10, and taking the square root of each side,

—7f'6
10
8 (13)

X w 2 X2 2

a—) cos y„= a—10
2 - "

2
(14)

We can now compare the root-mean-square energy
fluctuations of atom M to its average potential energy.
The potential energy of atom M displaced from equilib-
rium by a distance x is

(17)

The sum is taken over the three sound modes (two trans-
verse and one longitudinal) with speeds of sound v;; 6,
is the cutoff frequency for each polarization expressed in
degrees K, e; = v, (h/k~)(6z'zn) i~s, and n is the number
density of atoms. We repeat, however, that our physi-
cal picture is that of a random walk of energy between
localized oscillators of varying sizes and frequencies and
that the dominant energy transport is between nearest
neighbors. Equation (17) contains no free parameters,
for v; and n are known.

E = 5aAz (16)

By comparing this last result with Eq. (13), we see that
the average of the energy fluctuations gb, z is compa-
rable to the average energy E. If the actual motion of
atoms were used instead of the assumed sinusoidal mo-
tion, Eqs. (3) and (4), the conclusion would be the same.
Following Einstein, we interpret this result to mean that
the thermal energy of each atom is lost (or gained) during
one half a period of oscillation of the atom.

In order to add temperature dependence to his model,
Einstein proposed that the oscillators were quantized
and therefore the specific heat of this model solid would
decrease with decreasing temperature. Einstein found
that his model failed to reproduce not only the temper-
ature dependence, but also the absolute magnitude of
the thermal conductivity of crystals. As pointed out by
Debye and by Born and von Karman, the periodicity
of a crystalline lattice produces coherence between the
atomic oscillators, and therefore, Einstein's assumption

and the average potential energy is

5
5az2 = -aA&

2

The average total energy is just twice the average poten-
tial energy:

III. EXPERIMENTAL DETAILS

Data from 30 K to room temperature were obtained
using the 3u measurement technique. is The 3u method
is an ac measurement technique that is insensitive to er-
rors from black-body radiation. Also, this method does
not suffer from the long equilibration times that com-
plicate traditional dc measurements at elevated temper-
atures. The term 3~ refers to the third harmonic de-
tection scheme we use to measure the self-heating of a
narrow metal line. zo We first became aware of the use
of third harmonic detection of self-heating through the
work of Birge and Nagel, zi zz who used a different geom-
etry to measure the product of the thermal conductivity
and the heat capacity.

A 3000-A.-thick film of Ag evaporated onto the sample
serves as both the heater and thermometer in these ex-
periments. For the fluoride and oxide crystals described
below, the Ag film was patterned into a narrow line,
0.035 x 4.0 mm, using photolithography. In the case of
water soluble alkali halide and alkali cyanide crystals, the
Ag line was produced directly by evaporation through a
mask fashioned from the opposing edges of razor blades.
In this case, the dimensions of the metal line were typi-
cally 0.08 x 6.0 mm. The thermal conductivity is deter-
mined from the frequency dependence of the self-heating
of this metal line. The resistance of the Ag line be-
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comes increasingly less sensitive to changes in temper-
ature below 30 K, setting the lower limit to the useful

temperature range of the Su method.
To prepare the samples for the 3~ measurements, al-

kali halide and cyanide crystals were cleaved along the( 100 ) direction into a plate geometry, 1 x 1 x 0.2 cm.
We found that a light polish of the surface with fine
alumina powder aided the adherence of the metal line
to these samples. More effort was required for high-
concentration cyanide crystals; after cleaving, the sam-
ples were coated with a dilute film of GE 7031 varnish
to prevent corrosion of the metal line. Fluoride and ox-
ide crystals were cut into the same plate geometry using
a wire saw and then polished to a matte finish before
depositing the metal film.

All data for disordered crystals were obtained on sin-

gle crystals. The composition of the KC10 s2Br0 4s crystal
is that of the melt and is from the same boule as stud-
ied by Karlsson. ~4 The composition of (KBr)i (KCN),
crystals was determined from density measurements as
reviewed in Ref. 25. Some previous Cornell data for

(KBr)i, (KCN)~ crystals were reported using the con-
centrations of the melt; the sample referred to as z = 0.25

(in the melt) in Ref. 26 is referred to here as z = 0.19
(composition of the crystal).

The compositions of two (NaCl)i ~(NaCN) crystals
were characterized by ir absorption. We determined
that the cyanide concentration in the melt was twice as
large as the concentration in the crystals for composi-
tions z = 0.025 and 0.05. A third crystal, also grown at
Cornell with z = 0.20 in the melt was not characterized

by ir absorption. Assuming the same rate of cyanide in-

corporation gives approximately z = 0.10 in this crystal;
z = 0.10 is the value we will use in the following to refer
to this crystal. A fourth crystal of composition z = 0.76
was obtained from K. Knorr who determined the concen-
tration from a measurement of the lattice constant. 2~

Bap ~La~F2+ crystals were purchased from Optovac;
La concentrations were determined from x-ray fluores-

cence data. s Samples with z = 0.33 and 0.46 were con-
firmed to have the fluorite structure by x-ray diffraction.
The z = 0.46 sample was not measured below 30 K be-
cause it was not as high quality as the other samples; the
z = 0.46 sample had a yellowish tint, while all the other
samples were clear. However, low-temperature internal
friction measurements showed identical Q

i to that of
the z = 0.33 sample2s thus confirming the existence of
low-energy excitations in the 2: = 0.46 sample.

Zri 2,Y2,.02 ~~q crystals, grown by a skull method,

were provided by 3. Smith~9 with compositions deter-
mined by chemical analysis.

The feldspars studied are natural crystals from a va-

riety of sources. AbssAni is a low albite, kindly pro-
vided by Dr. H. Pentinghaus (Kernforschungszentrum
Karlsruhe). The Als+ and Si + ions are almost fully
ordered as a result of its thermal history; however,
(chemical) alterations led to internal scattering struc-
tures spaced by 50 pm, which limit the conductiv-
ity below 10 K. The sample labeled Or90Ab~o is a clear
gem-quality single-crystal orthoclase from Fianerntsoa,

Madagascar. The Or86Abq4 is a gem-quality clear sin-

gle crystal (labeled Sanidine No. 1 in Ref. 30) from the
Eiffel, kindly supplied by Dr. H. Wondratschek (Karls-
ruhe University). The single crystal Ors sAb4s 7An4s
[composition determined by microprobe analysis by Dr.
H.U. Nissen and Dr. R. Wessicken (ETH Zurich)] is a
labradorite sample from Tabor Island, Nain, Labrador
(labeled e-plagioclase No. 1 in Ref. 30). Because of its
thermal history, it contained exsolution lamellae lead-

ing to schiller. This sample is similar to the labradorite
measured previously, si but contained fewer ilmenite in-
clusions, which in this earlier sample had led to enhanced
low-temperature phonon scattering. The optically clear,
single crystal OriAb33Anss labradorite came from Sage
Brush Flat, Warner Valley, Lake County, Oregon (b-
plagioclase in Ref. 30). It is volcanic in origin, cooled
relatively rapidly, and therefore does not contain compo-
sition modulations, in contrast to the e-plagioclase No. 1.
The AbsDAnM is a glass produced by Dr. Pentinghaus.

IV. RESULTS AND DISCUSSION

A. Mixed alkali halides and cyanides

Some of the simplest mixed crystals are mixtures of al-

kali halides. For example, KCli Br, can be grown as a
single crystal for all values of z. The Br ion substitutes
for the Cl ion in the sodium chloride structure. This
system was the subject of one of the first studies of the ef-

fects of disorder on thermal conductivity. s2 Baumann and
Pohl s studied KCli ~Br for the effects of monatomic
impurities on the conductivity and were able to explain
their data using a combination of Rayleigh and impurity
mode scattering: the strength of the Rayleigh scattering
and the frequency of the impurity mode agree with simple
models based on mass mismatch alone. While substitu-
tion of Br for Cl reduces the conductivity significantly,
a glasslike value is not reached even at the highest level

of disorder x —0.50; see Fig. 3. The type of disorder in

KCli, Br„substitution with an ion of the same charge,
even one with a large mass difference, does not lead to a
glasslike conductivity at any temperature.

This is also true for KBri,I, as studied by Nathan,
Lou, and Tait. s4 The situation is more complicated be-

cause KBri, l~ does not form a single crystal near
z = 0.50 and phase separates into crystallites of varying
composition. However, the conductivity near 2: = 0.5 is

similar to KCli Br, z = 0.5 and again greatly exceeds
the glasslike magnitude at all temperatures.

Further con6rmation that simple, monatomic substitu-
tion cannot produce glasslike conductivities, comes from

data on mixed crystals outside of the family of alkali

halides. For example, the thermal conductivity of Si-Ge
alloys exceeds the minimum conductivity by more than
an order of magnitude at room temperature for all com-

positions. Below, we will describe another example of
monatomic substitution in the fluorite structure crystals.

In contrast to monatomic crystalline mixtures, mix-

tures of alkali halides with cyanides can produce a
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glasslike conductivity; (KBr)q (KCN) is the most
thoroughly studied example. Each CN molecule sub-
stitutes for a Br ion with only a small change in the
volume of the unit cell. As a result, single crystals can
be grown for any value of z (as long as the starting melt
is of high purity) and this was the first mixed crystal
to fully demonstrate the evolution of glasslike thermal
properties in a disordered crystal. 2s

In Fig. 4, we show our high temperature data for a crys-
tal with x = 0.19 and 0.41 plotted with low-temperature
(T ( 30 K) data by De Yoreo et al.M De Yoreo et aL also
measured the conductivity between 30 and 100 K and ob-
served a jump in the conductivity of x = 0.19 near 70 K.
The temperature of this jump shifted when the same sam-
ple was remounted in the cryostat. To check this result,
we took data while cooling from 300 to 30 K and while
heating back to 300 K using the 3rd method and obtained
the same smooth curve both times; see Fig. 4. The earlier
datass were probably in error and illustrate the serious
difficulties (black-body radiation and long equilibration

times) encountered in measuring poor conductors at high
temperatures using the standard technique.

The conductivity of (KBr)q (KCN), x = 0.19 and
z = 0.41, is glasslike at all temperatures and approaches
the calculated A~;„near room temperature; see Fig. 4.
Perhaps this is due to the extra degree of freedom, libra-
tional motion, of the CN molecule compared to the Br
ion it replaces. Grannan, Randeria, and Sethnas~ showed
that if these librations are strongly coupled to phonons,
they can produce phonon scattering large enough to ex-
plain the plateau region (2—10 K) in the thermal conduc-
tivity. Presumably, the phonon scattering is also strong
enough near room temperature to produce lattice vibra-
tions much like those of glasses.

The (KBr)q (KCN)~ system is not unique: a similar
approach to the minimum thermal conductivity limit is
observed in the (NaC1)q (NaCN) system; see Fig. 5.
As the concentration of cyanide increases to z - 0.10,
the thermal conductivity is decreased to A~;„near room
temperature. At x = 0.76 the conductivity is glasslike
over the full temperature range and only slightly smaller
than for x = 0.10 at T ) 30 K. As for (KBr)q (KCN),
substitution of the oblong CN molecule on the halide
site disrupts the crystalline lattice vibrations to a suffi-
cient degree to produce a conductivity close to A;„.
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FIG. 3. Thermal conductivity of KClp Br . Data be-
tween 1 and 200 K for 0 & x & 0.05 are by Baumann and
Pohl (Ref. 33). Data for x = 0.48 were obtained from three
investigations: see Williams (Ref. 43) for data (filled squares)
below 20 K; open squares above 100 K are by Slack et al.
(Ref. 44); two points near room temperature taken in this in-
vestigation by the 3w sre shown as filled squares. (The sample
cracked during the measurement. ) The solid line connecting
the low- and high-temperature data for x = 0.48 is a guide to
the eye. The dashed line is nominally pure KC1; see Ref. 44.
The solid line marked A ~„ is the calculated minimum ther-
mal conductivity for pure KCl; see Ref. 2.
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data we obtained with the 3~ method.
The thermal conductivity is very similar to that of a

glass and changes very little when x is almost doubled
from x = 0.15 to 0.27. This near independence on x
shows that the conductivity has already reached its lower
limit at x = 0.15. Unfortunately, single crystals cannot
be made for x ( 0.13, and the evolution of a glasslike
conductivity cannot be observed free of scattering from
grain boundaries and closely spaced twin planes. We
are also unaware of data even for polycrystalline samples
with x ( 0.10 or data for pure ZrOq but see no reason
why pure ZrOz should not have a thermal conductivity
as is typical for all crystalline dielectrics.

Unlike Zrt ~Y~Oq y2, the fluorite structure of
Bay ~La, Fq+ is stable at room temperature for all val-
ues of x between 0 and 0.50, and so a gradual transi-
tion from crystalline to glasslike conductivity is clearly
demonstrated; see Fig. 7. The conductivity is reduced
continuously as x is increased from 0 to 0.33. Increasing
x from 0.33 to 0.46 does not change the conductivity near
room temperature, where the data agree with the calcu-
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FIG. 5. Thermal conductivity of (NsCI) z (NsCN),
mixed crystals and comparison to the calculated A;„. The
value of x refers to the composition of the crystal; the exact
composition of the crystal marked x 0.10 is somewhat un-
certain; see text. NaCl and x = 3 x 10 data below 100 K;
see Ref. 47. Solid squares for NaCl are from this investigation.
The T temperature dependence in the boundary scattering
regime is shown by the dashed line. Data for a-Si02 (solid
line) are included for comparison.

B. Fluorite structure crystals, Zrq Y~Oq ~gp

and Baq La Fq+

The data discussed above show that simple monatomic
substitution does not produce a glasslike conductivity at
any temperature. Many fluorite structure crystals, on
the other hand, accept large concentrations of substitu-
tional atoms with different charge (producing either a
large concentration of vacancies or interstitials), and this
type of disorder can produce a glasslike conductivity. In
Zr~ Y O~ gq charge balance is maintained by vacan-
cies with two Y+ ions replacing two Zr+ ions and leav-

ing one oxygen vacancy; in Ba~ La F2+~, each La+
substitution for a Ba+ adds an interstitial fluorine.

Walker and Andersonss studied low-energy excitations
in crystals of Zr~ Y 02 y2, 0.18 & x & 0.30, through
low-temperature measurements of thermal conductivity,
specific heat, thermal expansion, and dielectric loss. Al-
though high-purity crystals are difficult to prepare be-
cause of the high melting point, single crystals with the
cubic fluorite structure can be grown for 0.15 & x & 0.57;
below this range tetragonal and monoclinic structures
make up the stable room-temperature phases. I ow-
temperature data are plotted in Fig. 6 together with
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the framework structure resulting from the cation distri-
butions on interstitial sites.

The extremely small thermal conductivity of feldspar
minerals was first reported by Birch and Clark. m In par-
ticular, in mixtures of the form Abm, ,Any ~, the plagio-
clase feldspars, phonon mean free paths of the order of
the interatomic spacing, were observed near room tem-
perature. In an extension of these measurementss~ it
was suggested that lamellar structures with spacings of
the order of [um caused by compositional fluctuations in
these feldspars might cause the extremely strong phonon
scattering. However, it has since been shown by Linvilim
that the same small thermal conductivity is also found in
single-crystal feldspars in which such lamellar structures
should be absent because of their thermal history. This
work is reviewed below together with our measurements
above 30 K.

In spite of their abundance in nature (feldspars con-
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FIG. 7. Thermal conductivity of Baz La Fz+ . Data for
z = 0 below 30 K (Ref. 45) are shown as a dashed line. Solid
line is the calculated A;„ for BaF2. The x = 0.46 sample was
not measured below 30 K because it was not as high quality
as the other samples; see text.
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lated A;„(solid line); this is more evidence that the con-
ductivity of a disordered crystal cannot be reduced below
its minimum value. Glasslike thermal conductivity was
also observed for a mixed crystal of nominal composition
Cap. sLac.2F2.2, demonstrating that this behavior is not
confined to the Baq, La, F2+, system. A few scant data
points for LaFs show that the conductivity returns to
crystalline behavior at x = 1.4p

We also show in Fig. 7 data for Bac rSrQ 3F2. These
data again demonstrate that monatomic substitution (in
this case Sr2+ on Bas+ sites) is not sufflcient to produce
a glasslike conductivity.

C. Feldspars
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Feldspars are three dimensionally linked crystals of
aluminosilicates. Trivalent aluminum takes the place of
four-valent silicon in the Si04 tetrahedron, and charge-
balancing alkali (K,Na) and alkaline earth (Ca,Ba) ions
occupy interstitial sites. The three important end mem-
bers of the feldspar family are NaAISisOs (albite, abbre-
viated Ab), KA1SisOs (orthoclase, Or), and CaA12Si20s
(anorthite, An). They form a solid solution at all compo-
sitions Ab~Or„An„where x, y, and z are mole fractions.
The distribution of the cations leads to the enormous
and well-documented structural richness of the feldspars.
Using the language we have been using for the mixed
crystals in this paper, we talk about local distortions of

FIG. 8. Thermal conductivity of single-crystal feldspars,
after Linvill (Ref. 30). Data above 30 K for OrppAbyp,
Or3.3Ab48. yAn48, and OrqAb33An66 are from this investiga-
tion. According to specific-heat measurements (above 1 K)
by Linvill (Ref. 30), the Debye specific heat of sanidine is
t D ——1 x 10 Jg 'K T . From this, one determines
a Debye velocity (Ref. 46) v~ = 3.6 x 10 cmsec ' and a
thermal conductivity in the boundary regime A~ „-;,= 0.16
Wcm K T, very close to that of o,-quartz, A = 0.14
Wcm K T for rod-shaped samples with 5-mm diameter.
This similarity justifies the comparison of the conductivity of
feldspars with that of o.-quartz. Below 10 K, the conduc-
tivity of Ab99An~ is lowered because of scattering by internal
structures resulting from chemical alterations.
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stitute almost 60'Fo of the Earth's crust4~) single crys-
tals of dimensions suitable for thermal conductivity mea-
surements are extremely rare, and grain boundaries,
macroscopic inclusions, and alterations tend to mask the
phonon-scattering processes in the bulk below a few tens
of degrees kelvin, thus limiting the usefulness of ther-
mal conductivity measurements as a tool in a wide tem-
perature range. Linvill succeeded in locating a number
of nearly perfect single crystals of different compositions
and thermal histories. Their thermal conductivities have
been found to decrease with increasing chemical disorder;
see Fig. 8. The comparison with the conductivity of pure
crystal quartz is justified because of very similar speeds
of sound, as explained in the figure caption. Note also
that the conductivity of an amorphous sample of compo-
sition AbMAnso agrees closely with that of amorphous
Si02.

The largest conductivity is found in the nearly pure

albite, of composition Ab99Anp. This single crystal con-
tains chemical alterations that probably result from wa-

ter to which this sample had been exposed in its geo-
logic environment. These alterations decrease the con-
ductivity below 10 K through internal boundary scatter-
ing, as shown in Fig. 8. The smallest conductivity is ob-
served on the feldspar of the composition OrqAbssAnss,
a labradorite. This sample had been cooled relatively
rapidly, without undergoing any spinodal decomposition.
The findings on this labradorite sample show that exsolu-
tion lamellae as caused by slow cooling and found in sam-

ples like the Ors 3Ab4s 7An4s cannot be the cause for the
strong phonon scattering. Instead, we now conclude that
the glasslike thermal conductivity in the feldspars arises
predominantly from their chemical disorder. It is easy to
envision that the random distribution of the Na+, K+,
and Caz+ ions in the feldspars leads to local distortions
and thus to lattice vibrational properties very similar to

TABLE I. Parameters used to calculate the minimum thermal conductivity: n number density of
atoms, and v~ and v~ transverse and longitudinal speeds of sound. A; is the minimum conductivity
at 300 K calculated using Eq. (17). Am«, is the measured conductivity at that temperature.

n
]022 cm

Vg Ameas

(km/s) (km/s) (mW/cm K) (mW/cm K)

Amorphous solids
As2S3
Ca,KNO3
CdaeAs2
Ge
Se
Si
Si02
Disordered crystals
Ba0.6y Lao.33F2.33

Ca0.80La0.20F2.2
(KBr)0,81 (KCN) 0.19

(NaCl) p. z4 (NaCN) e.rs
Or1Ab33An66
YB66
Zr0. 85YO.15O1,925

3.92
6.92
4.11
4.41
3.28
5.00
6.63

5.04
7.36
2.81
4.46
7.76
13.8
8.41

1.44
1.73
1.86
2.63
1.06
4.37
3.74

2.30
3.69
1.68
2.44
2.8
7.9
3.86

2.65
3 5'
3.03
4.35
2.06'
736
5.98"

4.44'

7.18"
3.03
4 75"
5.6
12.0~

7.6'

3.45
5.4

4.31
6.21
2.30
9.9
10.4

6.35
11.3
3.19
6.4
9.8
18.6
12.5

2.46b

49
3.90
5.05
1.40
10.5~

12.4b

9.6j

18.2'

6.7~

9.0'
13.6j

25.5q

23.8~

'R. B. Stephens (private communication).
Reference 23.

'J. J. De Yoreo, Ph. D. thesis, Cornell University, 1985 (unpublished).

David G. Cahill and R. O. Pohl, Phys. Rev. B 87, 8773 (1988).
'J. C. Lasjauniss et aL, Solid State Commun. 10, 215 (1972).
Reference 2.

Reference 7.
"W. F. Love, Phys. Rev. Lett. 81, 822 (1973).
'David G. Cahill, Ph.D. thesis, Cornell University, 1989 (unpublished).

'This investigation.
"D. R. Huffman and M. H. Norwood, Phys. Rev. 117, 709 (1960).
'Reference 39.

Reference 25.
"J.T. Lewis, A. Lehoczky, and C. V. Briscoe, Phys. Rev. 161, 877 (1967).
Reference 30.
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q Reference 16.
'Reference 29.



46 LOWER LIMIT TO THE THERMAL CONDUCTIVITY OF. . . 6139

50

I

20E

E 10—

nc0

05

C3

0$
C3

Ca, K

CdGeA

As2S3
/ G

~ /
0

KBr: CN/
/

////

Se
2—

/
/

Zr02 ..Y,/

Si02 oYB66

CaF2.. La

Feldspar

BaF2. La

I I I I

2 5 10 20
Measured Conductivity (mW cm ' K ')

50

FIG. 9. Composite plot of the calculated minimum con-
ductivity at 300 K vs the measured values; perfect agreement
is shown by the dashed line. Amorphous solids are shown
as filled circles and disordered crystals as open circles. The
atomic densities and speeds of sound used to calculate A;„
are listed in Table I.

T ( 100 K. This comparison emphasizes the importance
of referring to the lattice vibrations of these disordered
crystals as "glasslike. " They are, as shown in the exam-
ple, not identical to those of the amorphous phase. In this
context, we refer to a recent study regarding the ther-
mal conductivity s and the tunneling states4z in glass-
ceramics.

V. CONCLUSION

As summarized in Fig. 9 and Table I, Eq. (17), which
is based on Einstein's model, is an accurate predictor
of the conductivity of a wide range of amorphous solids
and highly disordered crystals. Also, we have been un-
able to produce an example of a disordered solid that
has a conductivity significantly below A;„and conclude
that the concept of a minimum thermal conductivity is
valid. Disorder produced by simple monatomic substi-
tution cannot lead to glasslike lattice vibrations. The
existence of glasslike lattice vibrations in a disordered
crystal appears to be linked to the presence of random,
noncentral distortions of the lattice.
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