
PHYSICAL REVIEW B VOLUME 46, NUMBER 10 1 SEPTEMBER 1992-II

Six-dimensional crystal-structure model for i-(Al-Mn-Si) and a-(Al-Mn-Si)
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A six-dimensional (6D) crystal-structure model has been constructed for the icosahedral quasicrystal

i-(Al-Mn-Si). The positions of the 6D hypercubic atoms are determined from the atomic coordinates of
a-(Al-Mn-Si). There are 38 atoms in the 6D unit cell, and the number of inequivalent atoms is 4: One

Mn atom is located at the origin, one (Al,Si) atom at the body center, and six (Al, Si) atoms at edge

centers; the remaining 30 (Al,Si) atoms are distributed along the 15 face diagonals, and every two atoms

divide a diagonal in the ratios v:~ ' v, where v—=(1+&5)/2. The 6D space group is Pm35. The

projection of the 6D crystal onto the physical space with a rational (1/1) strip gives a-(A1-Mn-Si), and

the projection with an irrational (~/1) strip gives i-(A1-Mn-Si). The idealized projection windows for ob-

taining i-(Al-Mn-Si) are polyhedra given by considering the similarity between the local atomic arrange-

ments of i-(Al-Mn-Si) and those of u-(Al-Mn-Si) and also between the local environments of three-

dimensional Penrose tiling and those of a rhombic tiling for the body-centered-cubic structure. The
chemical composition and mass density of the obtained i-(Al-Mn-Si) quasicrystals have been calculated
with the idealized projection windows. Electron diffraction patterns simulated with the approximate

projection windows have been compared with the experimental patterns of i-(A1-Mn).

I. INTRODUCTION

The structure of icosahedral quasicrystal i-(Al-Mn-Si)
is similar to that of icosahedral quasicrystal i-(A1-Mn),
but the former is more nearly perfect in crystallinity. '

Many papers dealing with their structures have been pub-
lished. ' i-(Al-Mn-Si) coexists with the crystalline
phase a-(Al-Mn-Si) and is close to the latter in composi-
tion and local atomic arrangements. ' ' The quasicrystal
structure can be described by a three-dimensional (3D)
atomic decoration. It was suggested that both a-(Al-
Mn-Si) and i-(Al-Mn-Si) consist of Mackay icosahedra
(MI's), ' but packed in a bcc lattice and a 3D Penrose lat-
tice respectively. ' A theoretical structure model of i-
(Al-Mn-Si) was built from two kinds of icosahedral build-
ing block: MI and double MI (which is similar to the MI
but is r times larger). [r—= (1+&5)/2. ] These blocks
share atoms and overlap with each other.

The quasicrystal structure can also be obtained on the
basis of a six-dimensional atomic decoration. ' ' '
Some structural models were obtained based on the cut
method. ' ' A structural model in 6D space for Al-Mn
quasicrystals was constructed by a qualitative analysis of
x-ray- and neutron-diffraction data. The corresponding
3D structure consists of MI's located at 12-fold vertices
of the 3D Penrose quasilattice and the linking atoms join-
ing MI's. A 6D structural model showing good mass
density and chemical composition was proposed on the
basis of the 3D and 6D Patterson analyses of a-(Al-Mn-
Si) and i-(A1-Mn-Si). ' According to this model, there are
only incomplete MI's in the 3D structure and a few
anomalously short bonds exist because of the assumption
of spherical atomic surfaces. It has been shown that a
large number of MI's can be present and the unphysical
short bonds can be avoided by introducing polyhedral
atomic surfaces instead of spherical ones. "' In this
case, although the distribution of MI's and linking atoms
is reasonable, in some places the local atomic arrange-

ment appears to be diferent from that in a-(A1-Mn-Si).
Another approach to 6D atomic decoration is based on

the projection method. In this case the atomic coordi-
nates in the 6D unit cell can be derived from the crystal-
line approximant by using a formula' that is generally
applicable to those icosahedral quasicrystals which are
accompanied with a bcc or an almost bcc crystalline ap-
proximant. By using this method, a 6D hypercubic
crystal-structure model for icosahedral T2-phase
A16CuLi3 and bcc R-phase A15CuLi3 has been construct-
ed. ' The positions of 6D hypercubic-crystal-lattice
atoms were determined from the atomic coordinates of
the R phase. Because the 3D structure in pseudospace is
arbitrary, the construction of a 6D crystal-structure mod-
el suffers from a multisolution problem. It was solved by
assigning a special solution based on the rhombic tiling of
the R phase. A 6D Al-Cu-Li structure model with 27
atoms inside the 6D unit cell was obtained, where all 6D
hypercubic-crystal-lattice atoms are separated individual-
ly. The projection of the obtained 6D crystal structure
onto the physical space with a rational (1/1) projection
strip gives the structure of the R phase, and the projec-
tion with an irrational (r/1) projection strip gives the
structure of the T2 phase. In the present paper, the same
method is applied to the construction of a 6D Al-Mn-Si
crystal-structure model for both i-(Al-Mn-Si) and a-(Al-
Mn-Si). This model has been derived from the crystal
structure of a-(Al-Mn-Si). The projection of the 6D crys-
tal with irrational and rational projection strips gives the
structures of i-(Al-Mn-Si) and a-(A1-Mn-Si), respectively.

II. IDEALIZED ATOMIC POSITIONS
IN RHOMBIC TILING OF a-(Al-Mn-Si)

a-(Al-Mn-Si) with the idealized composition
(Al, Si)»4Mn24 belongs to the cubic crystal system. Its
space group is Pm 3, and the lattice constant is 12.68 A. '
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There are 138 atoms in the unit cell. The crystal struc-
ture is almost body centered. The main departure from
this pattern is the aluminum atom Al(3) (see Table I),
which has no body-centered counterpart. This results in
different coordination polyhedra around the two types of
magnesium atoms Mn(l) and Mn(2).

The structure of a-(Al-Mn-Si) can be decorated in the
bcc rhombic tiling by slightly shifting the atoms. The
bcc unit cell is constructed from eight prolate rhombohe-
dra (PR) and six rhombic dodecahedra (RD), and each
RD consists of two PR and two oblate rhombohedra
(OR). ' All atoms are located at special positions of the
PR and RD as given in Table I and shown in Fig. I (some
of the special positions are different from those of Ref. 2).
There are altogether four kinds of atomic site: a Mn site
and three kinds of (Al, Si) site. Mn atoms [Mn(1,2) in Ref.
17] are located at vertices of the PR [Fig. 1(a)] and RD
[Fig. 1(b)]. But not all vertices of the PR and RD are oc-
cupied. The two exterior vertices on the long body diago-
nal of the RD [Fig. 1(b)] and the interior vertex of the
RD are not occupied by Mn atoms [Fig. 1(c)]. The empty
vertices are called "type-1 vacancies. " The edge centers
which join an exterior type-1 vacancy of the RD to a Mn
vertex are occupied by (Al, Si)-I [Al(4, 5) in Ref. 17 or
Al(a) in Ref. 2] atoms [Figs. 1(a) and l(b)]. Other edge
centers are empty and are called "type-2 vacancies. "
(Al, Si)-II [Al(1,2,6,7,8,9) in Ref. 17 or Al(P, y) in Ref. 2]
atoms occupy the positions in the long face diagonals of
rhombuses which form the PR and OR. Every two
(AI, Si)-II atoms divide the diagonal in the ratios

when all the four vertices of the face are oc-
cupied by Mn atoms [Fig. 1(b)]; a single (Al, Si)-II atom
divides the long diagonal from the type-1 vacancy to a
Mn atom in the ratio ~ ':~ when one of face vertices is
empty [Figs. 1(a) and 1(b)]. Besides, there are two more
(Al, Si)-II atoms located inside the RD [Fig. 1(c)]. Their
position can also be treated as the face diagonal sites if
the rhombuses inside the RD are taken into considera-
tion. Because the RD can be tiled in two different ways
and the two tilings are related by a symmetry with
respect to the symmetry plane orthogonal to the long di-
agonal of the RD, the (Al, Si)-II atom at the interior ver-
tex of the RD in one way is also situated on the interior

(a)

~ Mn O (AI, Si)-I (AI, Si)-II Qo (Al, si)-III

FIG. 1. Atomic decoration of idealized a-(Al-Mn-Si) in the
rhombic tiling of bcc structure. There are four kinds of special
positions: Mn vertices, (Al, Si)-I edge centers, (Al, Si)-II rhombic
face diagonals, and (Al, Si)-III long body diagonals of a PR in-
side a RD. (a) Probate rhombohedron. (b) and (c) show the
outer and inner view of the RD, respectively.

rhombic face diagonal in the other way and divide it in
the ratio r '.r [Fig. 1(c)]. The unoccupied positions in
the long diagonals are called "type-3 vacancies. " The
(Al, Si)-III [Al(3) in Ref. 17 or Al(5) in Ref. 2] atom is in-
side the RD in one of the body-centered sublattices. This
site is on the long body diagonal of a PR inside a RD and
divides the diagonal in the ratio of r ':r [Figs. 1(c) and
2(b)]. The unoccupied sites on the long body diagonals of
the PR are called "type-4 vacancies. " In the real crystal
structure of a-(AI-Mn-Si), the site which is inside another
sublattice and equivalent to the position of an (Al, Si)-III
atom is empty. For convenience, it is assumed to be oc-
cupied also by an (Al, Si)-III atom. In this case the ideal-
ized a-(Al-Mn-Si) is a perfect body-centered-cubic lattice.
The calculated chemical composition and density are
(Al, Si)&Mn and 3.72 gem, respectively. It should be
noted that the atomic decoration in a PR outside a RD
[Fig. 2(a)] is different from that inside a RD [Fig. 2(b)].
One of the differences is in the occupation of vertices by
Mn atoms. This results in a different occupation of the
face diagonals by (Al, Si)-II atoms. The second difference
is in the occupation of the long body diagonal which is
occupied by an (Al, Si)-III atom in a PR inside a RD [Fig.
2(b)], while it is empty in a PR outside a RD [Fig. 2(a)].
The third difference is that one of the vertices of a PR in-
side a RD (the interior vertex), which is shared with two

TABLE I. Idealized atomic coordinates in a-(Al-Mn-Si) and corresponding positions in PR and OR.

Equivalent
positions

Atom
(Ref. 17) Atoms (Ref. 2)

Idealized coordinates Positions in
PR or OR

Kind of
atoms

12j
121&

6e
6h

6g

12j
12k

12j

12k

241

241

Mn(1)
Mn(2)

Al(1)
Al(2)

Al(3)
Al(4)

Al(5)

Al(6)

Al(7)

Al(8)

Al(9)

Mn

Mn

Al(f3)

Al(fl)

Al(6)

Al((x)

Al(o. )

Al(y)
Al(y)
Al(f3)

Al(f3)

1
—

1—7
2
1

—2—7
2

7- 2

1 —3
2
1

—
1—'T

2
1

—
1—74

—'(2 —~
1

—
1—7

2
1

—3—7
2
1

—3—r
2

7- 2

1

2
1

—1—'T
2
1

—2
2

1
—2—'F

2
1

—
1

2

0
1

2

1
—2—74

1

4
—'(2~ —1)w

1
—3—7

2
1

—2—7
2
1

—
1—7

2

vertex

vertex

long face diagonal
long face diagonal

inside RD
edge center

edge center

long face diagonal

long face diagonal

long face diagonal

long face diagonal

Mn

Mn

(Al, Si)-II
(A1,Si)-II
(Al, Si)-III
{Al,Si)-I

(Al, Si)-I

(Al, Si)-II
(Al, Si)-II
(Al, Si)-II
(Al, Si)-II
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(a) (b)
(c)

FIG. 2. Atomic decoration in a PR (a) outside a RD and (b)

inside a RD. (c) Atomic decoration of the OR.

face diagonals, and 1 (Al,Si) atom at the body center.
Among the 30 face diagonals of the 6D unit cell, only
one-half of them is occupied, and they are parallel to the
directions [110000], [011000], [001 100], [000 110],
[100010], [100001], [010001], [001 001), [000 101],
[000011], [101000], [010100], [001010], [100100], and
[010010], respectively. Every 2 (Al, Si) atoms divide a
face diagonal in the ratios ~:~:~ . The number of
inequivalent atoms is 4. The space group is Pm 35. ' The
lattice constant of the 6D crystal structure is 6.51 A.

OR and another PR, is occupied by an (Al, Si}-II atom
[Figs. 2(b) and 1(c)], while no (Al, Si)-II atom is located at
the vertex of a PR outside a RD [Fig. 2(a)]. The atomic
decoration in the OR is shown in Fig. 2(c). One of the
vertices, which is shared with another OR and two PR in
a RD, is occupied by an (Al,Si)-II atom instead of a Mn
atom.

III. 6D CRYSTAL-STRUCTURE MODEL

The atomic coordinates of a 6D (Al-Mn-Si-) hypercu-
bic crystal structure (x&,x2, x3,x4,x5,x6} have been
determined from the equation given in Ref. 16 as follows:

X) X
0 1 —1 0
0 —1 —1 0 —~ yll

0 1 —7 0 g 1 Z

—1 s 0 —v —1 0 xJ

X3
1

2r'X4

X6

0 1 r 0
1 ~ 0

—1 y—1 0
ZL

where x ll, y ll, and zll denote the atomic coordinates of a-
(Al-Mn-Si). The multisolution problem of Eq. (1) is
solved by the same way as before, namely, by defining a
fictitious 3D structure in pseudospace such that all ver-
tices of the PR and OR in a-(Al-Mn-Si) correspond to
vertices of the 6D hypercubic crystal lattice, etc.

After performing a coordinate transformation by using
Eq. (1), positions of Mn atoms and type-1 vacancies in a-
(Al-Mn-Si) are transferred to vertices in a 6D unit cell,
(Al, Si)-I and type-2 vacancies to edge centers, (Al, Si)-II
and type-3 vacancies to positions on face diagonals, and
(Al, Si)-III and type-4 vacancies to centers in a 6D unit
cell (Table II). The 6D translational symmetry constrains
the 6D unit cell to have 38 atoms: 1 Mn atom at the ver-
tex, 6 (Al, Si} atoms at edge centers, 30 (Al, Si} atoms on

IV. FROM THE 6D CRYSTAL-STRUCTURE
MODEL TO a-(Al-Mn-Si)

Because the projection of the obtained 6D crystal with
(1/1) projection strip should give the idealized a-(Al-
Mn-Si}, 6D hypercubic-crystal-lattice atoms which origi-
nate from atoms of a-(Al-Mn-Si) should fall inside the
projection strip, while those which originate from vacan-
cies should fall outside the strip.

It is well known that the standard (r/I ) projection
strip which is used for obtaining the standard 3D Pen-
rose' tiling (3DPT) leads to a standard ( /r1) projection
window in pseudospace, which is a unit triacontahed-
ron. ~' The standard (1/1) projection strip which is ob-
tained by rotating the standard (r/I) projection strip
corresponds to a standard (1/1) projection window in
pseudospace, which is a unit cubooctahedron. The pro-
jection of the 6D hypercubic crystal lattice with the stan-
dard (1/1) strip leads to the rhombic tiling of a bcc lat-
tice. However, with this strip the structure obtained
from the projection of the above-mentioned 6D crystal
structure is different from that of a-(AI-Mn-Si), because
in this case the positions of the vacancies in a-(Al-Mn-Si)
will in fact be occupied by atoms. In order to make the
projection of the 6D crystal fit the structure of a-(Al-
Mn-Si), each kind of 6D hypercubic-crystal-lattice atoms
should have its own projection window. This is
equivalent to the requirement that each kind of 6D
hypercubic-crystal-lattice atoms has its own shape in the
cut description.

If all the vacancies in rhombic tiling of a-(Al-Mn-Si)
structure are transferred to the corresponding positions
in the 6D crystal lattice and then to the corresponding
positions in pseudospace, it could be seen that those va-
cancies which correspond to the same local atomic ar-
rangement in a-(Al-Mn-Si) would be mapped to the same
position in pseudospace. Hence the projection window
for a certain kind of atom in a-(Al-Mn-Si) can be easily

TABLE II. Atomic coordinates in the 6D crystal-structure model.

Number of
equivalent
positions Atoms X2

Atomic coordinates
Corresponding

sites in
in a-(Al-Mn-Si)

1

6
30
1

Mn
Al, Si

Al, Si
Al, Si

1

2
7- 2

1

2

7- 2

1

2

Mn, type-l vacancy
(Al,Si)-I, type-2 vacancy

(Al,Si)-II, type-3 vacancy
(Al, Si)-III, type-4 vacancy
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obtained by excluding those individual positions corre-
sponding to vacancies from the standard (1/1) projection
window.

V. FROM THE 6D CRYSTAL-STRUCTURE
MODEL TO I-(Al-Mn-Si)

A. Idealized projection windows

The projection of the obtained 6D crystal structure
with the (r/I) projection strip should give i-(A1-Mn-Si).
However, the irrationality of the (i/I) projection strip
makes atoms and vacancies corresponding to the same lo-
cal atomic arrangement be transferred to different posi-
tions in pseudospace '; these positions are distributed in a
certain region called "an existence domain. " Hence the
projection window for each kind of atom can be obtained
by excluding the existence domains of the corresponding
vacancies from the total existence domain for both atoms
and vacancies. The practical consideration of projection
windows is based on the similarity between the local
atomic arrangement of i-(Al-Mn-Si) and that of a-(Al-
Mn-Si), and between the local environment of the 3DPT
and that of rhombic tiling for bcc structure as follows.

1. Mn atoms

I
/

I

I I
I

I
I I

t

\ pig
~'o

(a) (c)

FIG. 3. (a) Unit tricontahedron (solid line), which is projec-
tion window of a standard 3DPT, and existence domain of 12-

fold vertices in 3DPT {dashed line), which is also a tricontahed-

ron, but linearly smaller by a factor H. (b) The existence

domain of MI's centers, which is obtained from the existence

domain of the 12-fold vertices by truncating a tip on the 5-fold

axis (Ref. 21). (c) The bold lines show the existence domain of
interior vertices of the RD, which is a pyramid with one of the

rhombuses forming the unit tricontahedron as its base. The
thin dashed lines originate from the origin in pseudospace.

As mentioned in Sec. II, in the rhombic decoration of
u-(AI-Mn-Si), two exterior vertices and one interior ver-
tex of the RD are not occupied by Mn atoms. The two
exterior vertices of the RD are the centers of MI's, which
just correspond to the 12-fold vertices linking 12 edges in
the 3DPT. The corresponding existence domain is a
rhombic tricontahedron which is smaller than the unit
tricontahedron by a factor r [Fig. 3(a)]. ' ' According
to Refs. 7 and 21, tips of the small tricontahedron along
fivefold axes should be truncated to avoid the anomalous
distance between MI's and the overlapping between two
MI's. The truncated portion is ~ of the unit tricon-
tahedron. ' ' The shape of the existence domains is
shown in Fig. 3(b). The volume ratio of it to the unit tri-
contahedron is 0.0507.

The existence domain of the interior vertex of the RD
is a pyramid. Its height is r A/2. Here, A is a lattice
constant of a-(Al-Mn-Si). Its base is one of the rhombuses
which form the unit tricontahedron [Fig. 3(c)]. Because
there are altogether 30 differently oriented RD in the
standard 3DPT, the existence domain corresponding to
interior vertices of all the RD consists of 30 rhombic py-
ramids which distribute over 30 rhombuses of the unit
tricontahedron and point toward the center of it [Fig.
3(c)]. Its volume ratio to the unit tricontahedron is
'r

—3 21

Therefore the projection window of Mn atoms is the
residual part of the unit tricontahedron after removing
from it the existence domains of exterior and interior ver-
tices of the RD. Its volume ratio is 0.7132.

2. (AI,Si) Iatom-s

In general, the existence domain of an edge formed by
the basic vector eI in the physical space is a rhombic
icosahedron with its center at the position ( —,'00000}~in
pseudospace, which is equivalent to the projection of a
5D hypercubic unit cell onto pseudospace formed by all
other five basis vectors except the discussed one. In the
atomic decoration of a-(AI-Mn-Si), (Al, Si)-I atoms occu-

py only the edge centers linking the centers of MI's. In
this case, the existence domain of the edge center should
have the same shape and size as that of centers of MI's
and is placed at ( —,'00000)t. Obviously, the existence
domain of the edge center for (Al, Si)-I is included in the
rhombic icosahedron domain. Because 1 MI center links
12 edges, there are altogether 12 edge-center domains dis-
tributed around the origin in pseudospace. The total
volume ratio of projection window to the unit triacon-
tahedron is 12 X0.0507, or 0.6084.

3. (AI,Si) II atoms-

(Al, Si)-II atoms occupy two positions on the long face
diagonal of rhombuses and divide it in the ratios

The existence domains of the rhombus
formed by two basic vectors eI, e( in 3DPT is a rhombic
dodecahedron RD in pseudospace denoted as (RD)t,
with its center at the positions ( —,

'
—,'0000)~. It is

equivalent to the projection of a 4D hypercubic cell onto
pseudospace formed by all other four basic vectors except
the two forming the rhombus. The existence domain of
the above-mentioned sites on the long face diagonal of
rhombuse is also a (RD)t, but it is shifted with its center
by a distance of +r (110000)~. There are 15 ine-

quivalent 2D faces in a 6D unit cell, and each face has
four vertices; hence, there are 60 differently oriented
(RD)~ in pseudospace. They overlap with one another
and fill the unit tricontahedron, respectively.

However, in the case of a standard 3DPT, if two interi-
or vertices of a RD in physical space, denoted as (RD)~~~,

are taken into consideration simultaneously, the existence
domain of the face diagonal sites will be enlarged. Two
rhombic pyramids which come from the additional interi-
or vertex should be added to each (RD}~ domain. The
bases of pyramids coincide with two parallel rhombuses
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I I
I

I

I
I

I1 I

4'0

(b)(a) (e)

FIG. 4. (a) Two pyramid domains come from the additional

interior vertex of the (RD) are added to the (RD)& existence

domain for the face diagonal when two vertices are taken into
consideration. (b) The bipyramid existence domain for both oc-
cupied or unoccupied face diagonal positions in the interior
rhombuses which are shared by two PR. It consists of two py-

ramids with a common rhombic base. (c) The solid and bold
dashed lines show 1/20 of the existence domain of (Al, Si)-III
atoms, which is a triplet consisting of three pyramid domains

with a common vertex at the origin. The bases of pyramids are
three rhombuses of a (PR)j linking the origin. The thin dashed

lines show the (PR)j that one vertex on the long body diagonal

is the origin in pseudospace.

forming a (RD)~ domain. The distance between the two
rhombuses is r 'A [Fig. 4(a)]. Hence all the existence
domains for face diagonal sites are limited by a unit tri-
contrahedron with 30 rhombic pyramids on its surfaces
(described as a horned unit tricontahedron).

It is known from the atomic decoration of a-(Al-Mn-
Si} that in a (RD)~~ there are four exterior rhombuses of
which the two sites on the long face diagonal are all occu-
pied. For other eight exterior rhombuses and two interi-
or rhombuses along the long body diagonal of the (RD)~~

only one site is occupied, and the other interior rhom-
buses are empty [Figs. 1(b) and 1(c)]. Therefore, in order
to obtain the existence domain for each inequivalent
(Al, Si)-II atom, it is necessary to exclude the existence
domains for all the unoccupied face diagonal sites from a
(RD)j inside a horned unit tricontahedron. Since the ex-
istence domain for all the (Al, Si)-II atoms inside the
(RD)

~~

must have the same shape and size but different po-
sition from as that of interior vertices of the (RD)~~, it is
easily obtained that the existence domains for all the

empty interior face diagonal sites are ten pyramids. The
bases of pyramids are ten exterior rhombuses of the
(RD)j domain and all pyramids point toward its center.
Among the ten exterior rhombuses, every four share an
exterior vertex on the long body diagonal of the (RD)j,
and other two are parallel to each other, their distance
being t A.

Two remaining exterior rhombuses of the (RD)~
domain coincide with the bases of two bipyramids [Fig.
4(b)]. They are the existence domains for the face diago-
nal sites on the two interior rhombuses of a (RD)~~ occu-
pied by (Al, Si)-II atoms. The distance between the bases
of two bipyramids is ~ A. The bipyramids farther dis-
tant from the origin of pseudospace correspond to the oc-
cupied sites on the long diagonal of rhombuses inside the
(RD)~~, while the one nearer to the origin corresponds to
the unoccupied sites.

As for the unoccupied face diagonal sites on the exteri-
or rhombuses of the (RD)~~, the existence domain is the

same as that for the 12-fold vertex in shape and size, but
their centers are placed at the positions kr (110000)z.

Therefore the projection window of each (Al, Si)-II
atom is the residual part of the (RD}~ existence domain
for the face diagonal site after removing the existence
domains for all the unoccupied face diagonal sites. It has
a very complicated shape, but most of it is distributed
around the position r '(110000)j.

The unit tricontahedron consists of ten PR and ten
OR, and the volume ratio of a (RD)~ domain to it is 0.2.
It can be calculated that the volume ratio of the projec-
tion window for each (Al, Si}-IIatom is 0.0863. The total
ratio is 30X0.0863 or 2.5890.

4. (AI,Si)-III atoms

Obviously, if all the body-center sites inside the stan-
dard ( /rI) projection strip are projected onto pseu-
dospace, their existence domain is also a unit tricon-
tahedron. However, in the atomic decoration of the
idealized a-(A1-Mn-Si), only sites on the long body diago-
nal of a PR inside a (RD)~~ are occupied, and each site
divides the diagonal in the ratio ~ '.~ . By a similar
consideration, it can be obtained that the existence
domain of each (Al, Si)-III atom inside a (RD)~~ is a rhom-
bic pyramid and one of its base vertices linking the acute
angle coincides with the origin in pseudospace. For all
30 differently oriented (RD)l, there are 60 rhombic py-
ramids around the origin. They form one by one a solid
region arranging inside the unit tricontahedron. If 20
prolate rhombohedra are arranged with a common vertex
at the origin of pseudospace, the projection window of
(Al, Si)-III atoms can be treated as 20 triplets, each of
which consists of 3 rhombic pyramids with their cornrnon
tip located on the long body diagonal of the (PR)j and di-
viding the diagonal in the ratio 'T ' 7, as shown in Fig.
4(c). The volume ratio is 2r

B. Approximate projection windows

R
& &

=0.1926A (2a)

and its external radius equals the internal radius of the
equal-volume spherical shell corresponding to the ex-
istence domain of the internal vertices of the (RD)~~,

R &~:0 4757 A (2b)

The projection window of (Al, Si)-I atoms located at the

Since the projection windows for i-(Al-Mn-Si) are po-
lyhedra with a very complex shape, it is difficult to calcu-
late the Fourier transform of projection window func-
tions. As an approximation, the projection windows are
assumed to be equal-volume solid spheres with different
size or spherical shells with different exterior and interior
radii; namely, the volume of the sphere or spherical shell
is equal to that of the corresponding idealized projection
window.

The projection window of Mn atoms can be treated as
a spherical shell. Its internal radius equals to the radius
of the equal-volume sphere corresponding to the ex-
istence domain of MI's centers,
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edge center +(—,'00000}) is approximated as two spheres
placed at the position +( —,'00000)~. The radius of spheres
is given by

R2 =R
&&

=0.19263

The projection window of one kind of (Al, Si)-II atoms
has a very complicated shape, but most of it distributes
around the position r '(110000}~,which corresponds to
the atomic position r (110000)i on the long face diago-
nal or rhombuses linking the MI centers in physical
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FIG. 5. Observed (left) and calculated {right) electron-diffraction patterns of obtained i-(Al-Mn-Si) along the (a) fivefold axis, (b)
threefold axis, and (c) twofold axis. The areas of the circles are proportional to the intensity of the diffraction spots.
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space. Therefore the projection window can be also
treated as an equa1-volume sphere placed at the position

'(110000)t. Its radius is given by

C. Comparison between calculated
and experimental electron diffraction patterns

The calculation of the structure factor is performed
with the formula

F(H1,Hj )=exp[ BH1—/4 B'Ht/—4]
n

X g P~ f~(H1 )S, (H~ ) exp(2n )iHR, . (6)

Here R is the atomic coordinate of 6D hype«u»c-
crystal-lattice atoms, H is the 6D reciprocal vector, H~~

and H~ are the components of H in physical and pseu-
dospaces, respectively, f/(H1) is the atomic scattering
factor for electrons, S/(H~) represents the Fourier trans-
form of the projection windows of 6D hypercubic-
crystal-lattice atoms, and P. is the atomic occupation. B
is the isotropic overall temperature factor, and 8' is an
additional factor due to the phason effect.

Figure 5 shows the observed electron-diffraction pat-
terns of i-(Al-Mn) in the left-hand side. They are taken
along the (a) fivefold, (b} threefold, and (c} twofold axes,
respectively. The electron-diffraction patterns of i-(Al-
Mn-Si) calculated with the approximate projection win-
dows are shown in the right-hand side. The atomic
scattering factors for electrons are calculated by using the
analytical formula with nine parameters. The tempera-
ture factor 8 =4 A and the additional factor 8'=65 A
were used. The atomic occupation P =1. It can be seen
that the calculated electron-diffraction patterns are coin-
cident in the main with the experimental patterns of i-
(Al-Mn).

D. Chemical composition and density

According to such an obtained structural model of i-
(Al-Mn-Si), the chemical composition and density are
(Al, Si)s &&Mn and 3.64 gcm, respectively, which are
close to those of idealized a-(A1-Mn-Si}.

VI. DISCUSSION AND CONCLUSIONS

A 6D hypercubic crystal-structure model has been con-
structed by using a previously developed method based

R3=0.2300A .
The projection window of (Al, Si)-III atoms can be

treated as a sphere with radius

R4=0.4052A .

on the projection description. This method is first used on
i-(Al-Mn-Si). The 6D atomic coordinates are derived
from the 3D atomic coordinates in a-(Al-Mn-Si). The
multisolution problem in the 6D crystal-structure con-
struction is solved by assigning a special solution on the
basis of the rhombic tiling for bcc structure. This 6D
crystal-structure model is similar to but different from
those previously reported. There are altogether 38 atoms
in the 6D unit cell, and the number of inequivalent atoms
is 4. The idealized projection windows for different kinds
of inequivalent atom in the 6D hypercubic crystal-
structure model are polyhedra determined on the basis of
the similarity between the local atomic arrangements of
i-(Al-Mn-Si) and those of a-(Al-Mn-Si) and between the
local environments of 3DPT and those of the rhombic til-
ing. Projections of the 6D hypercubic crystal onto physi-
cal space with the determined (~/I ) and (1/1) projection
strips give the idealized i-(Al-Mn-Si) and a-(A1-Mn-Si),
respectively.

The structure of i-(Al-Mn-Si) obtained by using the
idealized projection windows consists of MI's and linking
atoms with reasonable atomic bonds and local clusters,
and the positions of MI's and distribution of linking
atoms with different local atomic arrangements in it are
also reasonable. In principle, the projection method is
identical to the cut method. However, for the latter the
high-dimensional atoms extend along pseudospace to
form the so-called existence domains. It is evident that
the existence domains for different atoms should not
overlap. In the case of the projection method, the projec-
tion of a high-dimensional atom onto the physical space
gives the real atom, while that in pseudospace gives a
geometric point. The shape of a projection window for
the projection method is equivalent to the shape of ex-
istence domain for the cut method. But the projection
windows determined in the present paper correspond to
the existence domains for the cut method, which are al-
lowed to overlap. This is one more difference of the
present model from other models.

The present method of constructing the 6D crystal-
structure model is expected to be generally applicable to
all icosahedral quasicrystals which coexist with a bcc or
an almost bcc crystalline approximant. It is possible to
develop similar methods of constructing 6D crystal-
structure models for icosahedral quasicrystals with crys-
talline approximants other than the bcc crystal lattice
and of constructing high-dimensional crystal-structure
models for different kinds of quasicrystal on the basis of
the same principles.
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