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Theory of pseudoelasticity and the shape-memory effect
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A theory of pseudoelasticity has been developed in the phenomenological Ginzburg-Landau scheme.
The system characterized by "stripe"-type ferroelastic domain structure has been discussed using the
transfer-integral method, which directly gives the equilibrium density of domain boundaries and the
response of domain pattern against the external stress. The results are applied to the case of a Pb3{PO4)2
crystal, an ionic material that exhibits pseudoelasticity and shape-memory effect. It is suggested that in

this particular case, the built-in random stress Geld is mainly responsible for pseudoelastic behavior. The
observed stress-strain curve has been analyzed from this standpoint. The origin of the observed two-way

shape-memory effect has been also inferred qualitatively from the same standpoint.

I. INTRODUCTION

The shape-memory effect and pseudoelasticity have
been known as the remarkable elastic properties exhibit-
ed by several bcc-based alloys which undergo a martenis-
tic phase transformation. The physical origin of these re-
markable properties are at least conceptually well under-
stood as follows. ' The bulk deformation under stress is
caused by the displacement of the twin boundaries be-
tween variants of martensite, not by introduction of lat-
tice defects. The pseudoelasticity is expected if the
motion of the domain boundaries is reversible. Even if
the domains are pinned by some extrinsic defect, the
twins are annihilated on heating through the transition,
which results in the recovery of the original bulk shape.

As for theoretical treatment of these phenomena, there
are attempts to discuss the stress-strain curve within the
framework of a Landau-type thermodynamical treat-
ment. However, since a Landau-type treatment deals
with a spatially uniform system, the mechanism of pseu-
doelasticity which includes the motion of twin boundaries
is certainly beyond the scope of this type of theory. So
far, quantitative theoretical approaches to describe pseu-
doelastic responses of bulk crystals have been lacking.

The purpose of this paper is to develop a thermo-
dynamical theory of pseudoelasticity based on the
Ginzburg-Landau scheme. In the GL scheme, the order
parameter is allowed to be spatially varying, and the
domain boundary is expressed by a kink-type solution of
the r-dependent order parameter. This suggests the pos-
sibility to develop a thermodynamics of domain structure
in which the quantities such as equilibrium distribution
of kinks (domain boundaries), the response of kinks
against the external force, the interkink interaction, etc. ,
should be the central issues.

In principle, any ferroelastic material has the possibili-
ty to exhibit the same elastic properties because the
necessary condition is the existence of variants of spon-
taneous strains. In fact, ionic crystals LnNb04 (Ln: La,
Nd) were reported to show remarkable pseudoelastici-
ty Recen.tl'y, it was reported that Pb3(PO4)z also ex-
hibits pseudoelasticity and two-way shape memory at

room temperature. It was confirmed that the pseudoe-
lasticity of this material is caused by the reversible
motion of the ferroelastic domain boundaries just as in
the case of alloys. Another interesting aspect of
Pb3(PO4)2 was recently found in connection with the
structural characteristic above the transition tempera-
ture: the observed x-ray diffraction spectrum at T) T,,

shows a peculiar precursor phenomena called the "ghost
lattice" effect. " It is noticeable that the same precur-
sor phenomena have been also observed in various
shape-memory alloys. ' ' These facts suggest that the
elastic properties of Pb3(PO4)2 have definite similarity to
those of shape memory alloys.

On the other hand, to carry out a detailed theoretical
analysis, Pb3(PO4)z has the advantage that the phase
transition mechanism of this material has been well estab-
lished within a Landau-type phenomenological
scheme. ' ' The order parameters are specified unambi-
guously, and the free energy is explicitly expressed in
terms of the order parameters. This information will pro-
vide the basis to discuss the thermoelastic properties of
this material.

We therefore discuss here the particular case of
Pb&(PO4)2, in order to take advantage of the fact that the
Landau-type treatment has been established in this ma-
terial, so that the extension to GL scheme is straightfor-
ward. However, considering the close similarity of the
phenomena observed in this material to other SM materi-
als we expect this investigation to provide a model treat-
ment for pseudoelasticity and the shape memory effect in

general ~

II. REVIEW OF EXPERIMENTAL RESULTS

In this section we briefly review the experimental re-
sults on pseudoelasticity and shape-memory effect in

Pb3(PO4)z. It has been known that a piece of single

crystal of Pb3(PO4)z shows extraordinary elastic proper-
ties. That is, the single crystal can be deformed like
rubber or plastic material under specific shear stress just
like the elastic behavior frequently observed in shape-
memory (SM) alloys. Pb3(PO4)2 undergoes an improper
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FIG. 1. Typical "stripe"-type domain pattern in a thin plate
sample with the face parallel to the (001) cleavage plane ob-

served by polarizing optical microscope. The domain boundary
is parallel to the mirror plane of the HT rhombohedral phase.

ferroelastic transition at 180 C from rhombohedral R3m
(high temperature) phase to monoclinic C 2/c (low tem-
perature) phase. ' ' In the monoclinic phase, there exist
three possible ferroelastic variants related to each other
by the threefold rotation symmetry of the HT phase.

When single crystals of Pb3(PO4)2 are cooled down
through the transition temperature, they frequently ex-
hibit a "stripe"-type domain structure, which is charac-
terized by a sequence of alternation of the two (out of the
possible three) variants. An example of the stripe domain
pattern observed by a polarized microscope is given in
Fig. 1.

When pure shear stress was applied on the edge of the

specimen parallel to the domain boundaries, they moved
to increase the area of the favorable domain to attain the
nearly single domain (NSD) state [see Fig. 2(b)]. This
procedure resulted in remarkable deformation of the bulk
shape. However, it was noticed that even at the highest
stressed condition, the perfect single domain state was
not obtained, and extremely narrow regions of unfavor-
able domains were remained always. As the stress was
removed, the previous stripe domain structure was
recovered [Fig. 1(c)] which resulted in the recovery of the
original bulk shape.

The stress-strain relation was measured by the static
method. The results are summarized in Fig. 3 by the
solid circles. As is seen in the figure, the process is highly
nonlinear: the initial response of strain was relatively
small, but when the stress exceeded about 20 g/mm, the
strain increased steeply and finally reached a saturated
value which corresponds to the NSD state. The effective
elastic constant averaged throughout the whole process
was 11.5X10 Pa, which was 3 orders of magnitude
smaller than the intrinsic elastic constant of Pb3(PO~)2,
e.g. , c ] &

=4.8 X 10' Pa, determined by a Brillouin
scattering study. ' Since this effective elastic constant
represents the elastic response of the system including
many domains, we may call this quantity the pseudoelas-
tic constant.

When the specimen was kept in the NSD state for 72 h
under the shear stress at room temperature, the NSD
state was maintained even after the removal of the stress.
The application of a small stress with the opposite direc-
tion transformed the specimen to the previous stripe
domain pattern resuming the original shape at the same
time, which was found to be also stable. That is, after the
aging treatment under the stress, the system has become
bistable with respect to the bulk shape. This situation
may be interpreted to be the so-called two-way shape
memory' which is actuated by stress rather than by tem-
perature.

(a) (b)
500 ~

FIG. 2. Reversible change of the stripe pattern during loading-unloading process of the shear stress. (a) Before the stress is ap-
plied. (b) A shear stress (indicated by the arrows) is applied. Even at the highest stressed condition, there are extremely narrow re-
gions of unfavorable domain remaining. (c) After the stress is removed.
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III. THEORETICAL

A. Landau-scheme

The phase transition mechanism of this material has
been well established. ' The primary order parameters
are the amplitudes of the triply degenerated L-point zone
boundary phonon modes (g„z)z,rI3). ' There are strong
couplings between the order parameters and the macro-
scopic strains (e, —ez, e6), which belong to a 2D irreduc-
ible representation of 3m point group. Upon transition,
the phonon modes condense to form the static internal
distortion of atoms. At the same time, the uniform
monoclinic distortion takes place via these couplings,
which means that the transition is characterized by an
improper ferroelastic transition.

Due to the threefold degeneracy of the primary order
parameter, there are three equivalent LT ordered phases:

4
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FIG. 3. The stress-strain curve of Pb3(PO4)2 with stripe
domain measured at room temperature. The solid circles indi-
cate the experimental points. The solid line gives the theoretical
curve obtained by Eq. (12) in the text with the parameter values
0.=35.8 g/mm', y=16.3 g/mm

e
e —e = ——

1 2

v'3
„e6= e,6

II' '. g2=+g, e
e —e = ——

1 2 e =—
6

IIII' ': g3=+g g& g2 0, ei e2 e, e6 =0 .

It should be noticed that in each variant, there are two
possible primary order parameter values with opposite
signs; +q. As pointed out in the previous section, the
frequently observed stripe-type domain pattern given in
Fig. 1 corresponds to a sequence of alternation of either
two of the possible three variants, such as I-II-I'-II'
the domain boundary coincides with a crystallographic
symmetry plane (mirror plane) of the HT phase. '

B. Ginzburg-Landau scheme

In order to discuss the "thermodynamics of domains, "
such as the displacement of boundaries under external
force, we simply extend the treatment from the Landau
scheme to the Ginzburg-Landau scheme. In the GL
treatment the order parameter is allowed to be spatially
varying; (=g(r). From this standpoint, a domain bound-
ary is interpreted to be a "kink"-type spatial variation of
g(r).

The key quantities to be discussed are the equilibrium
density of domain boundaries nk (or equivalently the
average domain size, l ), and the response of the order pa-
rameter (g(X))D against the external force X conjugate
to the order parameter. Here ( . )D explicitly indi-

cates that the averaging is to be taken throughout the
system containing many kink s. In the present investiga-
tion of pseudoelasticity, we are particularly interested in
(e(cr'") )D, where cr'" is the external stress conjugate to
the strain e. Formally, this quantity should be expressed
by

(e(cr'") )D =f f e(r)P[e(r);cr'"]dr 5e(r) .

Here, P[e(r)] is the probability distribution of e(r) in

'z
F= f A, +f(g) dxldo,

o c)X
(2)

where the x direction is taken perpendicular to the stripe
domain walls and do is the unit of a microscopic length

I

thermal equilibrium and the second inter gration:

f 5e(r) means the functional integral in the e(r)-
functional space.

In the following we only discuss the particular case of
the stripe-type domain pattern given by the sequence of
I-II-I'-II' . The space variation of the set of the order
parameters g, , g2, and e6 corresponding to this stripe
pattern would be as shown in Fig. 4(a). The other order
parameters q3 and e, —e2 are r independent: g3 0,
e] —e2 = —e /2.

On observing Fig. 4(a), one notices that the domain
boundary as shown in Fig. 1 acts as so-called "topological
defect" of the pattern, which cannot be annihilated by
the application of external stress. As shown in Fig. 4(b),
application of stress drives the domain boundaries in the
directions to increase the favorable domains. Since the
domains with g, =+g are both favorable domains, the
antiphase domain boundary associated with q& will not be
annihilated. This is consistent with the observation that
even under highly stressed conditions, there are extreme-
ly narrow regions of unfavorable domains remaining [see
Fig. 2(b)]. That is, the total number of the boundaries is
conserved during the process of applying stress.

The relevant order parameter to discuss the domain
formation is expressed by a vector g in the 3D subspace
of the order Parameter sPace by (ri zlz, e6). The GL free
energy is expressed by
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FIG. 4. (a) The spatial variation of the order parameters (g&, g~, e6) along the x axis (the direction perpendicular to the domain
boundaries). The kinks correspond to the domain boundaries. The other order parameters (q3, e&

—e2) are not x dependent. (b) The
spatial variation of q, (x) and e6(x) under stressed condition. The antiphase boundary between I and I cannot be annihilated.

The relevant quantities are then given in terms of ei-
genvalues and the eigenfunctions by

kTl="k = dp y

Ep

(g„)~=J %o(g)g„dg,

(4)

(4')

where cp and c, are the lowest and second lowest energy
eigenvalues and %'p is the eigenfunction for the ground
state. In the present case we express the local free ener-

gy density f(g) in the form

scale along the x direction such as the atomic lattice
spacing.

One notices that the above expression implies that the
system is essentially considered to be a 1D system in the
sense that in-plane coupling is so strong that the freedom
of the system associated with the spatial variation is al-
lowed only along the x direction. Therefore, we can
effectively utilize the transfer-integral (TI) method which
is applicable to 1D systems. ' Following the standard
procedure of TI method we solve the following eigenval-
ue equation:

4A, , +f(() +„(g)=s„q'„(g). (3)

plained in Sec. II.
The eigenvalue equation is formally equivalent to the

Schrodinger equation of a fictitious particle moving in the
3D potential given by Eq. (5). The intrinsic potential
f i&i is highly nonlinear having four minima in the 3D or-
der parameter space at gi& '(+rI, 0,&3/2e ) and at
g'„'(0,+r), —&3/2e) (see Fig. 5). Using the equivalence,
one can easily infer that the lower eigenstates are analo-
gous to the "tunneling" states of a quantum mechanical
particle moving within the four-minimum potential.
When the potential barrier between the stable states are
sufficiently high as compared to the thermal energy, the
lowest four eigenstates are nearly degenerated, and the
corresponding eigenfunctions are localized around the lo-
cal minimum positions g&

' and g&&'. Due to the degenera-
cy, one sees from Eq. (4) that the average domain size
tends to diverge to reach a macroscopic scale. It is prac-
tically difficult to estimate the numerical value for l ( or
nk ), since it is sensitive to the parameter I,, for which we
have no reliable estimation. At the present stage, let us
satisfy ourselves by simply assuming l to be order of

l —10 dp

in accordance with the expermental results. In that case
the eigenfunction would be completely localized at the
minimum of the intrinsic potential. That is,

f(&)=fiIi+f (gi (5)

+—(c„—c,2)e6+k, (r)f r)2)e6 e—cr'", (6)—

(6')

The first term f ~&~
gives the intrinsic part of the local free

energy while the second term fi"&i represents the energy
associated with the random stress field which will be
inevitably introduced due to imperfection of the crystal.

The intrinsic part fo without the last term, is identical
to the previously postulated Landau-free-energy density
(Ref. 14) except that it is expressed within the 3D sub-
space spanned by (ri„riz,e6). The last term corresponds
to the elastic energy due to the applied shear stress o.

6
corresponding to the experimental procedure as ex-

R2

FIG. 5. The tetrastable states of the free energy surface in 3D
order parameter space spanned by (g &, g2, e6 ). The dashed line
gives the trajectory followed by the representative point of the
system, g(x), as the coordinate x is varied.



Y. YAMADA

5(g—g', ') when o'")0
(I'0(;o'")= '

&(g—g'„)) when cr'"(0 .
(7)

The explicit expression of V;, the pinning potential of the
ith kink located at x =x;, is given in the Appendix.
Thus, the most stable domain configuration is given by
the set of jx; J giving the minimum value of g; V; . It
should be noticed that once the random stress field o.

~ )
as

well as the kink density nk are given, the stable
configuration is uniquely defined, which gives the essen-
tial origin of the reversibility of the domain structure be-
fore and after the application of external stress, i.e., the
origin of the pseudoelasticity.

It is convenient to define the "pinning stress, " o.;, of
the ith kink by

o.;=V;/e . (10)

This quantity indicates that under a uniform external
stress, o'", the ith kink will be "depinned" when

ex+ P
1

Using 0., we can characterize the given random stress
field as follows. For a sufficiently large nk value, we may
assume that the pinning stress in the stable configuration
has a distribution in the form of a Gaussian:

p( P)
—((o (

—o ) ly yp

where o. is the average pinning stress, y is its variance,
and Po is the normalization constant. Thus, 0. and y are
considered to be the convenient parameters to specify the
characteristics of the random stress field as the pinning
centers.

Finally, the bulk strain (e6)D induced by o'" is given

by

(e6)D= f f e6+o(e6, o' )P(o )de'6do

eff ex P
7

(12)

(12')

where o' represents the effective field to drive the kinks.
Using Eqs. (7), (11), and (12) we calculated (e6)n

versus o'", or the stress-strain curve. The results are
given by the solid curve in Fig. 3, where the disposable
parameters o. and y are adjusted to give the best fit to the
experimental results. Notice that, since the number of
the kinks (domain boundaries) is conserved in this sys-
tem, the loading-unloading process should be completely
reversible in the present treatment.

While the intrinsic part determines the kink density n&,
the actual spatial configuration of the kinks position ) x, ],
will be determined by the random stress field, so as to
minimize the energy:

E = f e6(x )o(" )dx,

under the condition of fixed nk. For a kink-type solution
of e6(x), the above energy is expressed by a sum of local
pinning potentials:

E=gV;

Based on the above picture, the (two-way) memory
effect is easily understood if we consider that the random
stress field o. can have time variation with an extremely
long relaxation time which will be caused by the diffusion
motion of the lattice imperfections such as impurities, va-
cancies, etc. When the system is kept at the stressed con-
dition for a sufficiently long period (longer than the relax-
ation time), the built-in random stress field will rearrange
itself so as to stabilize the strained configuration of the
boundaries. After this process is achieved, the crystal
tends to stay on (or "memorize") the deformed state even
after the external stress is removed. This is nothing but
the observed memory effect.

IV. SUMMARY AND DISCUSSIONS

Summarizing, we have developed a theory of pseudoe-
lasticity in the phenomenological GL scheme. The sys-
tem with "stripe"-type ferroelastic domain structure has
been discussed using the transfer-integral method, which
directly gives the equilibrium density of domain boun-
daries and the response of domain pattern against the
external stress. The results are applied to the case of
crystal Pb3(PO4)~, an ionic material showing pseudoelas-
ticity and shape-memory effect. It is suggested that in
this particular case, the random stress field is mainly re-
sponsible for pseudoelastic behavior. The observed
stress-strain curve has been analyzed quantitatively from
this standpoint. The origin of the two-way shape-
memory effect has been also inferred from the same
standpoint.

In the experimental study, it was observed that even in
the highest stressed condition, the domain boundaries are
not annihilated. That is, the number of domain boun-
daries is conserved during the process of applying exter-
nal stress. In the framework of the present study, the
conservation of the number of domain boundaries, n&,

plays the crucial role for the reversibility of the pseudoe-
lastic deformation. The conservation of n& has been un-

derstood as due to the particular symmetry property of
the intrinsic free energy which has four stable minima.
In this situation, the trajectory of the representative point
of the system in the phase space passes through I-II-I'-
II'-I as the coordinate x is varied (see Fig. 5). It
should be noted, however, that if the sequence were I-II-
I- . instead of I-II-I . , the pair of kinks is annihilat-
ed by the external stress. Since the sums of the individual
kink energy are identical for both cases, the realization of
the former sequence implies the existence of interactions
between neighboring kinks.

In the present treatment, we considered that the
domain pattern has been formed as a result of nonlocal
fiuctuations of the order parameter g(r) Alternatively, .
one may propose that ordinary nucleation-growth pro-
cess has resulted in the domain formation. That is, the
nuclei of the LT phase beyond a critical size are locally
nucleated at random, which continue to grow until they
are stopped by collisions with the neighboring domains.
The difference of these two mechanism would be mani-
fested in the system size dependence of the resulting
domain pattern. In the former case, the average domain
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size should be strongly dependent on the system size per-
pendicular to the domain boundaries, whereas the latter
mechanism predicts the pattern to be more or less in-

dependent of the system size. It was experimentally ob-
served that in electron micrographs obtained using an ex-
tremely thin sample, the same stripe pattern existed, but
with an average domain size of order of 100 nm, which is
10 times smaller than the l value shown in Fig. 1. This
supports the former viewpoint on which the present
treatment is based.
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APPENDIX

We assume that the following condition is satisfied be-
tween the three characteristic length scales:

T»r»(D, (A 1)

where a is the average period of the random field o (x)
and gD is the thickness of a domain wall (see Fig. 6).

The energy gain AE due to the displacement hx of the
ith domain wall at x =x, is given by

0 "(xo)=0 . (A4)

By expanding cr (x) around x =x, the pinning potential
of the boundary at x =x, is estimated to be

R

V~
——egD ax

1

(AS)

Therefore, the domain walls should be pinned at the posi-
tions I x I satisfying

hE; =eo "(x;)hx .

Hence, the force, F;, acting on the domain wall is

(A2) The most stable domain wall configuration is given by the
set of I x; ) having the minimum value of the total pin-
ning energy V =g; V; .
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