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Angular dependences of the thermodynamic and electromagnetic
properties of the high-T, superconductors in the mi~ed state
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The dependence upon the applied field H of the Gibbs &ee-energy difference bG between the
mixed and normal states of a high-e anisotropic type-II superconductor is examined; AG is found

to be a function only of the reduced field h = H/H, 2(8, $) for H )) H, i. Other thermodynamic

quantities such as the magnetization and specific heat show similar behaviors. The same ecting
property can also be observed for the magnetoresistivity, critical current density, and Bux-line-lattice

melting temperature of the high-T, superconductors.

The high-T, superconductors (HTSC) are character-
ized by not only their high transition temperatures,
but also by (a) large anisotropy due to their layered
structures and (b) extreme type-II behavior [Ginzburg-
Landau (GL) parameter z )& 1].i s Because of the
anisotropy, the response of a sample to an external mag-
netic field H depends generally not only on the magni-
tude but also on the orientation of H. For example, we ex-
pect that the response of a sample in a field of 1 T parallel
to the c axis is different from that in a field of the same
magnitude but parallel to the ab plane; this difFerence
is closely related to the angular dependence of the upper
critical field H,s. As will be shown in this paper by using
the anisotropic GL theory, 4 r the dependence upon H of
the Gibbs free-energy-density difference EG between the
mixed and normal states of a high-z anisotropic type-II
superconductor is, to a good approximation, a function
only of the reduced field h = H/H, z(H) for H )) H, i
(H, i is the lower critical field), so that the angular de-
pendence is contained in H,s. This property, which we
may call the scaling property (in the sense that H,s plays
the role of measuring scale for H), also exists for other
thermodynamic quantities such as the magnetization M,
entropy difference ES, and specific heat difference b,C
(except that M, being a vector, has additional angular
dependence), which are derivable from b,G. Various ex-
perimental data suggest that this scaling property also
holds in the fluctuation region for HTSC.s s Interestingly,
the same scaling property can also be observed in the
magnetoresistivity data of HTSC for low transport cur-
rent densities;i~is it suggests that this scaling property
also may be observed for other quantities, and we find
that the critical current density j, (Refs. 20 and 21) and
flux-line-lattice melting temperature T~ (Ref. 22) show
the same scaling behavior.

A usual and simple approach to describe the thermo-
dynamic properties of HTSC is to make use of the GL
theory, generalized to the anisotropic case by intro-
ducing an effective mass tensor m,~.4 ~ One character-
istic of the GL theory is that it can be formulated in
dimensionless form, for which the energy is measured
in units of Hz/4n and magnetic field in units of ~2H„so
that the temperature T dependence of a superconductor

f(B', it;mi. m2. ms) f(b) (2)

when e )) 1 and H )) H, i, where b = B'/R

B/B,s(8, $), B,s = +2H, R, R = It/gm(8, $), and

m(8, $) = (micos P+mssin P)sin 8+mscos 8. For
example, when ~ && 1, the Abrikosov high-field result for
F (ReS. 2, 3, and 5) can be expressed in the form of
Eq. (1), where f can be approximated as

(3)

where Pg = 1.16 (Ref's. 2 and 3) is independent of the
orientation of H;s4 for intermediate fields (H, i « H «
H,s) the result of Refs. 6, 7, and 23 can be approximated
by

f = 1 —rlibln(rls/b), (4)
where rli and r12 are only weakly field (h) dependent and
can be roughly approximated by rli - 0.77 and rlz-
1.44/e = 0 53 2s

We want to derive the mixed-state Gibbs fr==energy
density G, which has T and H as independent variables.

is contained in the normalization factors such as Hs/4m
and ~2H, . Therefore, the Helmholtz free-energy den-
sity for the mixed state of an anisotropic superconductor
containing the average magnetic flux density B can be
written generally as

F = F,o(T) + [H,'(T)/4ir](-,'+ B")
—[H, (T)/Sz) f(B', z; mi '. ms . ms),

where F,o(T) is the fr="-energy density of the Meissner
state (B = 0), B' = (B', 8, P), B' = B/~2H, (8 and P
are the polar and azimuthal angles of B), ~ is the mean
GL parameter, m; (i = 1, 2, 3) are the principal values
of m;s', f is a dimensionless function of B' involving the
parameter tc and the ratios mi . ms . ms, and varies
from 1 to 0 as B varies from 0 to B,q. For example,
Abrikosov's results s for high fields (H,2 H« H,—s) and
the anisotropic version of Ref. 5, as well as the results of
Refs. 6, 7, and 23, which are valid for lower fields, satisfy
Eq. (1). We find from previous resultss s s r 2s the useful
property that
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g = f —2(—47rM') f(h); (6)

we have used the fact that ( 47—rM')2/f m
2 « 1, and

that H and B are much greater than —47rM, so that
H B and h b. Note that the conditions ~ )& 1 and
H » H, i, which are equivalent to zzb » 1, can be easily
satisfied by high-te materials for a wide field region. 7

Note that it is the quantity AG that determines the
thermodynamic properties associated with the mixed
state of a type-II superconductor. 23 Equation (5) shows
that the dependence upon H of AG is a function only
of h = H/H, z(8, $); in particular, the angular depen-
dence is determined by that of H,z. From Eq. (5)
M, S, and C can be derived by M = —(BAG/BH)T,
AS = (BAG/—BT)~, and AC/T = (BAS/9T)~

(B AG/—BT )~, where AS = S—S„,AC = C —C„,S„
and C„are the normal-state entropy density and specific
heat, respectively. We find

—47rM = (H, /H, z)C(h)[H —(8/H, z)(BH,z/B8)

(p/H, z—sin 8)(BH,3/B$)], (7)

AS(H, T) = AS(h„T),

AC(H, T) = AC(h, T),

(8)

where O(h) = —(1/2)dg(h)/dh. We see that AS and AC
have the same scaling property as that of AG, while M
has additional angular dependence. These scaling prop-
erties are useful for deriving relations between the mag-
nitudes of these quantities for H along any two difFerent
directions; particularly, if the two directions are those
parallel to the c axis and the ab plane of HTSC, we have

Mll~(H) = '7MII~&('7H) ~

ASll, (H) = AS)(,g(PH),

ACII (H) = ACll g(PH), (12)

where All, (A = M, AS, AC) is the magnitude of
the quantity A for H]Ii and p = H, II,~2/H, II,3

(m3/mi) ~z ) 1 is the anisotropy ratio; here we have

assumed mi = mz = may & ms = m, for HTSC. Note
that the component of M transverse to H vanishes when
H is along one of the principal axes. s Equation (10)
shows, for example, that M for H = 1 T and H]]c is

p times that for H = p T and H]]ab. Equations (11)
and (12) show that AS or AC for H = 1 T and H[Ic
is the same as that for H = p T and H]Iab. Accord-
ing to the analysis given in the following, the values of
p ranges from 5 to 8 for YBa2CU307 (YBCO), around
10 for (L~Sri )zCu04 (LSCO), and from 15 to 40 for
BizSrzCaCu303 (Bi 2:2:1:2).

Note that our theoretical derivation of the sealing re-
lations is done in the mean-field regime, while many ex-

Using G = F —H B/47r and H = 47r(BF/BB)T we find

AG = —[H, (T)/87r]g(h) (5)

for e )) 1 and H )) H, i, where AG = G —G„~, G„~ =
Fss(T) + (H, —H ),~87r is the normal-state Gibbs free-
energy density in H, and

periments have included the region in the H-T plane
where Buctuation effects may be important. For the
superconducting fluctuation state, the relevant quantity
is the coherence energy s = (H, /87r)V, . For H = 0,
the eoherenee volume V, = (2&(„where (, is the co-
herence length along the i axis; for H sufliciently large
that only the lowest Landau level dominates, V, = a31(,
where ar, = (Pe/2vrH) ~ (Pe is the flux quantum) is

the radius of the Landau orbit and ( is the efFective co-
herence length along the direction parallel to H. We
have ( = (, for H[[c and ( = (,b for HIIab; for the case
that H does not lie along a principal axis, ( = (/gm(8)
[where ( = ((,|,(,) ~

] for zzb )) 1.7 We see that V, (H) oc

1/Hgm(8). Since s oc (AT)3~3/Hgm(8), the transition
width is determined by a H-dependent quantity that is
proportional to [Hgm(8)]2~3 (more detailed arguments
can be found, for example, in Refs. 25—27). Note that
Hgm(8) has the same angular dependence as that of
h [since H,2(8) oc 1/gm(8) ]; therefore, we expect our
scaling relations to be valid also in the fluctuation region.
The following comparison of these scaling relations with
existing experimental data supports our conclusion.

The scaling property of M [Eqs. (7) and (10)] has
been realized previously in Ref. 28, where the theory has
been compared with the reversible magnetization mea-
surements on a Bi 2:2:1:2single crystal (T, 85 K) and

18 as a lower bound (for T = 60 and 64 K) has
been found (the uncertainty in p is due to possible angle
misalignment) .

We compare the scaling property of C [Eqs. (9) and
(12)] with the measurements of Inderhees et aLs s on an
untwinned YBa2Cu307 p (YBCO) single crystal. From
Fig. 2 of Ref. 9, which shows the C/T versus T data
for both HI~c and H~~ab and H up to 7 T, we estimate
roughly p = 6 —7 by applying Eq. (12). For example,
the curve for H = 1 T and H~Ic looks almost identical to
the one for H = 7 T and H~~ab. This result p 6 —7
is close to the result p 7.7 of Farrell et at.zs obtained
from torque measurements and p = 7.4 of Welp et aLso

obtained from magnetization measurements for YBCO
single crystals, and also is close to that of p 5.5 of the
decoration experiments. 3

Next we point out that the same scaling behavior as
that of AG, AS, and AC [Eqs. (5), (8), and (9)] also can
be observed in the magnetoresistivity p data of HTSC
at low values of J (J is the transport current density).
Generally, we expect that the H dependence of p is gov-
erned by (a) the Lorentz force (J x B) and (b) the ef-
fect of measuring scale [i.e., H is scaled by H,q(8) or

1/gm(8) ]. Resistive transition measurements (for ex-
ample, Refs. 10—19) have shown that p depends upon
the orientations of J and H with respect to the principal
axes of the crystal, but is practically independent of the
relative orientation of J and H (i.e. , the efFects of the
Lorentz force is practically not observed for both JIIab
and JI]c); the resistive transition width is found to de-

pend only upon H. Therefore we expect that the angular
dependence of p of HTSC is mainly governed by the effect
of measuring scale of H; i.e. ,

p = p(h, T, J), (»)
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which gives the relation that for fixed J,
(14)pll~(H) = pll~&(pH),

where p~~; is the value of p for H]~i. Equation (14) means,
for example, that p for H = 1 T and H]]c is the same
as that for H = p T and H~~ab. Equation (13) or
(14) turns out to be in agreement with the experimental
results. ~ In the following we list several examples.

Iye et al. io measured p versus T at fixed H and p
versus H at fixed T on a YBCO single crystal for both
H]~c and H]]ab and H up to 9 T with J]]ab. Their p
versus T data (Fig. 2 of Ref. 10) satisfy Eq. (14) with

6; for example, the p(T) curve for H = 1 T and H~]c
looks almost identical to the one for H = 6 T and H~~ab.
The fields H'(8), using several different definitions: tak-
ing the points p/p„= 0, 10%, . . ., 90%%uo (p„ is the normal
state resistivity), show the same angular dependences as
that of H, q (Fig. 8 of Ref. 11) and a p = 5 has been
estimated by the authors. ii That H' has the same an-
gular dependence as that of H, 2 is consistent with our
hypothesis [Eq. (13)],which predicts H'(8) oc H,2(8) at
a given T. The agreement of the numbers p 5 and
6 with the previous result p 6 —8 obtained from C
and M measurements and with that p 5.5 of the dec-
oration experimentssi s2 supports our scaling hypothesis
[Eq (»)l.

Kitazawa et aLis is measured p versus T on a large
LSCO single crystal for both H]]c and H]~ab and H up
to 5 T with both J]]c and J]]ab. Their data (Figs. 1—4
of Ref. 12) satisfy Eq. (14) with p 10. For example,
for JI]c the p(T) curve for H = 0.5 T and H]]c is almost
identical to the one for H = 5 T and H]~ab; the same can
be observed for J~]ab

Raffy et aLi" measured p at constant T for H up to 20
T on a c-sxis-oriented 1000-A.-thick Bi 2:2:1:2thin film
according to two types of scans: (a) at fixed 8 as a func-
tion of H and (b) at fixed H as a function of 8. All the
curves were reduced to a single one for 0' ( 8 & 86'
by plotting p versus H cos8 (corresponding to a scaling
factor 1/cos8). This scaling was based on the idea of
Kes et aLss that the dissipation is only related to the
transverse field component along the c axis. However,
the result of Raffy et al. is also consistent with our
scaling hypothesis [Eq. (13)]. The reason is as follows.
We believe that the mechanism of superconductivity for
HTSC such as YBCO, LSCO, and Bi 2:2:1:2are the same;
therefore their properties should be explainable qualita-
tively using a single theory. Quantitative differences may
exist, such as the magnitude of anisotropy. The scal-
ing using 1/cos 8 as the scaling factor cannot completely
explain what has been observed for YBCO and LSCO;
therefore, we believe that the 1/cos 8 scaling factor is an
approximation valid for large anisotropy, provided that
H is, not very close to being parallel to O,b. Note that
h = H/H, 2(8) oc H[coss8+ (1/p2) sin 8]i~s Hcos8
for ps » 1, provided that 8 is not very close to 7r/2.
Indeed, better fits were obtained including also the re-
gion of 8 near 7r/2 by using H,2(8) as the scaling fac-
tor (see Fig. 4 of Ref. 17), and p = 29 and 36 were
found at T = 80 and 83.5 K, respectively. Since the
ratio (,/c (c is the lattice constant in the c direction) is

small for Bi 2:2:1:2(except extremely close to T,), quasi-
two-dimensionality (2D) may be important. is is As can
be seen from Fig. 4 of Ref. 17, H,s(8) of a Bi 2:2:1:2
sample is better described by that typical for quasi-2D
layered superconductors. Fastampa et aLis have recently
measured the field H' (defined as the onset of p/p„ver-
sus H at fixed T) for a highly c-axis-oriented epitaxial
Bi 2:2:1:2film, and shown that the angular dependence
of H" is completely analogous to that of H,2(8) and ex-
hibits a crossover from a quasi-2D to -3D behavior near
T,. As mentioned previously, the observation that H'
has the same angular dependence as that of H, s is con-
sistent with the scaling hypothesis [Eq. (13)].The results
of Raffy et aLi~ and Fastampa et al. is thus suggest that
our scaling hypothesis holds not only for the cases that
H, s follows the angular dependence given by the 3D ef-
fective mass model, but also for the case that H,s shows
an angular dependence typical for quasi-2D layered su-
perconductors.

The existence of the scaling property for p means that
the apparently large difFerence between the magnitudes
of the broadening of the resistive transition for H]]c and
H~~ab is simply due to the large difFerence in the values
of H, q along the two directions, and suggests that the
dissipation in the resistive transition region is governed
mainly by intrinsic factors. This has an important impli-
cation on our understanding of the thermodynamic and
electrodynamic behaviors of HTSC. From this result we
expect that the effect of the measuring scale of H should
also be observed for other quantities such as j, and T~.
We expect that, to lowest approximation, the scaling be-
haviors for j, and T~ are the same as that for p, i.e.,

j.(H, T) = j,(h, T), (»)
T (H) = T (h). (16)

Evidence supporting these scaling hypotheses can be
found in the literature. For example, the j,(H, T) mes
surements of Raffy et al ss and Sch. mitt et aLsi on
Bi 2:2:1:2films can be accounted for using Eq. (15) in-
cluding the orientations of H near parallel to ab That.
j,(H]]ab, T) at fixed T is almost H independent20 si is
simply due to the large values of H, ~~~ssbince a field in
the range H = 1—10 T corresponds to a very small value
of h for H~]ab and T not very close to T,. The recent T
measurements of Beck et al. 22 on an untwinned YBCO
single crystal can also be accounted for using Eq. (16).

The recent p measurements of Iye et aLs4 on both
YBCO and Bi 2:2:1:2samples at higher values of J have
revealed the existence of an anomalous peak in p(8) near
the ab plane for both compounds; the peak is located
much closer to the ab plane for Bi 2:2:1:2.The origin of
this anomalous behavior is not clear at present. There-
fore, the scaling hypothesis of Eq. (13) evidently is valid
only for low values of J.

At this point we compare our work with and comment
on the theoretical approach of Ref. 35. %'e mention
the following two points. First, the starting points of
the angular scaling arguments of both the present work
and that of Ref. 35 are the idea of Ref. 4 that I" of
an anisotropic superconductor in the mixed state can be
written in isotropic-like form by a transformation of co-
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ordinates (which inv~&ives a length rescaling and a rota-
tion). Work along this line has been done previously. 4 7

The conclusion for kiigh-tc materials is, as summarized
in this paper, that t.he quantity f in Eq. (1) is a func-
tion only of b as show n by Eq. (2), and therefore one has
Eq. (5). Equation (5) is the same as its isotropic counter-
part except that R or H,2 (which serves as the measuring
scale for H) is angle: dependent; this is the essence of
all the scaling arguments of this paper. The results of
Ref. 35 [Eq. (4) of Ref. 35] are difFerent from ours since
they conclude that for the isotropic-to-anisotropic map-
ping, in addition to the scaling rule H ~ Hen(8) oc h,
the temperature T should also be rescaled as T ~ pT;
we believe this conclusion is incorrect. Both the energy
density and the temperature are coordinate independent;
therefore, T, an independent variable, has nothing to do
with the transformati. on. This can be easily seen from the
fact that the GL free.-energy functional does not involve
T explicitly when written in dimensionless form;i s the
T-dependent GL units H~/4z for energy and ~2H, for
fields, for example, kLave nothing to do with anisotropy.
Furthermore, Eq. (4,'I of Ref. 35 is incorrect for M even
if one considers the H dependence only; this is because
(a) M has additional angular dependences that are not
contained in h [see Eq. (7)] and (b) M has a transverse
component, which has no isotropic counterpart. Second,
it is well known that for conventional isotropic supercon-
ductors p does depend on Lorentz force Jx B. The trans-
formation of coordinates used previously4 and in Ref. 35
has nothing to do with the disappearance of the effect
of Lorentz force in HTSC, since it is only a tnathetnati-
ca/ procedure for rewriting the anisotropic expression of
F in an isotropic-like form and has no physical content.
We believe that a complete theory for the behavior of
p(H, T, J) of HTSC is not available at present. The ar-
gument of Ref. 35, for example, cannot explain the de-
pendence of p upon H if J is parallel to B and J is along
the c axis.

In summary, we have shown theoretically using the GL

theory in the first half of this paper that the field depen-
dence of EC of a high-z anisotropic type-II supercon-
ductor is a function of h = H/H, z(8, $) for H )) H, i.
This property, which we call the scaling property, also ex-
ists for other thermodynamic quantities such as M, AS,
and b.C (except that M has additional angular depen-
dence). We have argued that these scaling behaviors also
hold in the superconducting fluctuation region. We have
compared the theory with available experimental results
on HTSC, and general agreement has been obtained. In
the second half of this paper, based on a careful analy-
sis of existing experimental results, we have pointed out
that the same scaling property apparently also exists for
p, j„and T~ of HTSC. The lack of the dependence of
the resistive transition width upon J x B indicates that
models based on flux-line dynamics alone are unlikely
to provide an explanation for the dissipation mechanism
in HTSC. i2 is The fact that p and j, in nonequilibrium
states share the same scaling property with quantities in
equilibrium states indicates that the dissipation is con-
trolled by intrinsic factors of the materials, and therefore
supports the point of view that thermal Huctuation ef-
fects in the presence of a magnetic Beld are important
for HTSC over a quite wide temperature region around
the transition. Finally we point out that for low tempera-
tures when the effects of Aux pinning become important,
the scaling relations for p and j, may not hold; this is
because that in addition to the effect of the measuring
scale [H is scaled by H,2(8) or Fc(8)], other effects such
as that of the Lorentz force also may be important.
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