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One-dimensional vibrations and disorder: The Zrl „Hf„S3solid solution
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In the trichalcogenide family of compounds Zr& „Hf„S3 there is a frequency range where the optic
modes are expected to be describable by a simple one-dimensional model. It is shown that the disorder-
induced linewidth in the relevant frequency range could be consistent with theoretical calculations for a
simple diatomic chain model. The vibrations involved are along the chain direction and are of Bg type.
All the Bg modes of this family of compounds are also here unequivocally identified.

I. INTRODUCTION

Studies of simple one-dimensional models with disor-
der go back at least as far as Dyson's famous 1953 paper'
on the disordered harmonic chain. However, from the
experimental point of view, real materials with one-
dimensional elastic behavior have proven very hard to
obtain. The requirement for a crystal to exhibit one-
dimensional-like vibrational eigenmodes is clearly to have
weak bonding in two directions and strong (covalent)
bonding in the other one. This requirement leads in gen-
eral to structures with complicated unit cells, as is the
case for quasi-one-dimensional conductors such as
TTF-TCNQ, (TMTSF)2X, etc. It is these complicated
unit cells which make the analysis of these compounds
difficult, even when some eigenmodes have mainly one-
dimensional character. At best one-dimensional vibra-
tions can occur only at special frequencies and in special
directions which involve the movement of atoms in the
"stiff" direction. Quasi-one-dimensional electronic behav-
ior on the other hand (including spin) is observed experi-
mentally in the low-energy properties, but that is in a
sense because the Pauli principle can make all the energy
levels which contribute to the existence of the real three-
dimensional structure irrelevant.

In this paper we study what we believe is the simplest
family of compounds where Raman active phonons with
one-dimensional character are likely to exist and where it
should be quite justified to understand the effect of disor-
der on one of these one-dimensional phonons with a sim-
ple diatomic chain model of the type studied theoretically
before. This family is that of the trichalcogenide solid
solutions Zr, „Hf„S3.

In Sec. II we discuss why the structure of these com-
pounds suggests that phonons with B symmetry should

have a one-dimensional character. In Sec. III we show
experimental evidence from polarized Raman spectra
which identify unequivocally the expected four B~ modes.
We then proceed in Sec. IV to argue that at least one of
these Bg vibrations should be describable by a simple
one-dimensional diatomic chain. The possibility of grow-
ing structures with Hf and Zr in differing proportions
then offers a unique possibility of studying experimentally
a disordered one-dimensional diatomic chain. Compar-
ison of the calculated disorder-induced linewidth and the
experimentally observed one suggests that one cannot re-
ject the hypothesis that this family of compounds
behaves, in the frequency range corresponding to this Bs
mode, like a simple disordered diatomic chain. The cal-
culation of the linewidths is based on sum-rule techniques
introduced before but which we generalize to apply to
the particular class of compounds of interest here. De-
tails of this and other generalizations of the sum rules are
given in the Appendix.

II. STRUCTURAL PROPERTIES AND EIGENMODES
WITH A ONE-DIMENSIONAL CHARACTER

The structure of the trichalcogenides Hfs3 and ZrS3 ex-
hibited in Fig. 1 has an unusual anisotropy. These crys-
tals grow with the metal ions in the center of distorted
trigonal prisms which share trigonal faces forming isolat-
ed chains. The monoclinic unit cell of C2& point group
symmetry contains two molecular units of adjacent chains
which are displaced along the chain axis by half the dis-
tance between two metal ions. This leads to the very in-
teresting feature that every one of the nine infrared active
modes has a conjugate Raman active mode: In the in-
frared active modes, the atoms of one chain vibrate in
phase with those of the other chain, while they vibrate
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We stress that the double-chain structure explained
above is important to understand why we can even think
of applying the disordered diatomic chain model to ex-
plain a Raman mode despite the fact that the diatomic
chain by itself has only infrared-active modes, not Raman
ones: This is possible because the Raman modes of in-
terest are very close in frequency to the corresponding in-
frared ones, implying weak coupling between chains and
hence similar behavior in both spectroscopies.

III. EXPERIMENTAL PROCEDURE AND RESULTS

FIG. 1. Crystallographic structure of MS3 where M=Zr or
Hf.

out of phase in the corresponding Raman active modes.
There are also three Raman active modes without corre-
sponding infrared ones, for a total of twelve Raman
modes. Of these, eight are Ag modes, and four are Bg
modes, which correspond, respectively, to vibrations per-
pendicular and parallel to the chain direction.

In spite of the fibrous aspect of these materials that
would suggest strong bonding along the chain direction,
and weak bonding in the other two directions, convicting
models were reported concerning the strength of inter-
chain interactions following Raman and infrared mea-
surements. By comparing the frequencies of Raman
and infrared conjugate modes, Jandl and co-workers '

concluded that eigenmodes had a one-dimensional char-
acter whether they were polarized parallel or perpendicu-
lar to the chain direction. Grisel and co-workers' '
used valence-force and central-force models based on Ra-
man and infrared data showing that vibrations parallel to
the chains (8 ) are almost unaffected by the interchain
coupling in contrast to the vibrations perpendicular to
the chains ( Ag). Finally Sourisseau and Mathey, ' who
proposed a valence-force-field model, concluded that in-
terchain and intrachain interactions are comparable. The
discrepancies in the calculated force constants of different
models comes from the fact that results of model calcula-
tions depend on the assignment of the modes' eigenvec-
tors. In the low-symmetry crystal structure of ZrS3 and
HfS3, group theory predictions are not stringent enough
to determine unequivocally the eigenvectors. Moreover,
while the Ag modes' Raman intensity is rather strong,
the Bg modes' Raman intensity is weak, making these
modes diScult to unequivocally identify.

Since many of the infrared modes are difficult to detect
for this class of compounds, the present paper concen-
trates instead on a detailed study of the Raman modes.

The dimensions of the monocrystalline samples used in
the present work were about 10 mm X2 mm X30 pm.
Crystals were grown by iodine chemical transport reac-
tion, taking advantage of the complete range of solid
solubility. Even though the lattice parameters a, b, and c
do not change significantly throughout the composition,
x-ray diffraction permitted a precise determination of x
by comparing the intensity of the structure factor S(001)
(Ref. 21) for the various compounds.

Raman spectra of 1.6-cm ' resolution in the range
10—550 cm ' were taken at 30 K with the 6471-A Kryp-
ton line laser selected in order to reduce absorption and
resonance effects. While low-power radiation impinged
on the samples, Raman signals were maximized by using
cylindrical lenses and scattering geometries that reduce
the background of elastic scattering. Using different
orientations of incident and scattered polarizations and
taking the Z direction parallel to the chains, both the Ag
modes (XX,XY,ZZ) and the Bg modes (XZ, YZ) were
detected.

Raman spectra of the Ag (XX) and Bg (XZ) modes of
Zr, „Hf„S3 are presented, respectively, in Figs. 2(a) and
2(b) and Figs. 3(a) and 3(b) with an x increment of 0.1. In
Fig. 4, mode frequencies are plotted as a function of x
while the evolution of the phonon linewidth with compo-
sition is illustrated in Figs. 5(a)—5(c) for the Bg modes
and in Fig. 6 for the Ag modes. As shown in Table I,
there are some discrepancies in the reported frequencies
of the end members ZrS3 and HfS3 partly due to the
strong intensity of the Ag modes and the weak intensity
of the Bg modes. The latter can easily be masked by a
strong Ag phonon or by a local (impurity) mode. Our
measurements permit unequivocal identifications of the
Bg and Ag modes through their evolution in the solid
solution. In Fig. 4, the full lines 1 —8 represent the evolu-
tion of the Ag modes: lines 9—12 stand for the Bg modes
while dashed lines represent either local modes, zone
edge modes, second-order modes (286+ 80 =366,
286+27=313, 236+27=263 all in cm '), or isotopic
(518 cm ') modes. '

The interpretation of the spectra was facilitated by the
fact that the degeneracy of the 153-cm ' Ag and Bg
modes (lines 5 and 9) is lifted for high Hafnium content in
Zro2Hf08S3 as in ZrS3 under hydrostatic pressure.
With the lifting of degeneracy, the presence of a third
peak reported in the powder study is not observed.

The four Bg modes predicted by group theory have
their frequencies within the range 140—265 cm . As
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displayed in Fig. 4, they exhibit one-mode behavior, in
other words, the corresponding line shape has a single
maximum which appears to gradually shift with composi-
tion. They were difficult to identify in previous studies

of ZrS& (Refs. 15, 17, and 25) and HfS& (Ref. 18) as well as
in polycrystalline Zr, „Hf„S3,where they were reported
erroneously to mix and to exhibit a two-mode-type behav-
ior 20
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FIG. 2. Polarized Raman spectra (XX) of Zr& „Hf„S3at 30
K with an x increment of 0.1.

FIG. 3. Polarized Raman spectra (XF) of Zrl „Hf„S3at 30
K with an x increment of 0.1.
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4, which considers not only mass disorder, but also force
constant disorder. In Ref. 4, the scattered intensity is
normalized to unity and sum rules are used to compute
various moments of the intensity distribution. These rno-
rnents are averages of co

" over the normalized intensity
distribution and they are obtained analytically. %hen
the observed scattered intensity is concentrated around a
single maximum, these moments can be used to estimate
the position of the maximum, as well as the width of the
intensity distribution as a function of disorder.

Taking a one-dimensional chain model with nearest-
neighbor force constants and longitudinal vibrations, the
known atomic masses and the observed frequencies in the
pure compounds completely determine the force con-
stant, kHf, between Hf and the S3 cage, as well as the cor-
responding quantity, kz„ in the Zr case. Hence there is
no adjustable parameter in the calculations. It is as-
sumed, however, that the probability of occupation of a
metallic site by either Zr or Hf is independent of the oc-
cupation of the neighboring sites (the site occupations are
independently distributed random variables). In the Ap-
pendix, the reader will find more details along with gen-
eralizations of our results to the case where there is polar-
izability disorder as well as correlations. In the simplest
case discussed above, the position of the maximum of the
spectral intensity, co(x), may be estimated from the mo-
ments of the intensity distribution. The result is given by

FIG. 4. Mode wave numbers of Zr& Hf„S3 as a function of
compositional parameter x. The curves are guides for the eye.
Lines have been numbered from 1 to 8 for Ag modes and 9 to 12
for Bg modes corresponding to the labeling in Figs. 2 and 3.

4 4 1/2
XZrkHfzr+XHfkZr Hf

co(x)=
XZr k Hfzr+ X Hfk ZrHf

IV. DISORDER-INDUCED LINEWIDTHS:
THEORETICAL PREDICTIONS FOR THE SIMPLE

DIATOMIC CHAIN VERSUS EXPERIMENT

Given the structural properties discussed in Sec. II, it
appears reasonable to hypothesize that the four Bg modes
(corresponding to vibrations parallel to the chain direc-
tion) behave as if they were on a one-dimensional struc-
ture. In this case, the Bg mode where the S3 complex
moves against the metal ion as a rigid molecule is ex-
pected to behave as the optic mode of a simple disordered
diatomic chain ' AB j „C„.The A ion would stand
for the S3 complex, and B and C for Zr and Hf. To be
able to apply the diatomic chain model, elementary con-
siderations of perturbation theory indicate that it is im-
portant to have no other optic mode near the frequency
range determined by the frequency of the mode in pure
ZrS3 and that in pure HfS3.

In this section we show that one cannot reject the hy-
pothesis that there is a frequency range where the disor-
dered diatomic chain AB& C model is applicable.
Indeed, we find that the observed disorder-induced
linewidth, in the appropriate frequency range of the real
compounds, behaves as predicted under the simplest
theoretical assumptions.

The theoretical prediction for the disorder-induced
linewidth is obtained from a simple generalization of Ref.

where the concentration x in Zr& Hf S3 is used to
define the occupation probabilities x Hf =x and

xz, =1—x, while coz, and coHf are the zone center optic
frequencies of the corresponding pure compounds, ZrS3

and HfS3:

~Hf=2kHf(m, +IHf ) ~~z =2kz (~ +~z

In this model, we recall that the triangle made of the
three sulfurs is considered as a single atom so that

m, =3m, . Defining

Eco —co coHf Zr &
(3)

CO(x ) —COz~+X ( COH f COzp )

The result for the linewidth as a function of disorder is
estimated by the standard deviation Lo . One obtains in
the Appendix,

the expression (1) for the concentration dependence of
the frequency takes a simple form in the limit

b,co /coz, «1 and (kHf —kz, )/kz, «1, appropriate for

the present experiment:
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(xz XHf)' I+f0 I

5' (x)=
XZr~Zrk Zr +X HfroHS Hf

2 2Z. ~Hf 1 2 —1(xZ roZ kZ xHfr0Hf Hf )
kzrkHf I

S3

1/2

(5)

from which it is easy to extract 5' =(5' ) /(2' ). The leading dependence on disorder comes from the
xz xHf x( l —x ) prefactor in Eq. (5). Since this result is based on a purely harmonic model, the linewidth vanishes for
the two pure compounds. However, we know that there is an intrinsic width to the 1ines, mainly due to anharmonici-
ties. This effect is included in the most simple manner by adding to 5' (x) above, the following broadening:

B
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~ ~
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1.0

l

B 11
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composition x composition x

Fp~. 5. (a), (b), and (c): Mode linewidths for, respectively, the Bg modes numbered 10, I 1, and 12 as a function of compositional
parameter x. The curves are the theoretical ones using Eq. (5) with the anharmonic linewidth given by Eq. (6).
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FIG. 6. Mode linewidths of the Ag modes numbered 1, 3,
and 4 as a function of compositional parameter x.

for the two ions in the basic unit cell. Each eigenmode
has an intrinsic width which is modeled as in Eq. (6). The
simulations allowed us to verify that over the whole
range of concentrations one obtains one-mode-type be-
havior, meaning that the spectral intensity is centered
around a single frequency.

For illustrative purposes, we show in Fig. 7 the results
of the simulation for the case x =0.6 as well as the same
results convoluted with a Lorentzian of width 1.6 cm
to illustrate what this model would predict (dashed line)
for the appearance of experimental raw data. Clearly,
while there are asymmetries in the bare calculated line
shape, the convolution makes this less apparent.

We are now ready to make comparisons with experi-
ment. First we consider the shift of the phonon position
with disorder. The four Bg frequency shifts, as well as
those of the one-mode Ag phonons (lines 1, 2, 3, and 4 of
Fig. 4), clearly all satisfy Eq. (4) for the disorder-induced
frequency shift. Given the small shifts and the experi-
mental precision, it is not possible to make more detailed
comparisons with the more precise formula (1) for the
shift. This frequency shift then is not a sensitive test.

A more stringent test of the theoretical model is to
compare the linewidths with experiment. Since the prime
candidates for behaving in a one-dimensional manner are
the four Bg modes, their linewidths are plotted as a func-
tion of composition x in Figs. 5(a), 5(b), and 5(c). These
linewidths correspond, respectively, to the Bg phonons
whose frequency positions appear in lines 10, 11, and 12
of Fig. 4. Line 9 was disregarded because it is masked by
line 5. (Even though the latter is an Ag phonon, it is
strong enough to leave traces in the Bg scattering
configuration. )

5',„(x)=x5ci)Hr+(1 —x )5cozr ~ (6)

where 5roHr and 5coz, are obtained respectively from the
observed linewidths of the pure compounds, assuming a
Lorentzian line shape. The precise dependence on x of
5',„should not influence the results too much since the
anharmonic linewidth is usually much smaller than the
disorder-induced linewidth. Note, however, that while
this is a reasonable assumption for Hf-rich compounds,
the Zr-rich compounds have an intrinsic linewidth com-
parable to the disorder-induced one in some of the cases
of interest.

As stated before, the results just obtained will be useful
to estimate experimental spectral properties such as posi-
tion of the maximum and linewidth, only when the spec-
tral intensity is centered around a single frequency.
Whether this is the case or not cannot be decided by sum
rules alone. Furthermore, to relate 5co to a linewidth, one
has to know the line shape since there are usually numeri-
cal factors relating, for example, standard deviation to
the full width at half height. We thus performed numeri-
cal simulations for the disordered diatomic chain
AB& „C with about 3X10 ions per chain: The contri-
bution of each eigenmode to the spectral intensity was
proportional to the square of the projection of its eigen-
vector on the k=0 vector with respective value 1 and —1

I I I I I I I

22'5 230 235 240 245 250
f (cm ')

FIG. 7. Results of a simulation for the scattered intensity in

the case x =0.6 with values of the parameters determined from

the known atomic masses and measured eigenfrequencies and

linewidths in the pure compounds: vz, =236.2 cm

vHf 245. 3 cm ', 5vz, =2.2 cm ', 5v„f=0.899 cm '. The
number of ions is of order 3 X 10 . The dashed line is the convo-

lution of the results represented by the solid line with a

Lorentzian of width 1.6 cm
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To make a direct comparison with theory, one should
evaluate the standard deviation of the normalized experi-
mental intensity. Unfortunately, this is not possible be-
cause of background and because of the presence of many
phonon lines. Experimental linewidths were obtained in-
stead by fitting a Lorentzian to the phonon peaks and
subtracting 1.6 cm ' to account for the spectrometer
response, which is also Lorentzian. Since the full width
at half maximum is related to the standard deviation
through a constant factor which depends on the particu-
lar disorder-induced line shape, we resort again to simu-
lations to find out how to compare full widths at half
maximum with analytically computed standard devia-
tion. Taking simply the full width at half maximum of
the simulated scattered intensity gives a result which, as
in Ref. 4, agrees qualitatively with 5v—=5o~/(2m. ) as calcu-
lated from sum rules. More specifically, the full width at
half maximum of the simulations is smaller than the pre-
diction obtained from 5v when x is large, while the oppo-
site is true when x is small. 8'e thus compare experimen-
tal linemidths directly to 5v, this being the main assump-
tion of the present work. In the case of simulations, the
full width at half maximum may differ from 5v by a very
large percentage.

While all Bg modes are perhaps describable by a one-
dimensional model, three of them certainly involve move-
ments of the sulfur atoms with respect to each other. For
these cases, one expects to need at least one-dimensional
models with more atoms per unit cell than the simple
diatomic-chain model described above. Comparing the
theoretical prediction of Eq. (5) [including the anharmon-
icity Eq. (6)], shown in Figs 5(a)—5. (c) as a solid line, one
finds that the linewidth of mode 12 [Figs. 4 and 5(c)],
agrees only qualitatively with the theoretical prediction
while the Bg modes 10 and 11 of Figs. 5(a) and 5(b) might
both be describable by the disordered diatomic chain. In
Fig. 5(b) (Bg mode 11), the narrowing of the linewidth for
x =0.5 might reflect some ordering within the chains at
this commensurate fraction, as occurs in other com-
pounds such as Ga„ln

&
„P. ' ' The corresponding i n-

crease in linewidth of the Ag vibrations could indicate
that disorder persists from chain to chain. The fact that
the disagreement between theory and experiment for ei-
ther of the two Bg modes 10 and 11 is mainly in the re-
gion x &0.5 may have several causes, the most likely one
being the proximity of the two Bg modes (10 and 11 in
Fig. 4) for small x. A look at the spectra in Figs. 3(a) and
3(b) clearly shows that, for small x, the separation of
these modes is comparable to their linewidths, which
means that they certainly interact strongly. This violates
the requirement for applicability of the diatomic-chain
model that the optic mode should be isolated from other
modes in the relevant frequency range.

Note that not only mode 11, but all other Bg modes are
narrower than expected for x (0.5. The simulations
tend to be narrower than the sum-rule prediction for
large x (Hf-rich compositions) instead of sinall x. We
must also investigate the possibility that Hf does not mix
very well in Zr-rich compounds. To check this hy-
pothesis, analytical results are presented in the Appendix
for the case where the joint probability for having neigh-

boring metallic atoms of the same kind is arbitrary. With
very large joint probability for clustering, the linewidth
does decrease, but not enough. To explain the observed
linewidths, we would probably need very large cluster
sizes, at least for the x =0. 1 and x =0.2 compounds. Fi-
nally, note that we have assumed that anharmonicities do
not interfere with disorder.

While mode 10 is the one with the best overall agree-
ment between theory and experiment, in fact we would
have expected the Bg mode with lowest frequency to be
the one which compares well with the simple diatomic
chain: Indeed, fewer chemical bonds are involved when
the sulfurs are not moving with respect to each other.
This lowest-frequency Bg mode is No. 9 in Fig. 4, and its
width is inaccessible because of the Ag mode as explained
earlier. Nevertheless, overall qualitative agreement of the
three other Bg mode linewidths with the simplest
AB& C one-dimensional model could result if strong
metal-ion —chalcogen bonds render the effect of out-of-
phase sulfur vibrations irrelevant to the disorder-induced
linewidth. This is suggested by the better agreement with
theory for the Hf-rich compounds, which have a stronger
metal-ion —chalcogen bond than Zr-rich compounds (as
shown by the fact that the mode frequency is almost un-
changed as the concentration x varies, despite the large
mass increase in going from Zr- to Hf-rich compounds).

Finally, Fig. 6 shows the evolution of the Ag one-mode
phonon linewidths with composition for lines 1, 3, and 4
of Fig. 4. The behavior is clearly different in the case of
the Ag phonon linewidths since the inverted-parabola
shape observed for the Bg linewidth as a function of com-
position is replaced by a linear monotonic variation. Two
reasons for this could be invoked: (a) The most likely one
is that these vibrations perpendicular to the chain involve
force constants which are comparable to those along the
chain. This would be in agreement with the calculations
of Griesel and co-workers' ' and a purely one-
dimensional model could not apply for these modes. (b)
The eigenvectors associated to these high-frequency Ag
modes cannot be approximated by the vibrations of the
diatomic chain (even though they may be one-
dimensional).

V. CONCLUSION

Our main result is the agreement, illustrated in Fig.
5(a), between the linewidth of one Bg mode of
Zr& Hf„S3 and a calculation of this linewidth based on
a sum-rule approach for a one-dimensional disordered di-
atomic chain AB, C„with A repeated every other
atom. The calculation is for an infrared mode while ex-
periment in Fig. 5(a) is for a Raman mode, but the weak
coupling between the two chains within a unit cell leads
one to expect similar results in both spectroscopies.
However, we had to make one strong assumption, namely
that the full width at half maximum of the experimental
line can be compared with the standard deviation ob-
tained from sum rules. This assumption depends on the
line shape, which we cannot predict analytically. Simula-
tions on the simple diatomic chain indicate that this as-
sumption can be incorrect by a large percentage for the
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diatomic-chain model without anharmonicity. However,

depending on concentration, the line shape from simula-

tions can be larger or smaller than the sum-rule result,
and on average the trends from sum rules and from simu-

lations are the same. We can speculate that in the real
system anharmonicities make the line shape smoother
than in the simulations, leading to a better agreement
with sum rules. Finally, within the resulting uncertain-
ties, either of the two Bg modes in Figs. 5(a) and 5(b)
could be good candidates for a diatomic-chain descrip-
tion.

From the experimental point of view, this work allows
unequivocal identification of the four Bg modes predicted
by group theory. Indeed, the evolution of their linewidth
with composition confirms the symmetry assignment
since for Bg modes one observes a paraboliclike behavior
very different from the almost linear dependence of the
Ag modes.

Despite many years of theoretical studies on the one-
dimensional harmonic chain, there seem to be very few
experimental realizations of this model. We have shown
that Zr& „Hf„S3 is a case where there is a frequency
range for which a one-dimensional model with a simple
unit cell is not an inconsistent model. Comparisons with
other theoretical results, such as the island-frequency
problem, would, however, necessitate these compounds
to have smaller intrinsic (anharmonic) linewidths.
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without loss of generality we may take, f„=l and

fthm =fc=
—1. The occupation probability of a site on

the disordered sublattice is independent of the occupation
probability of any other site, hence the probability of
finding an ion of type C in the disordered sublattice is
x~:—x, while that of finding an ion of type B is

xs = (1—x ). The results for the first three moments are

2 2
1 &gAa ~C~AC

CO +
4 kAB AC

(Al)

4 4
~2~ 1 &aAa &CAC

N +
4 k„s kac

(A2)

6 6
(4) + (~~a —m~c}4 k~a k~c m~

(A3)

The result for 5co /(2'�}should be equal to the full width
at half maximum for a narrow Lorentzian peaked be-
tween Az and coAc when coAa =Ac This quantity is
plotted as a solid line in Figs. 5(a)-5(c) for the values of
parameters appropriate for experiment. It is also plotted
as a solid line in Fig. 8 where it is compared with results
about to be described.

(b) Correlated mass and force constant disorder. Let
ps' the probability of having the sequence of iona BAB
on the chain, pz&=pz~ for the sequences SAC and CAB
and pcc for the sequence CAC. We have the following
normalization constraints:

APPENDIX: SUM RULES FOR VARIOUS
TYPES OF DISORDER

In Ref. 4, analytical results were given for the case of
uncorrelated mass disorder only. In the following, using
the same notations, we present results for three cases: (a)
uncorrelated mass and force-constant disorder; (b) corre-
lated mass and force-constant disorder; (c) Correlated
mass, force-constant, and coupling-constant (or intensity)
disorder. In all cases we consider the AB& „C„chain.
In other words, the pure binary chain AB is diluted by
replacing the B ion of mass m~ with a C ion of mass m&,
sometimes in an uncorrelated manner, sometimes with
correlations. The ion A of mass m„ is still repeated
periodically. The force constant kA& between A and B is
not the same as the force constant kA& between A and C.
The zone center optic frequency coA& of a pure com-
pound AB is ro„s =2k„s(m„'+ms '). We are interest-
ed in the following measure of the linewidth: Lo =
[i0 —(ro ) ]', where io:—co'"'1'co' ' and the moments
co'"' are given below for various cases.

(a) Uncorrelated mass and force constant disorder. N-o
disorder is assumed in the coupling constants, hence

3

2

I I I I I I I I I I I I I I I I I I I I I I I I0
0.0 0.2 0.4 0.6 0.8 1.0

FICx. 8. Analytical results for 5v=5co/2~=5co /(4m. co). For
the case of uncorrelated mass and force-constant disorder (solid
line), 5co is obtained from Eqs. (A5) —(A8) and (All)-(A13).
The dashed and the short-dashed curves are for the cases where

p&& is, respectively, minimum and maximum. The curves are
computed from Eqs. (A5)-(A8) and (All), (A12), and (A15).
The kink at x =0.5 comes from the fact that maximum p&& at
this concentration leads to a pure ternary compound.
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PBB+2PBc+Pcc= 1

PBB +PBC +B

pcc +pcB +c

(A4)
/

/
/

/
/

/

/
/

/
/

/
/

/
/

/
/

two of which are independent. One of the probabilities
suSces to determine all the others. Since correlations
will have a nontrivial effect only when terms of the type
k ' —1, k ', ' + 1 or m ' + 1m ' —1 appear, their effect does not
show up in co' 'or co' '. For co' 'we obtain

6 6
~4~ 1 ~B~AB &c Ac PBc

CO + (~2 ~2 )2
4 kAB kAC

(A5)

In Fig. 8 we plot 5v=5e) /(4m') for the case of correla-
tions, using (Al), (A2), and (A5). The dashed line is for
the case where psc is minimum ( =0), and the short-
dashed line for the case where pBc is maximum

[ =min(xs, xc)].
(c) Correlated mass, force consta-nt, and coupling

constant disorder. In the physical problem, the coupling
constants f, are bond properties. Hence, we take as our
model fA =(f;+f )/2, with f, and f eq.ual to fs or fc
depending on the neighbors of A. Since there are only
two types of bonds in the lattice, namely AB and AC,
this is appropriate. In computing ~' ', one encounters
terms of the form f;+,k;;+,f; ik;, ;/(m;m;, m;+, ).
When i is an ion of type B, i + 1 and i —1 are of type A,
so to know f, +, and f;-, one needs to know whether the
sequence of ions is BABAB, CABAB, or whatever. In
other words, we need pBBB,pBCB, etc. Using the normali-

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 9. Analytical results for 5v=6co/2m =5co /(4') in the
most general case, including coupling-constant disorder. The
dashed and solid lines refer to various degrees of correlations in

the disorder, as in Fig. 8: solid line for uncorrelated disorder,
dashed line for minimal value of p&&, and short-dashed line for
maximal value of p&&. In all three cases, there is the same disor-
der in the coupling constants: For the bond involving the heavy
metal ion, Hf, we take f„,= 1, while for the bond involving the

light metal ion, Zr, we take fz„=1.74. Equations (A5)-(AS)
and the general results (A16)-(A18) are used for the calcula-
tions.

zation and symmetry constraints, the joint probabilities

y be expressed in terms of pBC pBCB pCBC and xB xc
only. Defining also 5f =fc fs, the results —in this case
may be written in the form

(0) I xBfs~ AB xCfC~AC PBC5f2 2 2 2 2

CO +
4 kAB kAc mA

~2 4
~2~ 1,&BIB~AB

N
4 kAB

2 4xcfc~ Ac+
kAC

+(toAB ~AC )(fB fc)
mA

2 6 2 6xsfs~AB xcfcAC+
kAC

1
CO

(4)
4

PBC 2 2 2 AB+ 'fa(oiAB n)AC)
mA mA

5f 4 4 2 2

2
2(~ As~+cA~+ABAC )

5f n)As+ o)AC
mA mA

+ +pacak Ac5f pcsc"Aa5f

m„mc mAmB

kAc AB AC+ —2~'As —~'Ac +fc(~AC ~AB) + —2~AC —~AB
mA mA mA(3kAB+2kAC)~As+(2kAB+3kAC)~BRAC

4k Ask Ac+
mA mA

(A6)

(A7)

In Fig. 9, we plot 5v=5e)/2m=5m /(4@co) in the most
general case, including coupling-constant disorder. The
dashed and solid lines refer to various degrees of correla-
tions in the disorder, as in Fig. 8: a sohd line for uncorre-
lated disorder, dashed line for minimal value of pBc, and
short-dashed line for maximal value of pBc. In all three
cases, there is the same disorder in the coupling con-

I

stants. Clearly, this type of (polarizability) disorder has a
strong effect on this quantity. Simulations indicate that
the strong increase in linewidth probably comes mostly
from changes in the tails of the line rather than in a
change of the full width at half maximum, which remains
quite weakly dependent on the disorder in f for the
values studied in Fig. 9.
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