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We present a detailed experimental study of the effects of finite crystal size, impurities, and tempera-
ture on the properties of charge-density waves (CDW s) in NbSe3. Finite-size effects in NbSe3 are con-
trolled by the crystal thickness t. They are large in crystals of ordinary thickness, and remain signficant

in high-purity crystals having thicknesses approaching 0.1 mm. In sufficiently thick Ta- and Ti-doped

crystals, the threshold electric field ET for CDW depinning is independent of thickness and varies with

the residual resistance ratio r& as ET r&
' and r& ', respectively. In thin crystals, ET increases with

decreasing thickness as ET =K/t, where K is roughly proportional to the impurity concentration. ET is

strongly temperature dependent. The fractional increase in ET as T~O is independent of thickness but

decreases rapidly with increasing impurity concentration. The divergence of ET near Tp =59 K is de-
2

scribed by ET & (1—RB/Rl ) ', where RH and RL are the high-field and low-field resistances, respec-

tively. In extremely thin crystals (t &0. 1 JMm) near Tp, the sharp threshold vanishes and nonlinear con-2'

duction occurs at arbitrarily small fields. Finite-size effects are observed in several other CDW proper-
ties. In thin crystals, the crossover frequency m„ in the ac conductivity varies as t, the low-frequency

dielectric constant e(co=1 MHz) varies as t, and the width of the 1/1 Shapiro step varies as t '. Most

NbSe3 crystals have irregular cross sections, in which the crystal thickness varies in a series of steps

across the crystal width. Such crystals exhibit large f noise, complicated coherent oscillation spectra,
and complicated mode-locking behavior, when compared with crystals with nearly rectangular cross sec-
tions. Analysis of these results indicates that (1) pinning of CDW s in Ta- and Ti-doped NbSe3 is weak;
(2) the size dependence of CDW properties is due to a crossover in the dimensionality of the pinning
from three to two dimensions which occurs when the crystal thickness becomes smaller than the CDW's
bulk transverse phase-phase correlation length; (3) the vanishing of ET in thin crystals near TI is due to

2

thermally assisted depinning of the CDW; and (4) f -noise and complicated mode-locking behavior are
a consequence of CDW velocity shear occurring along steps in crystal thickness. These results have

significant implications for the study of nearly every aspect of CDW s in NbSe3.

I. INTRODUCTION

In quasi-one-dimensional conductors such as NbSe3,
interaction between charge-density waves (CDW's) and
impurities results in some of the most remarkable trans-
port effects ever discovered. ' The translational invari-
ance of an incommensurate CDW is destroyed in the
presence of impurities (or other crystal defects), so that
the CDW tends to be pinned. For applied dc electric
fields greater than a threshold field ET, the CDW can de-

pin from the impurities and "slide" through the crystal,
resulting in nonlinear dc conduction. ' Pinning gives
rise to a radio-frequency resonance in the CDW's small
amplitude (E(0.1ET) ac response. Coherent current
oscillations [narrow-band noise (NBN)] observed in
response to dc fields and mode-locking phenomena (in-
cluding Shapiro steps) observed in response to combined
ac and dc fields establish that the pinning is periodic in
CDW displacements of integral numbers of wavelengths.

In an attempt to develop an understanding of the
CDW-impurity interaction, several studies of the effects
of intentionally added impurities upon CDW properties,
and in particular upon the threshold field ET, have been

performed over the last decade. " The results of these
studies have been inconsistent and ambiguous, and have
been interpreted using a variety of different models.

More recent work by Borodin et al. ' and by Yetman
and Gill' showed that ET also depends upon crystal
cross-sectional dimensions. In particular, they found that
ET increases with decreasing crystal cross-sectional area
and increasing surface-to-volume ratio.

Here we describe a detailed experimental study of
CDW impurity pinning and finite-size effects in NbSe3,
which establishes both the character of the pinning and
the origin of the size effects. Preliminary results of this
study have been published elsewhere. ' ' An outline of
this paper is as follows.

Section II summarizes the basic ideas of the CDW im-

purity pinning as developed by Fukuyama, Lee, and Rice,
with references to Matsukawa's numerical computations
to quantify these ideas. Section III reviews previous im-

purity pinning and finite-size-effect studies. Section IV
describes our sample preparation and characterization
methods and other experimental details.

Section V contains the bulk of the experimental data.
Section V A discusses the effects of finite crystal size on
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the T=4.2 K normal carrier resistivity . Sections V B
and V C describe the effects of impurity concentration,
crystal size, and temperature on the threshold fie1d Ez .
Sections VD and VEdiscuss the size dependencies of the
small-signal ac conductivity and of the Shapiro step
widths. Narrow-band noise, Shapiro step, andbroad-
bandnoisemeasurements for crystals with uniformand
irregular cross sectionsare compared in Sec. VF.

Section VI presents an analysis of this data. Section
VI A discusses the origin of the size dependence of the
T= 4.2 K normal carrier resistivity. Section VI Bcom-
pares the bulk E&-data with predictions for weak and

strong pinning. Section VI Cevaluates surface pinning
and weak pinningdimensionality crossover interpreta-
tions of the finite-size effects. Section VI D discusses the
origin of the temperature dependence of Er

Section VII gives a more general discussion of thesere-
sults. Section VII A summarizes the successes and
failures of weak and strong pinningdescriptions for
NbSe3 ~ Section VII B compares our results with those of
previous studies andsuggests reasons for the differences.
Section VII C discusses the implications of our results for
study of CDW systems. Section VII D speculates on the
microscopic nature of the CD W impurity interaction . A
short conclusion is presented in Sec. VIII ~

II. CDW-IMPURITY PINNING THEORY

ACDW is a periodic modulation of the conduction
electron density [p(r)-pa+p, cos(Qr+P)]andanasso-
ciatedperiodicdistortionof the crystal lattice. The
CDW state can be describedby a complex order parame-
ter 4=b e ' ~, where 5 is proportional to the amplitude of
the lattice distortion and ((t is the phase (position) of the
distortion within the crystal .' In the absence of defects,

and P are constant . If the CDW wave vector is incom-
mensuratewith the underlying lattice periodicity, the
CDW 's energy wi 11 be independent of the absolute value
of P. When an arbitrarily small electric field is applied
the CDW will then slide freely and transport charge
(Frohlich conductivity)

Unlike superconductors, the properties of CDWcon-
ductorsaredrasticallyaffectedby impurities and other
crystal defects . The CDW-impurity interaction energy
depends upon the CDW's phase at each impurity site. In
the presence of many impurities, the CDW distorts to
maximize its energy gain from the impurities while

minimizing the cost in strain energy, 1eading to a spatial-
ly varying P( r ). The CDW thus becomes pinned to the
lattice, and its pinning energy is periodic in�displac-
ements� the space-averaged phase by 2~. A minimum
electric field, the threshold

fie�1�d�E�-,

is required to over-
come thepinning force and produce time-averaged CDW
motion .

Fuku yama, Lee, and Rice (FLR) neglected quan-
tum

effects

an treated the CDW-impurity interaction
within aoinzburg-Landau framework. They assumed
the interaction with a single impurity to be short ranged
and well approximated by the form

H;=vp, cos[Qr, —P(r;)]

where r; is the impurity site, p& is the CDW charge
modulation amplitude, Q =2kF is the CDW wave vector,
and v is the Q Fourier component of the potential

difference

betwee the impurity and the host atom. In
the presence of many randomly distributed impurities,
the FLRHamiltonian for aCDW ind dimensions may
bewrittenas

H =fd Ff( VP ) /2

smp

+gvpicos[QF; —P(F;)]—f d "Fep&EQ/Q.

(2)

Here the transverse dimensions havebeen rescaled in
terms of the strain coefficient anisotropies as x =g,x /g„
and g =g,y /g»; f=g„g f /g, is the rescaled CDW strain
coefficient; p,z= g„g»p,z/g, is the rescaled effective
charge density coupling the CDW to the electric field;
and the electric

field

is applied along the quasi-one-
dimensional direction z . In T=0 mean-field theory,

f=RuF /2 ir A v, where u» is the Fermi velocity along z
and AO is the unit cell cross-sectional area normal toz.

FLR showed that the nature of the pinned state is
determined by balancing the impurityenergygainassoci-
ated with optimizing the CDW phase at each impurity
site and the elastic energy cost required forphasedefor-
mationsbetween impurities. 'They distinguished two
types of pinning: (i) strong pinning, in which the CDW
phase is pinned at each impurity site; and (ii) weak pin-
ning, in which a phase-coherent domaincontainsmany
impurities.

TABLE I. Classical deformable medium model results for weak pinning(Ref. 23).

d =3

d =2

Phase-phase
correlation
length(L)

45f
{vp & ) I;

6.5f
I /2

( VP I )8

3.5f
(vp)2 /3g

Thresh o1d electric
field (Ez )

4 2
Q( pu, ) n;

1000ep,ef
Q(up, )'n;

20ep,ef
Q(up&) /'s;

6ep f 1 /3

Pinning energy per
phase -coherent
domain(cd, )

300

( vp & ) n;

6.5f

2( up )2/3f I /3a
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Dimensional arguments provide the simplest
classification of the weak and strong pinning cases. Fol-
lowing Matsukawa and Takayama, the characteristic
CDW elastic energy per impurity Ez is fn; ', while
the characteristic pinning energy per impurity EI is just
up, . Defining the pinning parameter e; as the dimension-
less ratio EI /EE yields

e;=Up, l(fn; ) . (3)

(4~d 1) Q

L epdT
(6)

Precise values of e, for the weak-strong pinning cross-
over are difficult to estimate analytically. Matsukawa
has estimated these values using numerical simulations,
in which e; was varied and the resulting ET's compared
with the results ET ~ e; " and ET ~ e; in the weak and
strong pinning limits, respectively. For d =1 and d =2,
weak pinning behavior was observed for e, &10. For
d =3, weak pinning behavior was observed for all e;
values investigated, the greatest of which was 10. Table I
summarizes threshold field formulas in 1D, 2D, and 3D
weak pinning. The numerical values used for ~ and PT

Thus, if e, )&1, the impurity energy dominates, and the
total energy is minimized by fixing the CDW phase at
each impurity. In this strong pinning regime, the strain
energy can be ignored so that the pinning energy per unit
volume 8;„= Up,

—n; Bal.ancing this energy with the
electric field energy gives a threshold field

ET'""s=upin, g pep (4)

where PT is the angle through which the CDW must be
polarized before depinning.

On the other hand, if e,. «1 the CDW elastic energy
dominates. However, from scaling arguments outlined
by Imry and Ma, fluctuations in the random impurity
pinning potential pin the CDW on a characteristic length
scale L (the phase-phase correlation length) if d &4.
CDW phase variations on a length scale L reduce the im-

purity energy per rescaled volume (8; ~) by

up, n L ",but increase the elastic energy per rescaled
volume (8,~) by a df I, , where n is a constant of order
unity. Minimizing 6; +C„with respect to L gives a
phase-phase correlation length

' 2/4 —d
4a'

(5)—1/2
vp, n;

and a threshold field

are consistent with the results of Matsukawa's simula-
tions. Table II compares weak and strong pinning pre-
dictions for ET and L.

III. REVIEW OF PREVIOUS DOPING STUDIES

The most obvious way to study the CDW-impurity in-
teraction is to dope crystals with impurities and study
how CDW properties such as ET vary with impurity con-
centration and type. Over the past decade a large num-
ber of such studies have been reported. " Most have
focused on NbSe3, which undergoes two independent
Peierls transitions to CDW states at Tp = 145 K and

1

TI, =59 K. Both CDW's are incommensurate along the
2

b direction with a wavelength A. =4b. A small part of
NbSe3's Fermi surface remains ungapped at low tempera-
tures, so that the residual resistance ratio re =R(300
K)/R (4.2 K) o- 1/n; can be used to characterize impurity
concentrations in individual crystals. The most widely
studied dopants have been Ta, which is isoelectronic with
Nb and expected to pin weakly, and Ti, a charged impur-
ity expected to pin strongly.

Doping-study results obtained by different researchers
have been strikingly inconsistent. Ta-doping studies have
found ET ~r~ (Ref. 9), consistent with strong pinning,
and ET ~ rR (Ref. 6), consistent with weak pinning. For
Ta-doped crystals with comparable r~, threshold fields
have varied by an order of magnitude. For the undoped
crystals used in these studies, ET(T=50 K) and r„h vae

ranged from 60 mV/cm and 10 (Ref. 8), respectively, to 3
mV/cm and 285 (Ref. 11).

CDW pinning by radiation-induced defects has also
been investigated. However, the nature and concentra-
tions of the defects formed are hard to characterize, mak-
ing detailed comparisons with theory difficult.

An important clue as to the nature of CDW pinning
has been given by Borodin et al. ' and by Yetman and
Gill. ' They found that in both 0-TaS3 and NbSe3, the
threshold field ET increases dramatically with decreasing
crystal cross-sectional area A and increasing crystal
surface-to-volume ratio. Motivated by their results, we
decided to systematically examine the impurity concen-
tration and crystal size dependencies of ET and other
CDW properties, in order to clarify both the nature of
the pinned state and the origin of the finite-size effects.

IV. CRYSTAL GROWTH AND CHARACTERIZATION

NbSe3 was chosen for this study for four reasons. (1) It
shows most of the effects associated with CDW transport

TABLE II. Comparison: Strong vs 3D weak pinning.

weak

strong

Phase-phase
correlation
length (L)

45f
(vp, ) n;

Threshold electric
field (ET)

(Qu &p) n;

1000ep,qf '

Q(up~)n;

epee

Pinning energy per
phase coherent
domain (ed, )

90

(upi) 5;

UP1
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more cleanly than other materials. (2) Part of its Fermi
surface remains ungapped at low temperatures so that the
rz can be used to characterize impurity concentrations.
(3) The crystal size dependence of Ez. is large. (4) It has
been used in most previous doping studies, facilitating
comparisons.

NbSe3 crystals grow as long, ribbonlike whiskers with
typical lengths (along the b direction) of several rnillime-
ters to several centimeters, widths (along c) of 1 —1000
pm, and thicknesses (along a') of 0. 1 —20 pm. The
NbSe3 crystals studied here were prepared by vapor
transport using the methods described in Ref. 26. As dis-
cussed in Ref. 26, careful crystal growth procedures are
crucial in performing meaningful studies of the effects of
impurities. In previous doping studies, chemical analysis
results were not reported. Instead, it was assumed that
the impurity types and concentrations in the transported
crystals were the same as those in the starting materials.
This is a poor assumption. Doping by impurities not de-
rived from the starting materials can be significant. More
importantly, oxygen present in the starting materials
efficiently getters Ta, Ti, and other impurities, so that
dopant concentrations in the crystals are usually smaller
than those in the starting materials. The growth pro-
cedures in Ref. 26 provided reasonably reproducible
background impurity levels in undoped crystals, and
reasonable control over Ta and Ti concentrations in
doped crystals. Ta- and Ti-doping levels in the most
heavily doped crystals were determined using techniques
including atomic emission spectroscopy, atomic absorp-
tion spectroscopy, proton-induced x-ray emission, and
ICP-mass spectrometry.

In order to characterize the finite-size effects, the crys-
tal length l and width w were measured using an optical
microscope. The crystal thickness t was then calculated
from these dimensions and the measured room-
temperature resistance R using t =I/(o wR ), where o is
the room-temperature conductivity. Previously reported
values of e vary between 1.6 X 10 and 10X 10
0 ' cm '. We used a value of 0.=5.4 X 10
0 'cm ', which was determined using the method de-
scribed in Appendix A. Since NbSe3 crystals typically
have irregular cross-sectional shapes (in which the crystal
thickness changes in a series of steps across the crystal
width), the measured width is the maximum width, and
the calculated thickness is the average thickness.

Experimentally, we find that the crystal thickness con-
trols the finite-size effects in NbSe3, width variations in
crystals of ordinary dimensions have little effect. There
are two reasons for this. First, typical crystal thicknesses
are an order of magnitude or more smaller than typical
crystal widths. Second, CDW correlation lengths are
longer along a than along c. ' Consequently, all data
for finite-size effects presented in the following sections
are expressed as a function of thickness.

The transport measurements reported here were made
using either a nitrogen-helium dipstick (for T =77 K and
T=4.2 K data) or using a closed-cycle helium refrigera-
tor with a helium exchange gas. Unless otherwise noted,
all measurements were performed in a four-probe

configuration with contacts formed using silver or gold
paste.

V. DATA AND RESULTS

A. Impurity concentration and size dependence
of the residual resistance ratio

fg = l'g +b] n] (7)

where rz is the contribution from residual defects and b;
0

depends upon impurity type.
However, as shown in Fig. 1 for crystals from a single

undoped NbSe3 growth, the rz also depends upon crystal
thickness: It decreases with decreasing thickness in thin
crystals (t &2 pm) and is approximately thickness in-
dependent in thick crystals. Similar behavior is observed
in doped crystals, where the thickness for the bulk to
finite-size crossover decreases with increasing doping lev-
el. From chemical-analysis results for heavily doped
crystals and the measured bulk (i.e., thick crystal) r„
values, we estimate

and

bTa 3X 10 cm

bT; =1X10' cm

(8)

c}
C)

o
F 0

C3
c)
C3

10 2 10 1

t ' (pm-"}
10' 102

FIG. 1. r&
' vs crystal thickness t for undoped NbSe3 crystals

with r& =220. The solid line is a fit by Fuch's theory of surface
scattering, assuming 100% diffuse surface scattering and a
transverse single-particle mean-free path of 0.7 pm.

Measurements of the residual resistance ratio
rz =R(T=300 K)/R(T=4. 2 K) have been widely
used "' ' to characterize impurity concentrations in
NbSe3. Assuming that R(T=300 K) is independent of
impurity concentration and that defect scattering deter-
mines R ( T=4.2 K), the ra should be related to the con-
centration of intentionally added impurities n; by
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The uncertainty is roughly a factor of 2 in the latter value
and somewhat smaller in the former value.

Large scatter in rR values for crystals from a given
growth has been noted previously, but was attributed to
crystal-to-crystal variations in impurity concentrations.
This scatter is primarily (if not entirely) a finite-size
effect. Unless this size dependence is explicitly accounted
for, impurity concentrations should only be characterized
using the rR of thick crystals. The rR values quoted for
NbSe3 growths in subsequent sections are average values
measured for thick crystals.

B. Impurity concentration and size dependence
of the threshold Seld

Eo0
0 0

0

~ 0 ~
0

00 0

~/
y0

0

~kg

rR=35
~ T=120 K
0 T=50 K

rR= 220
& T=120 K
~ T=50 K

Ta doping

Figure 2 shows the threshold field ET( T =77 K) versus
inverse crystal thickness t ' for an undoped growth and
for three growths with different Ta concentrations. For
all four growths, Ez. is approximately thickness indepen-
dent for large thicknesses and varies approximately as
t for small thicknesses. The characteristic thickness t,
for the crossover to size-independent behavior decreases
with increasing impurity concentration. In addition, the
size-related increase in Er as t~0, bET(t)
=ET(t) ET"'", i—ncreases with increasing impurity con-
centration. For example, for the rR =35 growth,
bET(0.2 (Mm)=2200 mV/cm, while for the rtt =220
growth, bE&(0 2pm) =. 800 mV/cm.

For our initial studies, ' a measurement temperature of
T=77 K was chosen to simplify characterization of a
large number of samples. However, most previous dop-
ing studies focused on the temperature where ET is a
minimum, since the onset of CDW conduction at thresh-
old is sharpest at this temperature. ' Figure 3 shows ET

Nb~-, Ta,Seg
T=77 K

I

C7

10 " 1

t-' (pm ')
10'

FIG. 3. Threshold electric field ET for the Tp CDW at 120
l

K and the Tp CDW at 50 K vs t ' in undoped (rrt, =220) and

moderately Ta-doped (r& =35) NbSe3. At T=120 K, the cross-
over from bulk to size-dependent behavior occurs at thicknesses
of approximately 5 and 2 pm in the r& =220 and r& =35 crys-
tals, respectively. At T=50 K, the crossover occurs at t = 5 pm
in the r& =35 crystals, but no crossover is evident for t up to 20

pm in the r„=220 crystals. The solid lines indicate approxi-
mate thin-crystal asymptotes ET ~ t

versus t ' for the TI, CDW at 120 K and the T~ CDW
1 2

at 50 K, for crystals from an undoped growth with
rR =220 and from a Ta-doped growth with rR =35. The
overall behavior is similar to that in Fig. 2: ET is size in-
dependent in thick crystals and increases with decreasing
thickness in thin crystals. Size effects are larger for the
T~ CDW: For the undoped growth, ET for the Tp

2 2

CDW is still significantly t dependent at thicknesses of
-20 pm, while ET for the TI, CDW has saturated to its

bulk value. As summarized in Table III, for both CDW's
the size-related increase in ET as t ~0 increases with in-

TABLE III. (a) b,ET( t) =ET( t) —ET"'" vs rR for
Nb& „Ta„Se3. (b) Comparison of AET{t) at T=77 K for Ta-
and Ti-doped NbSe3.

(a)

I

CO

~o
g&& C

o

~a &P'
r

I R=21
rR=35
rR ——69

0 rR
——220

R

Tp CDW
1

T=120 K
ET"'" AET{0.2 pm) rg

(V/cm) {V/cm)

Tp CDW
2

T=50 K
Ebulk ~ET{ pm

{V/cm) (V/cm)

10 1

t-' (pm-')
1 01

220 0.025
35 0.65

0.35
1.1

220
35

(b)
T=77 K

0.002
0.13

0.08
0.5

Nbl „Ta„Se3 Nb, „Ti Se3
FIG. 2. Threshold electric field ET at 77 K vs inverse thick-

ness t ' for Ta-doped NbSe3. The solid lines represent the 3D
and 2D weak pinning fits of Eqs. (10) and (21), as discussed in
Sec. VI C2.

69 0.2
35 0.8
21 20

1.0
2.2
4.0

53
27

8

0.15
0.35
2.0

1.1
1.7
6.0
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C4
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LLI

Io

T=77 K

& Ta doped
& Ti doped
o undoped

o

OI
0

o
E
W

~OI—
C

00

LLJ

o

rR=220 undoped
o rR

——35 Ta doped

/
I &1 I I I I I II

10 2

1R

10 "

o
o

10 2 10 ' 1t' (pm')
10' 102

FIG. 4. Comparison of E&-r& ' data for thick Ta- and Ti-
doped NbSe3 crystals. The solid lines represent least-squares fits
of the form E&= A(r& ') with b =1.9 for the Ta-doped crystals
and b =1.35 for the Ti-doped crystals. Undoped crystals were
excluded from the fits.

FIG. 6. Ratio of the minimum thresholds for the Tp and
1

Tp CDW's, E&'"(Tp )/Ez. '"(Tp ), vs t ' for undoped and Ta-
2 1 2

doped NbSe3 crystals.

creasing impurity concentration.
In order to characterize the bulk pinning behavior of a

given impurity, only thick crystals for which Ez is thick-
ness independent should be examined. Figure 4 shows
Er(T=77 K) versus rz ' for thick crystals (i.e., t» t, )

from four Ta-doped growths and two undoped growths.
The large scatter typical of such plots is eliminated by
exclusion of crystals from the finite-size regime. A least-
squares fit to the data for Ta-doped crystals of the form

(10)

yields A =750+90 V/crn and b=1.9+0.1. The ex-
ponent b very close to FLR's square-law prediction for
weak pinning.

Figure 5 shows Ez- versus rz ' for the T~ CDW at
T=120 K and the Tp CDW at T=50 K, for thick un-

2

doped and Ta-doped crystals. A least-squares fit of Eq.
(10) to the Ta-doped growths gives A =630290 V/cm
and b =1.94+0.05 at T= 120 K, and A =280%80 V/cm
and b =2.17+0.09 at 50 K. The agreement with FLR's
weak pinning prediction is again very good. Unlike the
T=77 K data in Fig. 4, at T=120 K and 50 K the data
for the undoped crystals fall close to the extrapolated fits
to the Ta-doped crystals. This difference arises from the
effects of impurities on the temperature dependence of
Ez, as will be discussed in Sec. V C.

Figure 6 shows the ratio of the minimum E&'s for the
two CDW's, EP'"(Tp )/EP'"(Tz ), versus t ' for the

data of Fig. 3. For thick crystals, this ratio is -8 for
rz =35 and -20 for the undoped material. For thin
crystals, this ratio decreases to -3.

LLI

CV

I

O

Io
10-' 10 2

IR

10 '

FIG. 5. Threshold electric field Ez at 120 and 50 K vs r&
'

for thick Ta-doped NbSe3 crystals. The solid and dashed lines
correspond to the weak pinning (E&~ r& ) and strong pinning
(E& ~ r& ') predictions, respectively.

2. Ti doping

Figure 7 shows Er(T=77 K) versus t ' for five Ti-
doped growths. Unlike Ta, which is isoelectronic with
Nb, Ti is expected to form a charged and thus more
strongly pinning defect. A previous study found
Ez- ~ rz, consistent with FLR s strong pinning predic-
tion. The qualitative behavior in Fig. 7 is the same as for
Ta-doped crystals in Fig. 2: Ez- is approximately thick-
ness independent in thick crystals, Ez- ~ t in thin crys-
tals, the characteristic thickness for the bulk to finite-size
crossover t, decreases with increasing impurity concen-
tration, and the size-related increase in Ez- in thin crys-
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Nb) xTixSeg

T = 77K

10'

C. Temperature dependence of the threshold Seld

Many CDW properties vary strongly with tempera-
ture, both near TI, where the order parameter 6 varies
strongly, and at low temperatures where b, = b, ( T = 0).
As noted by Fleming, ET in undoped NbSe3 exhibits a
minimum near T-0.8 Tp, and increases sharply as TI, is
approached from below and somewhat more gradually as
T~0. The effects of impurity concentration on this tem-
perature dependence have been studied previously, but
the results obtained have been inconsistent. One study
found that doping strongly suppressed ET's low-
temperature increase, while another found little effect. '

Neither study accounted for finite-size effects. We thus
have measured Er( T) as a function of both impurity con-
centration and crystal thickness, to determine if size
effects are the cause of previous inconsistencies, and to
evaluate possible origins of the temperature dependence.

1. Increasein E~ as T~OFIG. 7. Threshold electric field ET at 77 K vs inverse thick-
ness t ' for Ti-doped NbSe3. The solid lines represent the 3D
and 2D weak pinning fits of Eqs. (10) and (21), as discussed in
Sec. VI C2.

Figures 8 and 9 show ET versus temperature for NbSe3
crystals with thicknesses between 0.05 pm and 20 pm,
taken from a single undoped growth. For both the TI

1

and TI CDW's, the temperature T;„at which ET is a
2

minimum increases with decreasing thickness. However,
the fractional increase in ET(T) for T & Tm;„ is approxi-
mately independent of crystal thickness. Data for
T (T;„have previously been fit using the form

T/To
ET ~ e '. Fits of this form to the data of Figs. 8 and
9 yield To values which vary little with crystal thick-
ness.

Figures 10 and 11 compare ET(T) for crystals of simi-
lar thickness but containing different Ta concentrations.
The fractional increase in ET as T~O decreases and the

t(}ttm) To'(K)
0.05 33 ~
029 53 *
1.5 40 ~
4, 7 42 o
208 44&i

0
oo

o oo
H3 6kD~0

cl
a

o o
p cf

50.0 70.0 90.0 110.0 130.0 'I 50.0
T (K)

FIG. 8. Threshold electric field Ez vs temperature for the
Tz CDW in undoped NbSe3 crystals of diS'erent thicknesses.

1

The data for T & 100 K are fit by ET ~exp( —T/To) (dashed
lines). The arrows indicate where ET is a minimum.

tais bET(t) increases with increasing Ti concentration.
In addition, for Ta- and Ti-doped growths with similar
bulk ET values, t, and EEz(t) are approximately the
same.

Figure 4 shows Er versus ra ' for thick crystals (i.e.,
t &&t } from five Ti-doped growths. A least-squares fit of
Eq. (10} to the data for the Ti-doped crystals yields
g =30+5 V/cm and b=1.35%0.1. The power-law ex-

ponent thus falls between FLR's weak and strong pinning
predictions. Measurements of the minimum threshold
fields for thick Ti-doped crystals yield
Er'"(Tr )/ET'"(Tp )=8, just as for Ta-doped crystals.

1 2

Figure 4 indicates that for crystals with rz =10, ET for
Ta-doped crystals is approximately five times larger than
for Ti-doped crystals. However, from Eqs. (7}, (8), and
(9), Ti has a much larger efFect on the ra than Ta. Conse-

quently, ET's for a given Ti concentration are much
larger than for an equal Ta concentration, consistent with
the expectation that Ti should pin the CDW more strong-
ly.

Summarizing the results of our Ta- and Ti-doping
studies, we observe the following.

(1) ET ~ r~ and ET ~ rz ' in thick Ta- and Ti doped-
crystals, respectively.

(2} In the finite-size regime, ET-K/t, where the con-
stant of proportionality K increases with increasing im-
purity concentration.

(3) The characteristic thickness t, for the crossover
from bulk to size-dependent behavior decreases with in-
creasing impurity concentration.

(4) The ratio ET'"(Tp )/ET'"(Tr ) increases with in-

creasing thickness, and saturates to approximately 8-in-
thick Ta- and Ti-doped crystals.
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The data for T & 48 K is fit by ET ~ exp( —T/T0 ) (dashed lines).
The arrows indicate where ET is a minimum.

FIG. 11. Threshold electric field ET for the Tp CDW vs
2

temperature for crystals containing different Ta concentrations.
Dashed lines indicate the fit ET ~ exp( —T/T0).

characteristic temperature To increases with increasing
Ta concentration.

2. Divergence ofEr as T~T~

Divergences near phase transitions are generally ana-
lyzed in terms of a reduced temperature. This is diScult
in NbSe3 because the Peierls transition temperature is
somewhat i11 defined. Figure 12 shows the low-field resis-
tivity p and (1/p)(dpldT) versus temperature near TI,

2
for an undoped crystal with A =7.9 pm and t =1.4 pm.
TI is frequently determined as the temperature where
(1lp)(dpldT) is a maximum, ' s which is 57.5 K for
this crystal. However, p is a local minimum at 59.0 K,

and nonlinear conduction due to the Tz CDW is ob-
2

served at temperatures up to 61.0 K. It is not obvious
which of these three temperatures is closest to the "true"
transition temperature.

The definition of Tz is further complicated because as
the crystal thickness decreases, the resistive transition be-
comes more gradual and the highest temperature at
which nonlinear conduction can be measured increases.
This is illustrated in Fig. 13. For the thinner crystal,
nonlinear conduction from the Tp CDW is observed up

2

to 61 K, while for the thicker crystal, nonlinear conduc-
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FIG. 10. Threshold electric field ET for the Tp CDW vs
1

temperature for crystals containing different Ta concentrations.
Dashed lines indicate the fit ET a: exp( —T/T0 ).

FIG. 12. Low-field resistivity p and —(dp/d T) /p vs temper-
ature near the Tp transition for an undoped NbSe3 crystal with

2

t =1.4 pm and A =7.9 pm . For this crystal, the temperatures
at which p is a local minimum (59 K) and —(dp/dT)/p is a lo-
cal maximum (57.5 K) differ by 1.5 K.
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tion is not observed above 59 K (Ref. 37). We have ob-
served similar behavior in all crystals examined to date.
Anomalous nonlinear conduction above the temperature
of the resistance minimum has been observed previous-
ly, but its dependence on crystal size was not noted.
Maki has attributed this nonlinear conduction to depin-
ning of pretransitional fluctuations which reduce the nor-
mal carrier viscosity, and has suggested that the magni-
tude of the effect should depend upon dimensionality.

To avoid the problem of defining TI, we instead ana-
lyze the divergence of ET in terms of the CDW conden-
sate density p,z, which goes to zero at the transition. The
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FIG. 14. Effective CDW condensate density p, fr vs tempera-

ture for the Tp CDW, as deduced from narrow-band noise
2

measurements (squares) and from the ratio of the high- and

low-field resistances (triangles).

FIG. 13. Resistance vs temperature for two crystals of
different cross-sectional dimensions. The high-field resistance
was determined at a field below the depinning field of the Tp

1

CDW.

FIG. 15. Threshold field ET vs 1 —RH/RL near the Tp
2

CDW transition for undoped NbSe3 crystals with different
thicknesses. For thick crystals, ET ~ (1—RH/RL) ', and for
the thinnest crystal, ET ~ (1—RH/RL ) '. The vertical line in-

dicates where —(dp/dT)/p is a maximum for the t =0.29 pm
crystal.

condensate density can be determined in two ways: (i) us-

ing p,tt= JCDw/eh, v„where JcDw is the nonlinear
current density and v& is the narrow-band noise funda-
mental frequency; and (ii) using p,s ~ (1—Rtt /RL ),
where RH and RL are the low- and high-field resistances
and where it is assumed that the high-field CDW mobility

p& equals the low-field normal carrier mobility pz.
Figure 14 shows p,z as determined by these two methods
versus temperature for the TI, CDW. The first method

cannot be used very near Tz because the NBN becomes
too small to measure. Over the temperature range where
both methods can be used, the temperature dependencies
are in good agreement.

Figure 15 shows ET of the TI, CDW versus
2

1 —RH/RL for four undoped crystals of various
thicknesses. Here Ez- is defined as the electric field re-
quired for the low-field differential resistance to drop by
0.25%. Two types of power-law behavior are evident. In
the two thickest crystals, Er o-(1 Rtt/RL ), wh—ere
a=0.95+0.05. In the thinnest crystal (t=0.29 pm),
cz =0.45+0.05. For the 1.5-pm-thick crystal, a crossover
between the two types of behavior is observed.

3. Threshold rounding in thin crystals near Tp

In very thin crystals near TI„ the form of the nonlinear
I-V characteristic changes qualitatively. Figure 16 shows
the differential resistance versus electric field for the T~

2

CDW at T=56 K, for three undoped crystals with
thicknesses of 4.7, 0.29, and 0.05 pm. The sharp conduc-
tion threshold observed in the thickest crystal is absent in
the thinnest crystal, for which nonlinear conduction ap-
pears to occur at arbitrarily small fields.
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FIG. 16. Differential resistance d V/dI vs E/ET at 56 K for
undoped NbSe3 crystals with different thicknesses. ET for the
t =0.05 pm crystal is ill defined and was estimated by scaling its
d V/dI curve with those of thicker crystals.

FIG. 18. Differential resistance d V/dI vs E at five tempera-
tures below Tp for an extremely small crystal having a length,

2

width, and thickness of 38, 0.5, and 0.026 pm, respectively.

Figure 17 shows the differential resistance versus elec-
tric field for the t =0.05 pm crystal at several tempera-
tures. Threshold rounding is evident even in the T=50
K data, where the CDW order parameter is near its T=0
value, although the rounding appears to decrease with
decreasing temperature. Figure 18 shows dV/dI versus

E, measured in a two-probe configuration, for an ex-
tremely thin crystal with t=0.025 pm, 3 =0.013 pm,
and 1=38pm. For T & 35 K, the onset of nonlinear con-
duction clearly occurs at arbitrarily small fields and only
for temperatures below 35 K is it even possible to define

ET. More pronounced rounding in even thinner crystals
has been independently observed by Gill and Zaitsev-
Zotov ' for both the Tz and Tz CDW'sin NbSe3.

1 2

This rounding may be important in interpreting the re-

T=58 K

O

O

suits of the previous section for the threshold divergence
near TI. In particular, the exponent a=0.45 we ob-
tained for the t =0.29 and 0.05 pm crystals in Fig. 15
may be an artifact of our definition of Er. As T~TI„
the onset of CDW conduction in these crystals becomes
more rounded and the CDW current to normal current
ratio decreases, making the conduction onset more
difficult to resolve. Consequently, ET and the exponent a
become ill defined.

Summarizing our results for the temperature depen-
dence of ET in NbSe3, we find the following.

(1) The temperature T;„,where Er is a minimum, in-

creases with decreasing thickness.
(2) T;„decreases with increasing nr, .
(3) The characteristic temperature To for the low-

temperature increase in ET shows no significant thickness
dependence.

(4) To increases with increasing nT, .
(5) Near Tp in thick (t & 2 pm) undoped crystals,

Er ~(1—RH/RL )

(6) Anomalous depinning above Tp is observed in thin
crystals.

(7) The onset of CDW conduction at threshold be-
comes increasingly rounded with increasing temperature
and decreasing crystal thickness.

D. Size dependence of the small-signal ac conductivity

0.0 0.5
E (v/cm)

1.0

FIG. 17. Differential resistance dV/dI vs E for the t =0.05
pm crystal of Fig. 16 at four temperatures below Tp .

2

Another manifestation of CDW pinning is a strong fre-
quency dependence at rf frequencies of the small-signal
ac conductivity ocDw(co). For small CDW displace-
ments, the local pinning force is expected to be harmonic,
so that the ac response should have the general form of a
damped harmonic oscillator. ac conductivity measure-
ments have often been analyzed using a single-coordinate
model, for which o'cDw(co) has the form
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FIG. 19. Real part of the small-signal ac conductivity at
T=50 K for undoped NbSe3 crystals of different thicknesses.

FIG. 20. Imaginary part of the small-signal ac conductivity
at T= 50 K for undoped NbSe3 crystals of different thicknesses.
The fits (dashed lines) are discussed in Appendix B.

and

PeW
Reer cDw(co ) = CO

/Pl N +No

2
pete unco

ImcrcDw(co)
ym' co +m„

(1 la)

(1 lb)

Here y is the CDW damping coefficient, m * is the CDW
effective mass, p,z is the CDW condensate density, and

(12)

is the crossover frequency. ImcrcDw(co) has a maximum
at co=co„and a full width at half maximum of 2t/3co„.
Previous experiments on doped TaS3 found that m„ in-
creases with increasing impurity concentration and scales
with Er as predicted by Eq. (12). Fits to the data can be
improved by assuming a distribution of co„values, to
reAect the distribution of local pinning strengths within a
crystal.

Because crcDw(co) contains information about the dis-
tribution of pinning strengths which is not contained
within ET, we have investigated its size dependence.
NbSe3 crystals were attached to a 50-0-strip line using
gold paint, and the ac conductivity measured using a

Hewlett Packard 8753A network analyzer. The measure-
ments were performed on the Tp CDW because the size

2

effects are larger, the ac response occurs at lower frequen-
cies, and shunting of the ac response by normal carriers is
much smaller for this CDW than for the T~ CDW.

I

Figures 19 and 20 show Reo CDw(co) and ImocDw(co)
versus frequency at T=50 K for three undoped crystals
of various thickness. The CDW response shifts to higher
frequencies with decreasing thickness. The crossover fre-
quency co„and the half-width of ImcrcDw(co) both vary
inversely with thickness, indicating that the shift is
homogeneous. This suggests that the increase in CDW
pinning strength with decreasing thickness is uniform
within the crystal cross section. The fits in Fig. 20 are
discussed in Appendix 8 and assume a Lorentzian distri-
bution of ~„values.

Table IV summarizes results for these three samples
and two others, including values for the low-frequency
dielectric constant [ReecDw(co) =1—4~ Imo cDw(co)/co]
evaluated at 1 MHz. The dielectric constant decreases
with increasing thickness, but since ET increases the
product Ree(co=1 MHz)Er is roughly constant. This
product is predicted to satisfy the relation
e(co=0)Er =ke/Ao, where k is a constant of order unity
which depends upon the details of the pinning. We find

TABLE IV. ac conductivity crossover frequency f„,dielectric constant e( 1 MHz) (Ref. 47), andFz.
vs thickness for the TI CDW at T=50 K in undoped NbSe3.

3.15
0.95
1.33
0.38
0.55

115
4.8
0.98
0.47
0.35

t (pm)

3.7
0.81
0.54
0.37
0.17

f„(MHz)

5.7+1
17.5+4
12+4
60+10

140+40

4.9X10'
1.1X 10
2.4X10'
8.0X10'
5.6X10'

Ez {V/cm)

0.0028
0.012
0.013
0.035
0.057

0.7
0.7
1.6
1.4
1.6
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k =1, consistent with values obtained previously for
Nb-doped TaS3.

E. Size dependence of CDW mode locking

Shapiro steps provide one of the more spectacular
manifestations of CDW interaction with impuri-
ties. ' ' As first noted by Monceau, Richard, and Re-
nard, when a voltage V(t) = Vd, + V„cos(2mv„.t) is ap-
plied to a CDW crystal, the dc I-V characteristic exhibits
"steps" where the dc CDW current remains constant
while the dc voltage varies. These steps are due to mode
locking of the internal CDW frequency v& (i.e., the
narrow-band noise frequency) associated with dc current
flow with the applied ac frequency v„. When v„ is near a
rational multiple of v„, periodic CDW interaction with

impurities results in an additional time-averaged pinning
force which adds to the applied dc electric force. This
time-averaged pinning force adjusts so as to adjust the dc
CDW current until v„=pv„/q, where p and q are in-

tegers. The step width 5V is proportional to the max-
imum of this time-averaged pinning force, and thus pro-
vides information about the CDW-impurity interaction
in a dynamic limit.

We have studied the crystal thickness dependence of
the 1/1 mode-locked step width. Four-probe measure-
ments were made on undoped NbSe3 crystals near
T=120 K, where the quality of the mode locking is
highest. Only high-quality crystals for which the mode
locking was complete (i.e., for which the differential resis-
tance on the 1/1 step rose to its E (Er value) or nearly
complete were used. The step width was calculated as

d V/dI —RIr
5V=RL

L H
(13)

where the integral is over the mode-locked region, RL is

the E &Ez. resistance, and RH is the differential resis-
tance just outside the mode-locked region.

The mode-locked step widths exhibit Bessel-like oscil-
lations as a function of ac amplitude. ' ' Figure 21
shows the first (and largest) step width maximum normal-
ized by the V„=O threshold voltage, 5V, &,"/Vr, versus
t ' for an applied ac frequency of 20 MHz. Parameters
for all of the crystals shown are summarized in Table V.
Although crystal thicknesses vary by a factor of 40 and

C)

brac=20 MHz

1

t ' (p,m-')

FIG. 21. 1/1 mode-locked step width maximum for v„=20
MHz normalized by the V„=O dc threshold voltage,
5V&z&" /V&, vs t ' at T=120 K for undoped NbSe3. The
squares (~) and crosses (X) represent samples for which the
mode locking was complete or nearly complete, respectively.

Er's vary by a factor of 10, the ratio 5V, &',"/Vr is ap-
proximately constant. This suggests that the pinning
mechanism responsible for the size dependence of Ez- is

also responsible for the time-averaged pinning force
which produces mode locking in the sliding state.

F. Effects of nonuniform crystal thickness

For most NbSe3 crystals, the crystal cross section
remains constant in size and shape over lengths of at least
several millimeters, much longer than the sample lengths
used in transport measurements. However, for essential-

ly all crystals, the cross-section shape is highly irregular.
The crystal thickness changes in a series of steps running
along the whisker axis, with step heights that can be com-
parable to the average thickness. Since CDW properties
depend upon thickness, these thickness variations might
be expected to have important consequences. For exam-
ple, since Ez depends upon crystal thickness, the thicker
parts of the crystal might be expected to depin at lower

TABLE V. 1/1 mode-locked step width for v„=20 and 40 MHz vs crystal thickness for the Tp
CD%' in undoped NbSe3 (r& =220) at 120 K. Mode locking of the 1/1 step was complete for the first

five samples (t (0.70 pm) and nearly complete (Ref. 52) for the other samples.

I (rnm)

0.35
0.31
0.65
0.88
0.83
0.75
0.88
1.28
1.18

A (pm)

0.23
0.49
0.40
1.2
0.52
8.8

12.3
33
49

t (pm)

0.12
0.27
0.40
0.63
0.70
1.2
1.3
2.4
5.1

5V&/&" /Vz-(20 MHz)

0.36+0.06
0.39+0.04
0.34+0.04
0.36+0.04
0.43+0.03
0.36+0.06
0.35+0.07
0.41+0.07
0.37+0.06

5 Vly] /Vy (40 MHz)

0.47+0.04
0.43+0.04
0.43+0.06
0.50+0.04
0.39+0.06
0.40+0.07
0.44+0.08

Ez. (V/cm)

0.64
0.23
0.33
0.21
0.19
0.095
0.090
0.11
0.060
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FIG. 22. Narrow-band noise fundamental spectral peaks for
the whole and for part 1 of sample A (discussed in the text).
The spectral width in part 1, which had a nearly rectangular
cross section, is much smaller. The inset schematically illus-
trates the crystal studied, whose cross section had one large step
in its thickness running parallel to the whisker axis. The crystal
was split along the step to produce parts 1 and 2.

fields than the thinner parts, with velocity shear occur-
ring along the boundaries between them.

To investigate the effects of thickness steps, we per-
formed a very simple experiment. An undoped NbSe3
crystal having one large thickness step (as illustrated in
the inset of Fig. 22) was selected and cut in half length-
wise (i.e., the cut was made perpendicular to the whisker
axis). One of these halves was then carefully cleaved
along the step. This procedure yielded one crystal with
an irregular cross section (referred to as the whole) and
two crystals with more nearly rectangular cross sections
(referred to as parts 1 and 2). Electrical contacts were ap-
plied far from the cut ends to avoid any damaged regions.
Measurements of the narrow-band noise, mode locking,
and broad-band noise were made on several samples
prepared in this way. All measurements were performed
near T=120 K, where the NBN and mode-locking quali-
ty are highest. Data presented here are for two represen-
tative samples whose parts had the following lengths,
maximum widths, and average thicknesses: Sample A,
0.96 mmX4. 4 pmX0. 95 pm for part 1, 1.2 mmX3. 4
pmX1. 12 pm for part 2, and 0.9 mmX7. 8 pmX1. 0 pm
for the whole; sample 8, 0.7 mmX33 pmX1. 5 pm for
part 1, 0.8 mmX25 pmX2. 2 pm for part 2, and 1.4
mm X 57 JMm X2.0 pm for the whole.

Figure 22 shows the fundamental NBN spectral peaks
for part 1, whose cross section was nearly rectangular,
and for the whole of sample A. The whole's fundamental
is very broad and shows substantial structure. Part 1's

fundamental consists of only one extremely sharp peak
(Q =350) and a second much smaller peak at lower fre-
quency. In samples with large thickness differences be-
tween parts 1 and 2, the peaks in the whole can be unam-

I I

I

I

I

I I

Part 1

0.0 0. 1 0.2 0.3
E: (V/cm)

0.4 0.5

FIG. 23. Differential resistance dV/dI vs dc bias for sample
A, measured in the presence of a 10-MHz ac field. The ac am-
plitude was chosen to obtain the maximum mode-locked width
of the 1/1 peak. The completeness of the mode locking corre-
lates with the uniformity of the crystal cross section.

biguously identified as coming from parts 1 and 2; the
thicker part gives a higher frequency peak than the
thinner part. Since the NBN frequency v„ is proportion-
al to the CDW velocity, this implies that the CDW
moves with different time-averaged velocities in different
parts of the whole's cross section. Velocity shear must
then occur along the thickness step.

Figure 23 shows the differential resistance dV/dI of
sample A measured in the presence of a 10-MHz ac volt-
age. Mode locking of the whole's 1/1 peak is only 65%
complete, and few subharmonic peaks are visible. In con-
trast, the 1/2 and 1/1 peaks of part 1 lock completely,
and subharmonics down to p/q= 1/7 can be resolved.
This difference in mode locking quality is a consequence
of the difference in CDW velocity distributions between
the whole and part A, as rejected in the NBN spectra of
Fig. 22.

CDW conductors exhibit enormous f ~ or broad-band
noise (BBN). Previous studies found that
+=0.4—0.8, and that the BBN amplitude scaled with
sample volume, suggesting a bulk origin. Figure 24
shows the normalized broad-band noise power per unit
volume versus frequency for sample 8. The NBN funda-
mental frequency for the whole and for each of the parts
was set at 50 MHz to ensure that the CDW current den-
sities were comparable and that no NBN peaks were in-
side the BBN measurement window. The BBN per unit
volume in the whole is more than two orders of magni-
tude greater than in either of the two parts. Similar be-
havior was observed in sample A. This clearly identifies
the thickness discontinuity as being primarily responsible
for the difference in BBN amplitudes.

These results are consistent with those of Thorne
et al. For a crystal with a nearly perfect rectangular
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(2) coherent CDW response occurs only in samples with
rectangular cross sections; (3) multiple NBN peaks and
incomplete mode locking in undoped crystals result from
irregular crystal cross sections; (4) CDW shear occurring
along thickness steps provides the primary source of
BBN in NbSe3 at T= 125 K.
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UI. ANALYSIS

A. Size dependence of the r&

Normal carrier scattering by crystal surfaces provides
the simplest explanation for the rz versus thickness data
of Fig. 1. This scattering should lead to an increase in
R(4.2 K) and thus a decrease in ra with decreasing crys-
tal thickness. Fuchs's theory of surface scattering
predicts that the conductivities of films of finite and
infinite thickness should have the ratio

FIG. 24. Normalized broad-band noise power per unit
volume vs frequency for sample B. The more than two orders-
of-magnitude difference between the whole and parts 1 and 2 is
due to the thickness step in the whole's cross section. Data
below and above 100 kHz were obtained using a lack-in
amplifier and spectrum analyzer, respectively.

cross section, they observed a NBN fundamental peak
with Q =30000 at a frequency v„=84 MHz, nearly 150
subharmonic mode-locked peaks between threshold and
the 1/1 step, and almost no BBN except at dc biases very
near threshold. In our own measurements on a large
number of samples over the last three years, we have con-
sistently observed a strong correlation between cross-
section uniformity and mode-locking quality.

The origin of the thickness steps is unclear, but they
may arise from small-angle grain boundaries. To check
whether the effects discussed above are a consequence of
thickness-dependent pinning or of disruption of the crys-
tal lattice along the steps, we have cleaved crystals along
both the b-c and b-a crystallographic planes. The results
obtained were qualitatively similar in both cases, suggest-
ing that thickness-dependent pinning is responsible.

An interesting effect was observed when a crystal with
one large thickness step was cycled twice between room
temperature and 125 K. On the first cooldown, only one
rather gradual depinning was observed at a threshold
field of 23 mV/cm. On the second cooldown, two dis-
tinct depinnings were observed at threshold fields of 32
mV/cm and 61 mV/cm. These thresholds were almost
identical to those measured for two nearly rectangular
parts obtained by cleaving the original crystal along the
b-c plane; all three thresholds scaled with the maximum
thickness of the whole and its parts. Variations in ET
and other CDW properties with temperature cycling
have been noted previously. Cycling-induced cracking
along thickness steps provides a simple explanation for
these observations.

Summarizing the results of this section, we find that (1)
the CDW shears easily when inhomogeneously pinned;

~(&) 3 & (u —u )(1—p)[1—exp( —x/u)]
cr„2z 0 1 —p exp( —a/u )

(14)
where z=t/l, I is the low-temperature bulk mean-free
path, and p is the specularity parameter. p=0 corre-
sponds to purely diffuse scattering, while p =1 corre-
sponds to purely specular scattering. Typical experimen-
tal values of p for metal films vary from 0 to 0.9, depend-
ing upon the metal and upon how the film is prepared.
The solid line in Fig. 1 is a fit of Eq. 14 assuming p =0
and a transverse mean-free path l + =0.7 pm. Fits with

p values of up to 0.8 also give reasonable fits,' for p =0.8,
l +=10 pm. Neither p nor l can be accurately deter-
mined because of the scatter in the data.

These a * mean-free paths are roughly consistent with
the results of magnetotransport measurements by Ong. '

For a NbSe3 crystal with rz =60, Ong deduced T=4.2 K
normal carrier mobilities of 3X10 and 2X10 cm /Vs
along the b and c directions, respectively. Assuming a
Fermi velocity vF=2. 5X10 cm/s and a carrier mass
m =m„ these rnobilities correspond to mean-free paths
of l& =35 pm and l, "™2.5 pm. Comparable values are ex-
pected along a *. Mean free paths in the rz =220 crystals
of Fig. 1 should be roughly four times larger.

An alternative explanation for the thickness depen-
dence of the rz is that the low temperature resistance is
determined by normal carrier scattering off the CD%.
As will be discussed in Sec. VI C, the CDW phase-phase
correlation length is predicted to decrease with decreas-
ing thickness, so that enhanced CD% normal carrier in-
teraction might be expected in thin crystals. History-
dependent changes in the normal carrier resistance of a
few percent suggest that this interaction is important;
whether it is large enough to account for the observed
size dependence is unclear.

B. Impurity concentration dependence of ET. bulk pinning

1. Ta doping

Characterizing the nature of the CDW impurity in-
teraction is complicated because of finite-size effects, and
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TABLE VI. Microscopic parameters for the two CDW's in NbSe3.

Q (along b")
~, (T=o)
Ap

VF

5(T=O) (mean field)
5(T~O) (tunneling)

g ~=AuF/mb

Tp =144 K

14.3 A
0.439 A

1.9X10 ' cm
73.6 A

2.5X10' cm/s
0.022 eV
0.090 ev

0.0035 eVA
1:—:—. 1. 1
'9 '25

25 A

Tp =59 K
2

13.2 A
0.475 A

2.05X10 ' cm
73.6 A

2.7 X 10 cm/s
0.0089 eV
0.037 eV

0.0038 eVA
1:—:—, 1. 1

'9'25
60 A

References

107, 108
107, 108

109
110
111

1

103
20
112
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because pinning by residual defects determines the mea-
sured properties of undoped and lightly doped crystals.
Size effects are easily accounted for by using only thick
crystals. As shown in Figs. 4 and 5 and discussed in Sec.
VB1, bulk ET data for both the TI, and T~ CDW's in

1 2

Ta-doped NbSe3 are well described by ET &rz, con-
sistent with FLR's prediction for 3D weak pinning.

Neglecting for the moment the effects of pinning by re-
sidual defects, the Ta pinning strength (vp& )T, can be cal-
culated from the 3D weak pinning formula for ET given
in Table I using values determined from weak pinning fits
of Eq. (10), the n;-ra relation of Eq. (8), and the appropri-
ate microscopic parameters for NbSe3 given in Table VI.
This calculation yields Ta pinning strengths (vp&)r, of 4.3
and 4.5 meV for the Tp CDW at 120 and 77 K, respec-

1

tively, and 3.0 meV for the Tp CDW at 50 K. These
2

values can in turn be used to calculate the pinning pa-
rameter e;. Substituting appropriate values from Table
VI into Eq. (3) yields

2. Ti doping

Analysis of CDW pinning in Ti-doped crystals is more
complicated. As shown in Fig. 4, ET-rz data for thick
Ti-doped crystals are well described by Eq. (10) with a
power-law exponent b=1.35, in between FLR's predic-
tions for weak and strong pinning.

Pinning by defects other than Ti can account for this
exponent. Residual defects determine the properties of
undoped crystals. If, relative to the residual defects, the
dopant impurities have a larger effect on the rz than on
ET, then small dopant concentrations will produce larger
fractional changes in the rz than in ET. Fits to ET-rz
data will then yield smaller exponents than if the pinning
were due to the dopants alone.

The effects of pinning by more than one impurity type
on ET-rz ' relations can be quantified as follows. If both
the dopant impurities and the residual impurities pin the
CDW weakly, then the impurity Quctuation energy is
modified from vpln for a single impurity to
[g(upi)~n ]' for j different impurities. For two impur-
ity types, the arguments of Sec. II yield for the 3D case

e, =200up, (n; /1 X 10' cm )'~ (15) ET=Er +2+Era n;+a n;

for both CDW's, where vp& is given in eV. The values of
(vp, )r, calculated above then give e; = 1 for heavily Ta-
doped crystals with ra =10 (and smaller values for more
lightly doped crystals). This value is well within
Matsukawa's calculated range for weak pinning. Con-
sequently, a weak pinning analysis provides a self-
consistent account of ET-r„' data in thick Ta-doped
NbSe3 crystals.

The same cannot be said of a strong pinning analysis.
The ET-rz ' data of Figs. 4 and 5 clearly do not fit the
strong pinning prediction ET ~rz (indicated by the
dashed line in Fig. 5). Using ET=9.5 V/cm and r„=10
for heavily Ta-doped crystals together with appropriate
values from Table VI, the strong pinning threshold-field
formula [Eq. (4)] yields (up, )r, = l. 5 X 10 5 eV. Substi-
tuting this value into Eq. (15) then gives e, =4X 10, at
least three orders of magnitude into the weak-pinning
limit. This inconsistency is far too large to be accounted
for by uncertainties in our parameters. The strong-
pinning analysis thus fails dramatically.

where ET is the threshold field due to residual impuri-
0

ties, n, is the dopant impurity concentration, and a
determines ET in the absence of residual pinning, as in
Table I. If both impurity types pin strongly, the pinning
energies add and

ET=ET +a, n; . (17)

This expression is expected to be approximately valid in
the case of weak residual pinning for small dopant con-
centrations. Substituting for n; using Eq. (7) yields

QET=QEo +a„b,rz '

for weak pinning and

Ez-=ED+a, b, rz '

(18)

(19)

for strong pinning, where QEo =QEr ab, rz ', — .

Eo =ET a 6 7"g and rz is the rz due to residual im-0 Tp s l Rp 0

purities. If Eo «ET, then FLR's weak and strong pin-
0
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ning power laws are recovered. If this relation does not
hold, then smaller power-law exponents (i.e., less than 2
for weak pinning and less than 1 for strong pinning) are
predicted. Consequently, the exponent of 1.35 observed
for Ti-doped NbSe3 suggests that Ti acts as a weak pin-
ning impurity.

Figure 25 shows +ET versus rid
' for thick Ta- and

Ti-doped crystals. The solid lines represent the fits of Eq.
(18), made with the constraint that the fits pass through
the point (ET, rR ') measured for undoped crystals.

0 0

Both fits are excellent, consistent with weak pinning by
both Ta and Ti. From the a value deduced from the Ti
fit, (vpi)T;=0. 011 eV, roughly 2.5 times larger than for
Ta. For heavily Ti-doped crystals with n; =100 ppm,
rtt =10, and ET=1.6 V/cm, Eq. (15) thus yields a pin-
ning parameter e;=0.9, well into the weak-pinning re-
gime. If Ti is instead assumed to pin strongly, then Eqs.
(4) and (15) yield (vp, )T;=5X10 eV and e, =5X10
As with Ta, the strong pinning assumption fails dramati-
cally.

Table VII compares ET values for Ta- and Ti-doped
crystals. As discussed in Sec. V B 2, ET's for comparable
rz's are larger for Ta than for Ti. However, Ez-'s for
comparable impurity concentrations are much larger for
Ti than for Ta. Direct comparisons at equal concentra-
tions are diScult, but for n, =100 ppm, bulk thresholds
for Ti-doped crystals are roughly 40 times larger than
would be measured in crystals comparably doped with
Ta. This threshold ratio is consistent with a pinning
strength ratio of only 2.5 since in 3D weak pinning,

If Ta and Ti both pin the CDW weakly, then why do
power-law fits to ET-rz ' data for Ta and Ti-doped NbSe3
yield such different exponents? This difference arises
from the difference in their Ep values, given by the y in-
tercepts in Fig. 25. For Ti, Ep =0.40ET, whereas for Ta,

0

Ep 0.01ET ~ Ep is larger for Ti because Ti affects the
0

TABLE VII. ET (T=77 K) and r& vs impurity concentra-
tion for Ta- and Ti-doped NbSe3.

n; (ppm)

Ta
R

T1

ET {V/cm) n, (ppm) r„ET (V/cm)

= 100
500

2600

200
50
10

0.050
0.60

10

20 35
40 20

100 8

0.15
0.55
2.0

rid much more than ET, i.e., b; /a is much larger for Ti
than for Ta. Appendix C calculates the exponent that
would be obtained from a power-law fit of Eq. (10) to Eq.
(18) over the range ET (ET (ET '", assuming

0
Ep=0.40ET . This exponent is plotted as a function of

0
EP'" in Fig. 26. Even for ET'"=1000ET (much larger

0
than could be measured experimentally) the exponent is
only 1.6. A similar plot for Ep=0.01ET shows that an

exponent of 1.9 is recovered for an ET'" of only Ez-,
0

comparable to the range of our Ta data in Fig. 4.

C. Size dependence of COW properties

O
C4

1. Surface pinning interpretation

Early experiments on the crystal size dependence of ET
were interpreted as evidence that the CDW is more
strongly pinned near crystal surfaces than in the bulk. ' '

A variety of mechanisms could give rise to enhanced
CDW pinning near surfaces. For example, surface de-
fects or surface impurities might interact strongly with

ex'

Eo O
N cj) o—0.

Eo/ETo =0.40

C)
10'

E&ax/ET

102

C)
CO

0.00 0.03 0.06
R

0.09 0.12 0.15

FIG. 25. Comparison of ET-r& ' data for thick Ta- and Ti-
doped NbSe3 crystals at T=77 K. The solid lines represent the
weak pinning fits provided by Eq. (18).

FIG. 26. Power-law exponents obtained from fits of Eq. (10)
to the Er r„' relation of Eq. (-18) vs the E-field range
ET &E &ET'" over which the fit is performed. The solid and

dashed lines indicate exponents expected in the presence of re-
sidual pinning for Ti-doped and Ta-doped crystals, respectively.
Details of the calculation of the exponent are given in Appendix
C.
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the CDW. Alternatively, the CDW wave vector might
become commensurate with the underlying lattice period
near the crystal surface, and thus be strongly pinned.

If surface pinning is important, then some or all of the
following features should be expected.

(1) For small crystals, Er should vary linearly with
crystal surface-to-volume ratio, proportional to the cir-
cumference to cross-sectional area ratio C/A. ' For rib-
bonlike NbSe3 crystals with m»t, C/A =2/t, so that
Er =K/t.

(2) The constant K in ET=K/t should depend upon
surface preparation conditions but be independent of
bulk impurity concentration.

(3) The CDW pinning strength should decay away
from the surface over some characteristic length. Conse-
quently, the distribution of pinning strengths within a
given crystal should depend upon crystal thickness.

(4) As shown in Sec. V F, an inhomogeneously pinned
CDW shears easily when an electric field is applied. Con-
sequently, more weakly pinned regions in the bulk should
shear from more strongly pinned regions near the crystal
surface, giving rise to a distribution of current densities,
broadening of the NBN, rounding of mode-locked
Shapiro steps, and an increase in BBN. The magnitude
of these effects should depend upon crystal thickness.

Our experimental results provide a detailed test of
these expectations for surface pinning. Consistent with
feature (1), Er does vary inversely with crystal thickness
in thin crystals. However, contrary to feature (2), the
proportionality constant K increases with increasing bulk
impurity concentration (Table III) and is approximately
proportional to n;. This might result if the pinning
strength of the dopant atoms was greatly enhanced near
the surface, in which case

Er"'=(Q/ep, ir)(vpi)'""n "'(C/A ), (20)

where n "' is the surface impurity concentration. For
Ta-doped NbSe3, n,'"'=(3X10' cm )rz

' Using Eq. .
(20) and the data in Table III gives (vpi )'"'=0.5 meV and
0.3 meV for the T~ and TI, CDW's, respectively. These

1 2

values are much smaller than the bulk pinning strengths

[(vp&)T, =4.3 and 3.0 meV] calculated in Sec. VB, con-
trary to the surface-enhanced pinning strength assump-
tion.

An impurity concentration dependence of K might also
be expected if commensurability pinning occurs near the
crystal surface. Edge dislocations present at boundaries
between bulk and surface layers of slightly different
CD% wave vector would be charged and thus be pinned
by impurities. Since CDW current Aow would involve
motion of these dislocations, pinning could lead to an n;

dependence of ET in thin crystals. However, there is no

evidence for CD% commensurability near crystal sur-
faces in NbSe3. Recent small-angle x-ray scattering mea-
surements on Ko 3Mo03 found no measurable variation
of CDW wave vector with distance from the crystal sur-
face. Similar measurements have not been performed
on NbSe3, but there is no reason to expect a different re-
sult.

We have also investigated the effect of surface prepara-
tion conditions on the size dependence of ET. NbSe3
crystals were exposed to aqua regia vapors for 10 min, re-
sulting in pock marks —10 pm apart. These marks had
no measurable effect on ET. Crystals were then etched in
dilute aqua regia. Long etches roughened the surface and
significantly reduced the crystal thickness. However,
only the expected Er=K/t variation with no change in

E was observed. These results suggest that surface de-
fects are not responsible for ET's size dependence.

As stated in feature (3), enhanced CDW pinning near
crystal surfaces should result in a thickness-dependent
distribution of pinning strengths. This distribution
should be rejected in fits to the small-signal ac conduc-
tivity in the distribution of crossover frequencies co„.
The relative magnitudes of the low- and high-frequency
components (due to the bulk and surface pinned regions,
respectively) and thus the shape of the distribution
should vary with thickness. In contrast, although both
the characteristic frequency co„and the width of the fre-

quency distribution in the measured ac conductivity vary
as 1/t, the shape of the distribution is independent of t.
This suggests that the pinning strength distribution is
homogeneous within the crystal cross section and varies
continuously with thickness. The linear variation of the
Shapiro step widths (which refiect the strength of CDW
pinning in the sliding state) with Er and 1/t provides ad-

ditional evidence for this suggestion.
As stated in (4), an inhomogeneously pinned CDW

shears easily when an electric field is applied. If the
CDW were pinned more strongly near the surface, the
bulk CDW would shear from it and begin sliding before
the surface CDW depinned. We find no evidence for
such shear. First, we have compared the ratios of the
low-field single-particle to high-field (E=20E&) CDW
conductivities at T=50 K in crystals of different thick-
ness. Since the single-particle conductivity at T=50 K
should be essentially independent of thickness, these ra-
tios can be used to estimate the number of layers near the
crystal surface where the CDW remains pinned. As
shown in Table VIII, the measured ratio for a t =0.05
pm crystal indicates that the entire cross section depins
at high fields, with an uncertainty of +1.5 unit cell lay-
ers. Second, we find no evidence for broadening of the
NBN, degradation of mode-locking quality, or increasing

TABLE VIII. Comparison of high-field (E-20ET) and low-Geld (E &&ET) conductances o H and

o I at T=50 K for two crystals of different thickness (Ref. 68).

I (mm)

0.538
1.11

A (pm)

0.05
0.67

t (pm)

0.05
0.35

ET (V/cm)

0.279
0.0383

dV/dr (%)
(22.5E /ET)

39.1
38.2

(22.5E /ET )

1.239
1.289
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BBN amplitude with decreasing thickness. In fact, high-
ly coherent NBN, complete mode locking, and low BBN
amplitudes are most easily obtained in thinner ( t ~ 2 pm)
crystals, although this is related to the ease of obtaining
crystals with uniform thickness.

In summary, aside from ET's variation with crystal
thickness, we find no evidence for enhanced CDW pin-
ning near crystal surfaces. Surface pinning thus does not
provide a viable explanation for the size dependence of
CDW properties.

2. Weak-pinning dimensionality crossover interpretation

Section VI B showed that 3D weak pinning provides a
qualitatively and quantitatively self-consistent account of
bulk ET data for both Ta- and Ti-doped NbSe3. An alter-
native explanation for the size dependence of Ez- follows
naturally from weak pinning. In 3D weak pinning, the
CDW adjusts its phase in all three spatial directions to
optimize its energy of interaction with impurities. From
Tables I and VI, the longitudinal (b } and transverse (a ' }
phase-phase correlation lengths for undoped NbSe3 crys-
tals with r& =200 are estimated to be Lb+ =20 pm and

L + =2 pm, respectively. The latter value is comparable

to the thickness of typical crystals. Consequently, in thin
crystals such that t &L'D~ CDW phase variations along

a ' should be cut off and a crossover from 3D to 2D weak
pinning is expected.

Expressions for the threshold field and phase-phase
correlation length in 3D, 2D, and 1D weak pinning were
given in Table I. The 2D and 1D expressions must be
modified when dimensionality is imposed by a length
scale cutoff, i.e., when L &t for 2D confinement, or
when L & t and w for 1D confinement. In 3D, the im-
purity fluctuation potential per unit volume is

-vpiif /L /. For the 2D and 1D confinement
cases, this becoines v p) n,

' /(L 2t )
'/2 and

vp, 8 /(Lt)T) ) '/, respectively. In addition, although
phase deformations are cut off in the confined directions
they remain 3D in character, so that the elastic energies
in the 2D and 1D confinement cases are increased by a
factor 3/d over the strict 2D and 1D cases. The resulting
threshold fields and phase-phase correlation lengths for
the 2D and 1D confinement cases are summarized in
Table IX. In both cases, ET and the pinning energy per
unit volume are increased over their 3D values because
confinement reduces the optimum number of impurities

in a domain, and thus increases the strength of the fluc-
tuation potential per impurity.

In NbSe3, a crossover to 2D but not 1D pinning is ex-
pected because typical crystal widths and lengths are
much larger than typical thicknesses, and because CDW
correlation lengths (as deduced by x-ray scattering ' )

are much longer along a* than along c. Thus, in the
weak pinning dimensionality crossover (WPDC) interpre-
tation, the threshold field in thin crystals such that
L, ) t is predicted to vary as ET ~n;/t Fi.gure 2

showed ET versus t ' for Ta-doped NbSe3. The solid
lines in the thickness-dependent regime represent the fit
given by

ET ) =(25+2)r)f '/t()um) V/cm . (21)

The quality of this fit is very good. The 2D weak pinning
prediction thus qualitatively reproduces both the thick-
ness and impurity concentration dependence of ET in
thin Ta-doped crystals.

The WPDC model also accounts for ET's size depen-
dence in Ti-doped NbSe3. The ratio

(E(2D)r )2/E(3D) (g /g )2(gf /ep )a
(22)

t, =0.025r& pm .

Theoretically, from Tables I and IX,

t, =4/3L', =(g', g, /$~, )4&f (/vp, )'n, .

(23)

(24)

Substituting for f and g from Table VI and using

Up& =4.3 meV yields

t, =0.0055r& pm . (25)

is independent of impurity type and concentration. Con-
sequently, using the ratio (ET )t) /Er(3D)=6. 3X10
V cm obtained from the fits of Eqs. (21) and (10) for Ta-
doped crystals, ET in thin Ti-doped NbSe3 crystals can be
predicted from ET in thick crystals with no adjustable
parameters. This prediction is indicated by the solid lines
in Fig. 7. Although the scatter in the data is consider-
able, the overall qualitative and quantitative agreement is
quite good.

A characteristic thickness t, for the crossover from 3D
to 2D behavior can be obtained from the intersection of
the 3D and 2D fits, i.e., from EP=EP(t=t, ). Equat-
ing the fits to the bulk and thickness-dependent regimes
in Ta-doped crystals given by Eqs. (10) and (21) yields

TABLE IX. Weak pinning predictions in 2D and 1D, where dimensionality is imposed by
confinement.

d=2

d=1

Phase-phase
correlation
length (L)

1OfF/2
1/2

(vp&)S;

7 5f 2/3(tw )I/3

)2/3+ 1/

Threshold electric
field (ET)

Q(vp&) 8;

30ep,zf t

Q(vp, ) / if;

9eP@1/3(f)v)2/3

Pinning energy per
phase coherent
domain ~odom)

3(vp ) 'f ' 'if (t)r))
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R L ~ (pm) t, (pm)

300
40
10

& 1.9
0.37
0.10

5.7
0.78
0.19

The quantitative agreement is reasonable given the crude-
ness of our theoretical formulas and the uncertainties in
our assumed values for the microscopic parameters.

A better comparison is between the crossover thickness
t, and the measured CDW correlation lengths. Sweet-
land et al. have determined the correlation lengths for
the TI CDW in undoped and Ta-doped NbSe3 by high-

1

resolution x-ray scattering. Table X compares their re-
sults for L + with experimental t, values given by Eq.
(23). Both the magnitudes of the correlation lengths and
their dependence on impurity concentration are in excel-
lent agreement with the t, data. This agreement provides
compelling evidence both for weak pinning and for the
WPDC interpretation of E~'s size dependence.

The WPDC interpretation is also consistent with the
results of ac conductivity, mode locking, and narrow-
band noise measurements discussed in Secs. V D —V F. In
contrast with surface pinning models, this interpretation
predicts that the strength of CDW pinning is homogene-
ous within the crystal cross section and increases con-
tinuously with decreasing thickness. The scaling of the
crossover frequency co„ in the ac conductivity, the low-

frequency dielectric constant, and the Shapiro step
widths with Ez and thus with thickness, the homogene-
ous form of the ac response in thin crystals, and the ab-
sence of increased CDW shear in thin crystals are all con-
sistent with these predictions.

Thus, the WPDC interpretation provides a qualitative-
ly and quantitatively self-consistent account of the size
dependence of E~ and other CDW properties.

D. Temperature dependence of E&

1. Increasein Ez- as T~O

As discussed in Sec. V C, Ez- increases with decreasing
temperature at temperatures well below Tp, where the
CDW order parameter is near its T=O value. The most
widely cited explanation for this low-temperature in-
crease has been given by Maki and Virosztek. ' In their
model, at finite temperature the local CDW phase fluctu-
ates about its ground-state value $0 with amplitude

(5P ) =2T/To, where

To =(2'�) fg, Ik~ . (26)

These phase fluctuations reduce the effective CDW im-
purity interaction potential from its T=0 value

TABLE X. Comparison of the transverse CDW correlation
length L ~ deduced by x-ray scattering (Ref. 29) with the

a

characteristic thickness t, for the onset of size dependence of
E& in undoped and Ta-doped NbSe3 at 77 K.

Up, cos/Q r; +go(r; ) ] by a Debye-Wailer factor
e ('s~' )~ . Assuming f and pdr are T independent when
b, ( T) =6(0), the usual Lee-Rice arguments then yield

I

Er(T) ~e (27)

where To=mTo and m =1, —', —,', and 4 for strong pin-

ning and 3D, 2D, and 1D weak pinning, respectively.
This functional form has been shown to describe Er(T)
in most CDW materials, with the notable exception of
K03Mo03. As indicated by the dashed lines in Figs.
8 —11, it provides a reasonable description of our Er( T)
data as well. However, this model is inconsistent with ex-
periment in several ways.

(i) Substituting parameters appropriate for NbSe3 into
Eq. (26) yields TO=500 K, two orders of magnitude
larger than values obtained from fits to the experimental
data in Fig. 9.

(ii) The rms CDW phase displacements ((5$) ) im-
plied by experimental To values are on the order of m,

corresponding to half a CDW wavelength. Such large
displacements seem inconsistent with the observed sharp
onset of CDW conduction and with memory effects such
as the pulse-duration memory effect. '

(iii) Experimental To values increase substantially with
increasing Ta impurity concentration, as shown in Fig.
10. Brill et al. observed a similar increase in Ti-doped
samples. To in Eq. (26) and thus To are predicted to be
independent of impurity concentration and type.

(iv) Experimental To values for the T~ CDW in the
1

undoped crystals of Fig. 8 do not depend upon crystal
thickness. Since the thickest of these crystals is in the 3D
weak pinning limit while the thinnest is in the 2D limit,
their To values are predicted to vary by a factor of 2.

(v) The CDW phase-phase correlation length L is pre-
znro'

dieted to vary as e ' and thus to decrease as T~O.
Recent x-ray measurements on Ta-doped NbSe3 show
that the CDW correlation length increases continuously
from Tp and saturates for T ((TI, .

These many inconsistencies suggest that thermal phase
fluctuations are not the cause of Ez's low-temperature in-
crease.

Ez's increase could also arise from a temperature
dependence of underlying CDW parameters that is unre-
lated to the temperature dependence of A. Lee and
Rice suggested that E~'s increase may be related to a
decrease in the effective COW condensate density p, ff ac-
cording to Ez- ~ puf .

As first pointed out by Boriak and Overhauser, the
condensate density p,z, which determines both the CDW
electric field coupling (Fcow =ep,&E ) and the current as-
sociated with a given CDW velocity (JCDw=ep, zeD),
differs from the "bare" condensate density p, because of
CDW-normal carrier interactions. Using a simple two-
fluid model, Lee and Rice showed that

p tr p +p ~( 1+r ~'rK )

where vz is the normal carrier-lattice relaxation time, ~ is
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the normal carrier-CDW relaxation time, and p, and p„
are the condensed and normal carrier fractions
(p, +p„=1). The total force which the CDW feels when
an electric field is applied thus consists of the bare force
( ~ p, ) and the force due to normal carrier-CDW interac-
tions [ ee: p„/(1+rim+ ) ]. Temperature dependence of the
coupling parameter r/r~ will then lead to variations of
p, ff and Ez-. For NbSe3, these variations should be largest
for the TI, CDW: Since less than half the room-

1

temperature carrier density condenses into this CDW, p,
and p„are comparable so r/rz variations could lead to a
factor of 2 change in p,ff.

As discussed in Sec. V C 2, p,s( T}can be deduced from
NBN measurements as p,tt= J&Dw/eA, v&, where v, is the
fundamental NBN frequency for a current density JCDw.
Using this method, Richard and Monceau found that
for both CDW's in NbSe3, p, ff increased as T decreased
from TI, but then decreased again as T~O. We have
verified their result for the TI CDW. Figure 27 shows

1

P ff versus T for two thin NbSe3 samples with high-quality
NBN. The maximum value of P,ff, 2.2X10 ' cm, is
close to the value 1.9 X 10 ' cm estimated using

p, (T=O)=2/A, Az assuming Ao is half the unit-cell area.
Below 90 K p, ff decreases rapidly, and at 70 K it is rough-
ly half its maximum value.

Figure 28 shows ET and 1/p, s versus T. The Ez data
are for a thick undoped NbSe3 crystal, and the 1/pe& data
are for one of the thin crystals in Fig. 27. 1/p, s shows
the right qualitative behavior. However, the minimum of
ET occurs nearly 30 K higher than that of 1/p, z, and the
overall increase in ET is larger. A similar but more pro-
nounced discrepancy is observed between Ez ( T) and
1/p, ff data for the TI, CDW. Thus, the temperature
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FIG. 28. Threshold electric field ET and 1/p, z vs tempera-
ture for the Tp CDW. The p,& data are for the t=0.35 pm

1

crystal of Fig. 27, while the ET data are for a crystal with t =4.7
pm.

dependence of p, ff provides at best a partial explanation
for ET's low-temperature increase.

2. Divergence ofEr as T~ T~

The divergence of ET as T~T~ is a consequence of
the vanishing of the CDW order parameter. In mean-
field theory, the effective condensate density varies as

p,~~ b,(T) (consistent with the results of Figs. 14 and 27),
the CDW phase strain coefficient as ' f ecb (T), and
the impurity interaction strength as '7' s

up, ec b, (T).
Substituting these dependencies into the expressions for
Ez. of Tables I and IX yields

Eweak ~ ( )
—d/4 —d

T Peff (29)
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FIG. 27. Effective CDW condensate density p,& vs tempera-
ture for the Tp CDW, as determined from the ratio of the high-

1

and low-field resistances (crosses), and from narrow-band noise
measurements on crystals with t =0.35 pm (squares) and
t =0.73 pm (triangles).

for weak pinning, and substituting into Eq. (4) yields

E"' "g cc constT (30)

for strong pinning. Thus the exponents a describing
ET's divergence are 1/3, 1 and 3 for 1D, 2D, and 3D
weak pinning, respectively, and 0 for strong pinning.
Outside the mean-field regime, the same exponents will be
obtained as long as up, o- p,s( T) and f ~p,s( T).

To compare these predictions with the data of Fig. 15
for the Tz CDW, we note that Ez- remains thickness

2
dependent as T~TI, for even the thickest crystals, so
that the pinning appears to remain 2D. " Assuming that
p,s( T) =(1 RH /RL ), for th—e two thickest crystals
(t =21 and 4.7 pm} the measured exponent is
a=0.95+0.05. This value is consistent with the 2D
weak pinning prediction a=1. The mean-field analysis
thus appears to account for Ez-'s divergence as T~ T& in
NbSe3 85
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3. Threshold rounding in thin crystals near Tz

The rounding of the onset of CDW conduction ob-
served in very thin crystals near Tp in Figs. 16—18 is
reminiscent of the rounding of the resistive transition in
type-II superconductors, which results from thermally
assisted flux flow. The WPDC interpretation suggests
that the analogous CDW process —thermally assisted
phase flow —may be responsible for the CDW rounding.

For thick undoped NbSe3 crystals, the measured
threshold fields and CDW correlation lengths yield pin-
ning energies per phase-coherent domain several orders
of magnitude larger than k&T. Consequently, thermal
depinning of CDW's should be negligible, consistent with
our analysis of the T~O increase of E~. However, in 2D
weak pinning, Ez- and the pinning energy per unit volume

vary as t ' and the phase-coherent domain volume varies
as t . Consequently, the pinning energy per domain cd,
is reduced from its bulk (3D) T=O value by a factor
[b(T)] (t/L~), where L~ is the bulk T=O transverse
phase-phase correlation length. Using an analogy with
flux creep in superconductors, the time-averaged CDW
drift frequency due to thermal phase "hopping" may be
estimated as cu„-co exp( sd, /k+—T)sinh(PE/ktt T),
where co is the pinning frequency and P-sd, /Er For.
the Tt, CDW in undoped (re =200) NbSe3, we estimate

2

L +=4 pm and sd,m(T=O)=3X10 K. At T=56 K,
5(T)lb, (0)=0.4, so that for t =0.05 pm thick crystals,
c.dpm=11k~ T. This E'dpm is small enough to account for
the observed CDW conduction near the nominal Ez in

Figs. 16—18. Closer to the Peierls transition c« is even
smaller but E& is increasing, so that interpretation of the
detailed form of the I-V characteristic is complicated. In
sufficiently thin crystals sufficiently near Tp Ed be-

comes so small that the CDW is nearly always depinned
and contributes to the E~O conductance, reducing the
nonlinear component of the conductance.

Gi11 ' has used a similar analysis and reached similar
conclusions. He has also proposed an alternative ex-
planation based on the idea that individual edge disloca-
tions control the domain size and thus the pinning ener-

gy, but has not attempted to quantify this explanation.
Rounding of the onset of CDW conduction might also be
expected if phase slip were to occur throughout the crys-
tal volume, allowing independent depinning of regions
with different pinning strengths. However, rounding is
observed for crystal thicknesses two orders of magnitude
larger than the amplitude coherence length (g ~ =10 A)

and for temperatures where b,(T) is a substantial fraction
of its T=O value. There is no obvious reason for phase
slip to be more prevalent under these conditions.

In summary, the mechanism underlying the T~O in-
crease in Ez- is still unclear. However, the divergence of
E& as T~Tp in reasonably thick crystals is well de-

2

scribed by 2D weak pinning and mean-field theory. In
very thin crystals near Tp, a 2D weak pinning analysis2'

suggests that rounding of the onset of CDW conduction
is due to thermally assisted CDW depinning.

VII. DISCUSSIQN

A. Weak versus strong pinning

The character of charge-density-wave pinning in NbSe3
and other CDW conductors has been the subject of con-
troversy for nearly a decade. Weak pinning interpreta-
tions were widely used in the early 1980s, but strong pin-
ning interpretations subsequently gained favor. The re-
sults of this study allow a thorough evaluation of these
interpretations for CDW properties in NbSe3. Our major
results and their implications can be summarized as fol-
lows.

(i) In thick Ta-doped NbSe3 crystals, Er &rtt, con-
sistent with 3D weak pinning. In thick Ti-doped crystals,
Ez ~ rz ', consistent with a 3D weak pinning analysis,
which includes the effects of pinning by residual defects.
Both results are inconsistent with strong pinning.

(ii) Weak pinning estimates of impurity interaction
strengths Up, from E~-n; data for Ta- and Ti-doped
NbSe3 are consistent with estimates of the pinning pa-
rameter e;. Similar strong pinning estimates are unambi-

guously inconsistent.
(iii) In thin Ta- and Ti-doped NbSe3 crystals,

Er-(rtct) ', the Shapiro step widths and the crossover
frequency of the ac conductivity both scale inversely with
crystal thickness t; and the pinning within the crystal
cross section appears to be homogeneous. These results
are consistent with 2D weak pinning. No size depen-
dence of CDW properties is predicted in strong pinning.

(iv) The characteristic crystal thickness t, for the onset
of size-dependent behavior in Ta-doped NbSe3 is compa-
rable to transverse CDW correlation lengths measured by
x-ray scattering, consistent with the weak pinning dimen-
sionality crossover interpretation of the size effects. The
measured correlation lengths are more than two orders of
magnitude larger than the predicted strong pinning
correlation length L —n,

(v) Thickness-dependent rounding of the onset of CDW
conduction near Tp is consistent with t-dependent ener-

gies predicted in 2D weak pinning. No such rounding is
predicted in strong pinning.

Together, these results unambiguously rule out conven-
tional strong pinning interpretations, and provide com-
pelling evidence that CDW's in Ta- and Ti-doped NbSe3
are weakly pinned.

B. Comparison with previous doping studies

As noted in Sec. III, doping studies performed by vari-
ous authors have yielded strikingly inconsistent results.
Our data are generally consistent with those of Brill
et al. , but are inconsistent with those of most other stud-

ies. ' These inconsistencies have resulted because pre-
vious studies did not explicitly account for three impor-
tant factors: (1) the effects of oxygen gettering on dopant
concentrations; (2) the effects of pinning by defects other
than dopant impurities; and (3) the effects of finite crystal
size.

The effects of oxygen gettering on doping studies were
mentioned in Sec. IV and are described in detail else-
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where. Because of oxygen gettering, impurity concen-
trations in transported crystals can be much smaller than
those in the starting materials, contrary to the usual as-
sumption. Oxygen gettering likely accounts for the more
than order-of-magnitude difference between Ez values
obtained for comparable Ti-doping levels by Brill et al.
and by Ido et al. '

As discussed in Sec. VIB2, pinning by defects other
than dopant atoms has important consequences. Residu-
al defects determine the properties of undoped crystals,
which have varied substantially from study to study. For
dopants such as Ti, pinning by residual defects can
prevent the simple weak and strong pinning power-law
dependencies from being expressed except at extremely
large doping levels, where Ez may become too large to
measure. At smaller doping levels, weak pinning impuri-
ties will yield power-law dependencies closer to the sim-

ple strong pinning prediction. Like Ti, residual impuri-
ties are likely to be charged and affect the r„more
strongly than Ez.. In Ta-doping studies, residual pinning
will thus tend to reduce the Ez. values measured for a
given rz. This may account for the small Ez values re-
ported for Ta-doped crystals with rR —10 by Vnderweiser
et al. and by Monceau.

Inconsistencies have also resulted from finite-size
effects. Size effects are significant for both CDW's in
NbSe3 in all but the thickest or most heavily doped crys-
tals. They tend to reduce the apparent variation of Ez
with impurity concentration (and thus make weakly
pinned CDW's appear to be strongly pinned), because the
size-related increase in Ez- is largest in lightly doped crys-
tals. Size effects also tend to reduce the apparent
threshold-field ratio EP'"( T~ ) iEP'"(Tz ). For Ta-doped

1 2

NbSe3, Underweiser et al. obtained a ratio of -3. As
shown in Fig. 6, we obtain a ratio of -8 in thick Ta-
doped crystals and a ratio of —3 only in rather thin crys-
tals, well into the size-dependent regime. Thus, size
effects likely contributed in producing the approximately
linear Ez-rz ' relations reported in Ref. 9.

C. Finite-size effects: Interpretation and implications

The finite-size effects exhibited by CDW s in NbSe3 are
truly remarkable. In our highest-purity (ra & 300) crys-
tals, the properties of the T~ CD%' at T=50 K are still

strongly thickness dependent in crystals -50 pm thick,
the thickest of which we have been able to grow. Such
large size effects at such high temperatures are, to our
knowledge, unprecedented for transport in a bulk con-
ducting material.

As discussed above, these size effects are qualitatively
and quantitatively accounted for by the weak pinning
dimensionality crossover interpretation. This interpreta-
tion is a very obvious one. In fact, it has long been recog-
nized that CDW properties could become size dependent
when crystal dimensions become comparable to CD%
correlation lengths. It may then seem peculiar that size
effects were not searched for and investigated earlier.

Although many factors have influenced the study and
interpretation of size effects, ' ' the TEM measure-
ments of CDW structure in NbSe3 reported by Fung and
Steeds and by Chen and Fleming in the early 1980s
have undoubtedly been the most important. In dark-field
images formed using CDW superlattice reflections, they
observed light and dark striations running along the
whisker axis with typical lengths {along b) of 2 pm and
typical widths (along c) of 200 A. These striations were
widely interpreted to be impurity pinned CD% domains.
The small transverse dimensions of the striations, at least
two orders of magnitude smaller than the dimensions of
typical NbSe3 crystals, suggested that size effects pro-
duced by a correlation-length confinement mechanism
would only be important in extremely tiny crystals.

However, CDW correlation lengths in large undoped
NbSe3 crystals cannot be this small. For the Tp CDW at

2

50 K, a typical Er value of —I mVlcm and a domain
volume of 2 pmX200 AX200 A would imply a pinning
energy per domain of only —10 eV=0. 25k& T. Such
small phase-correlated regions would not be thermally
stable and a sharp onset of CDW conduction would not
be observed.

The small size of the TEM domains, and the discrepan-
cy between their dimensions and the x-ray determined
CDW correlation lengths, have at least a qualitative ex-
planation within the WPDC model. In 2D weak pinning,
the CD% correlation lengths in the unconfined directions
are reduced from their bulk (3D) values by a factor
(t/L~ )', where L~ is the bulk correlation length in

the confined direction. The x-ray experiments were per-
formed using thick crystals, and thus measured the bulk
correlation lengths. The TEM experiments were per-
formed using extremely thin crystals. For t -500 A typi-
cal of TEM samples, the unconfined correlation lengths
should be roughly an order of magnitude smaller than
their bulk values, and thus roughly comparable with the
observed dimensions of the TEM domains.

Size effects provide a natural explanation for large
sample-to-sample variations typically observed in CDW
properties. Most NbSe3 crystals exhibit complicated
NBN spectra, incomplete mode locking, large-amplitude
broad-band noise, and a variety of related effects. This
complicated, "messy" behavior has been viewed by
some to be intrinsic to the CD% response, despite the
fact that the detailed behavior varies enormously from
crystal to crystal. The present results show that most if
not all of this messiness is associated with CDW shear
occurring along thickness steps, and that crystal-to-
crystal variations are due to variations in crystal cross-
sectional shape. Furthermore, they suggest that only
crystals with rectangular cross sections {which unfor-
tunately are extremely rare) should be used to character-
ize intrinsic CD% properties.

The large size of CDW correlation lengths in undoped
NbSe3 has important implications for study of CDW dy-
namics. For example, Fisher has predicted that CDW
depinning can be viewed as a dynamical critical
phenomenon, exhibiting diverging length and time scales
as the threshold E~ is approached from above. In the



4478 McCARTEN, DiCARLO, MAHER, ADELMAN, AND THORNE

critical regime near ET, the dynamical correlation length
is predicted to be much larger than the static correlation
length. Since typical NbSe3 samples have dimensions of
roughly 100X100X1 static correlation lengths, the criti-
cal divergence should be cut off and the scaling regime re-
placed by a finite-size regime. Recent large-scale numeri-
cal simulations by Middleton and Fisher and by Myers
and Sethna have revealed an interesting finite-size-
related structure in the dc I-V characteristic above
threshold. This structure is large and shows substantial
size dependence for numerical "samples" comparable in
size to experimental ones. In particular, Myers and Seth-
na have predicted a sharp dip followed by a "bump" in
d V/dIjust above threshold which bears a striking resem-
blance to structure observed in the dV/dI's of extremely
high-quality NbSe3 crystals.

Aside from cutting off divergences and modifying dis-
tributions near ET, size effects may affect the dimen-

sionality of CDW dynamics. In particular, since the stat-
ic pinning in most undoped NbSe3 crystals is 2D, the dy-
namics above threshold may also be 2D. 2D dynamics
could account for an apparent discrepancy between the
measured form of the high-field CDW I-V characteristic
and the predictions of the FLR model. Sneddon, Cross,
and Fisher' and Matsukawa and Takayama have
shown that the CDW conductance for E&)Ez. should
have the form o'CDw(E/ET)=&b[I rl(E/Er )

+
1

where ob=ocDw(E~~). For d=3, ocDw's deviation
from crb varies as I/&E. However, careful measure-
ments on high-quality NbSe3 crystals ' indicate a 1/E
deviation, consistent with the prediction for d =2. Simi-

larly, experimental data for the ac amplitude dependence
of the Shapiro step widths are best fit by predictions for
d =2.' ' Study of CDW dynamics as a function of crystal
size and pinning dimensionality may thus provide new in-

sights and allow more detailed tests of theoretical models
than heretofore possible.

D. Comments on the nature of pinned CD% state

Our finding that Ta, an isoelectronic impurity, pins
CDW's in NbSe3 weakly is consistent with most previous
expectations. However, our finding that Ti, a charged
impurity, also pins weakly with an impurity interaction
strength vp& only 2.5 times larger than Ta is surprising.
In this final section, we give a more detailed and rather
speculative discussion of the implications of these results
for the nature of the CDW-impurity interaction in
NbSe3.

As noted by Lee and Rice, the Ginzburg-Landau
description of the CDW breaks down in the vicinity of an
impurity. Using a quantum-mechanical calculation, Tut-
to and Zawadowski have shown that Friedel oscilla-
tions, which have the same 2k+ periodicity as the CDW,
dominate within roughly an amplitude coherence length
of the impurity. The CDW-impurity interaction energy
is then determined by the phase mismatch between the
tails of the Friedel oscillation and the bulk CDW. The
resulting impurity pinning tenn is similar to that as-
sumed in the FLR model [Eq. (1)] except that (i)

cos[Q r —P(r)) is replaced by a periodic function whose

shape is determined by the impurity scattering strength;
and (ii) screening of the impurity by the Friedel oscilla-
tion limits the maximum value of the pinning energy to a
few times the CDW gap energy, regardless of the impuri-
ty strength.

A very different approach due to Abe ' and also to
Tucker leads to a similar conclusion regarding the max-
imum impurity pinning energy. Using a phase-only
Ginzburg-Landau model, Abe showed that the CDW im-

purity interaction in 3D is somewhat more complicated
than in 1D or 2D. For sufficiently strong impurities, it is
energetically favorable in 3D for CDW phase deforma-
tions to remain confined within a small region of radius s
around each impurity, where s is on the order of an am-
plitude coherence length. Abe referred to this state as
the S state, to distinguish it from the usual weak and
strong pinning states discussed by Lee and Rice. ' For
dilute impurity concentrations (s «n; '~ ), he examined
how short-length-scale deformations in the S state (which
we refer to as "dimpling" ) modify the static effective pin-
ning potential for the far-field phase P. In the weak cou-
pling limit (Up, « jg), the phase is only slightly de-

formed near the impurity, and the depth of the effective
pinning potential V(P) is roughly equal to the bare pin-
ning strength vp&. In the intermediate-to-strong coupling
regime (Up, ~ fg), the phase is strongly deformed near
the impurity. If these deformations become too large, the
CDW amplitude collapses, placing an upper limit on the
effective pinning strength for an impurity of
(Up, ) fr'"=kb„, where k is a constant of order unity.
Tucker has subsequently incorporated Tutto and
Zawadowski's microscopic calculation into the
Ginzburg-Landau treatment of the S state and has ob-
tained a similar maximum pinning strength.

Thus, the approaches of Tutto and Zawadowski, Abe,
and Tucker all predict an impurity interaction strength
cutoff of -A. As a result, differences between the pin-
ning strengths of isoelectronic and charged impurities
should be much smaller than the differences between
their "bare" impurity potentials. This is qualitatively
consistent with the factor of 2.5 difference in pinning
strengths we obtained for Ta and Ti. However, the abso-
lute magnitudes we obtained, 4.3 meV for Ta and 11 meV
for Ti, are much smaller than the Tz CDW gap energy

l

deduced from tunneling measurements, ' listed in Table
VI. The calculated value of vp& is sensitive to the micro-
scopic parameter values assumed in Table VI; of these,
the value of f is the least certain. In Sec. VI C, we noted
that the experimental and theoretical values for the cross-
over thickness t, differed by a factor of —5. Similarly,
the experimental and theoretical values for
(Ez' 't) /ET ' differ by —50. If these discrepancies are
entirely attributed to the assumed value of f, revised esti-
mates of (vp, )T,=80 meV and (vp&)r;=200 meV are ob-

tained, which are comparable to the CDW gap. '

Regardless of the assumed value of f, simple estimates
(similar to those used by Abe) suggest that S-state-type
dimpling should occur around both Ta and Ti impurities

in NbSe3. Since dimpling is usually associated with

strong pinning, how is this consistent with the weak pin-
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ning behavior exhibited by both Ta and Ti?
The answer to this apparent contradiction may be re-

lated to the ideas of Tucker, ' who examined the S
state in detail. He suggested that the macroscopic prop-
erties associated with the CDW are determined not by
dimpling at individual impurities, but by long-length-
scale variations of the phase P and that the primary effect
of dimpling is to yield a modified impurity potential
—ah cos(P —P; ), where P; is the preferred phase at the
impurity site and a is a numerical constant of order uni-

ty. If these ideas are correct, then the phase-phase corre-
lation lengths and pinning energies should be calculated
using the modified impurity potential and the standard
energy minimization arguments of Lee and Rice. This
implies that the S state reduces to the conventional weak
and strong pinning states. Consequently, weak pinning
and dimpling can coexist.

This picture of the S state is consistent with
Matsukawa's 3D simulations of the FLR model.
Matsukawa observed that Ez. ~ e;, consistent with the ex-
pected weak pinning result, but that the net impurity pin-
ning energy was greater than expected, i.e.,—8' ~/8" &4/3. He suggested that this increased pin-
ning energy was due to Abe-type dimpling in the vicinity
of the impurities. '

This picture of the S state is not consistent with that
reached by Tucker. ' Rather than using the Lee-Rice
methods for estimating CDW correlation lengths, he as-
sumed the longitudinal correlation length to be the aver-

age distance between impurities on a single chain and the
transverse correlation length to be the three-dimensional
average-impurity spacing. As is discussed in detail else-

where, ' these assumed correlation lengths are much
smaller than the values measured by x-ray scattering and
lead to predictions for CDW properties that are unambi-

guously inconsistent with experiment. This is not
surprising, since these correlations lengths do not reQect
the actual anisotropy of CDW materials. The Lee-Rice
arguments yield a lower energy and therefore a preferred
pinning configuration.

Finally, the above discussion may have important im-
plications for the observability of strong pinning in
NbSe3. In 3D, the strong pinning limit may be reached
in two ways: by using more strongly perturbing impuri-
ties, or by increasing the impurity concentration [cf. Eq.
(3)]. However, if the impurity interaction strength is
indeed limited by the CDW gap, then it may not be possi-
ble to find substitutional impurities significantly more
strongly perturbing than Ti. Furthermore, ET values in

the most heavily doped crystals studied here are already
near the limits of measurability. Signatures of strong pin-

ning due to more strongly perturbing impurities or to
larger impurity concentrations thus might be seen in mil-

limeter wave conductivity measurements or in structural
measurements, but may be unobservable in transport
properties.

VIII. CONCLUSION

CDW conductors are among the most remarkable ma-
terials ever discovered. The central issue in the study of
these materials is the nature of the CDW-impurity in-
teraction. In this paper we have presented a detailed ex-
perimental study of the effects of impurity concentration,
finite crystal size, and temperature on CDW transport
properties. We have shown that CDW's in NbSe3 are
weakly pinned by both Ta and Ti impurities, that the
characteristic lengths are comparable to typical crystal
dimensions, that pinning dimensionality varies with crys-
tal thickness, and that the crystal shape can drastically
modify measured CDW properties. By establishing the
nature of the pinning and the most important experimen-
tal parameters governing the CDW response, the present
work provides a solid basis for further understanding of
CDW systems. This basis should allow the long-
recognized potential of CDW conductors as model sys-
terns for many phenomena of interest in condensed-
rnatter physics to be exploited.
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APPENDIX A: ROOM-TEMPERATURE
CONDUCTIVITY OF NbSe3

The b-axis room-temperature conductivity of NbSe3
was determined as follows. First, extremely large crystals
with uniform cross-sectional areas along their length
were selected. The length and weight of each crystal was

TABLE XI. Summary of crab (300 K) data.

I (cm)

2.53
3.66
2.82
1.96
2.00

Wt. (g)

0.547 X 10-'
0.170X 10
0.35 X10-'
0.175X 10-'
0.84 X 10

Inner contact
spacing (cm)

1.63
1.43
1.36
1.10
1.55

Resistance
(0)
8.829

36.86
12.47
14.82
4.409

o.
b (300 K)

(0 ' cm ')

5.46 X 10
5.33 X10'
5.59 X10'
5.30X10'
5.35X10'
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measured, and the cross-sectional area calculated from
these quantities using the x-ray determined density of
6.39 g/cm. Four-probe conductivity measurements were
then used to determine the resistance per unit length R /I
and the b-axis conductivity calculated using o =1/RA.
Data for five crystals are summarized in Table XI. The
conductivity thus obtained is ob(300 K)=(5.4+0. 1)
X10 0 'cm

APPENDIX B: ac CONDUCTIVITY FIT

Imo(co) ~ J D
0

CO~co
dco

CO +CO
CO

The characteristic frequencies 0 for the fits in Fig. 20 are
4, 20, and 85 MHz for crystal thicknesses of 3.7, 0.81,

The crco~(co) data in Figs. 19 and 20 is qualitatively
described by the single-coordinate model expressions of
Eq. (11). To obtain a more accurate fit a distribution of
crossover frequencies co„must be assumed, in order to
account for the distribution of pinning strengths experi-
enced by a randomly pinned CDW. We assumed a
Lorentzian distribution D(co„/0) = 1/[(co„/0 —1) + 1]
and that

and 0.17 pm, respectively. Other distribution functions
(e.g. , Gaussian) also yield good fits.

APPENDIX C: POWER-LAW EXPONENTS
WITH RESIDUAL PINNING

Defining y =ET/Eo and x =a b;rit '/"(/E&, Eq. (18)
for the threshold field, which assumes that both the
dopants and residual defects pin weakly, becomes

y=(1+x)2 . (Cl)

Performing a least-squares fit of lny=a+b lnx to Eq.
(Cl) over the appropriate range of x(rz ') gives the ap-
parent power-law exponent b. This requires minimizing

R = J [21n(1+x)—a b lnx—] d lnx (C2)

with respect to a and b, where the limits of the integra-
tion are ln( t/ET'"/Eo 1) and—ln(+ET /Eo —1) for

minimum and maximum threshold fields of ET and

ET'". Figure 26 plots b versus ET'"/ET for Eo/ET
values of 0.4 and 0.01, which correspond to the Ti- and
Ta-doping cases, respectively, in Fig. 25.
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