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Simple analytical method for calculating exciton binding energies in semiconductor quantum wells
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We present a very simple method for calculating exciton binding energies in quantum-confined semi-

conductor structures. The aim of the model calculation, which is developed in the framework of the
fractional-dimensional space, is not to compete with the very advanced ones already proposed, but, on
the contrary, to avoid tedious and expensive calculations, to obtain, with good accuracy, the exciton
binding energy in most of the confined structures where the exciton can be associated with a specific pair
of electron and hole subbands. Our main result is an analytical expression for the exciton binding ener-

gy, free of any adjustable parameter. Furthermore, in the cases where the 1s and 2s transition energies
can be experimentally measured, the method permits one to obtain the exciton binding energy without

any hypothesis or calculation.

I. INTRODUCTION

In recent years there has been considerable interest in
the electronic structure, optical properties, and excitons
in semiconductor quantum-well structures. These sys-
tems display several interesting features, such as the
enhancement of optical absorption and emission, which
result in well-defined exciton lines, even at room tempera-
ture. Clearly, excitons have large effects on optical phe-
nomena observed in these structures, so that an under-
standing of their properties, such as the increase in bind-
ing energy and oscillator strength due to confinement
effects, has become an important topic in the physics of
multilayer systems.

Following the work of Miller et al. ,
' several authors

have calculated binding energies of excitons in both
infinite' and finite quantum wells. " All these calcu-
1ations are variational, including or not different phenom-
ena such as valence-band mixings, nonparabolicity of
dispersion relations, effective-mass, and/or dielectric-
constant mismatch between the well and barrier materi-
als, Coulomb coupling between excitons belonging to
different subbands, etc. These calculations need impor-
tant computation times and the accuracy of the result de-
pends to a large extent on the form of the trial wave func-
tion.

Recently, neglecting valence-band mixings, Leavitt and
Little' presented a simple method for calculating exciton
binding energies in quantum-confined structures. The
main result obtained in this paper is an expression for the
exciton binding energy as the integral of a prescribed
function, using five numerical parameters, weighted by
the squares of the electron and hole subband envelope
functions. In this approach, because details of the struc-
ture are included only through the subband envelope
functions, the method can be applied to a wide variety of
structures in which the exciton can be associated with a
specific pair of electron and hole subbands.

In the present work, we take a step toward the

simplification and generalization. We present a fully ana-
lytic method, free of any adjustable parameter. The
method uses the model of fractional-dimensional space
already employed to study Wannier-Mott excitons in an-
isotropic solids. ' The excitons in an anisotropic solid,
like a quantum well, are treated as the ones in an isotro-
pic fractional-dimensional space, where the dimension is
determined by the degree of anisotropy. Such a space,
termed dynamic space, differs from the one that embeds
geometric bodies in that its dimensionality is determined
by the physical interactions. Concerning the excitons in
quantum-well structure, the question is what is the spa-
tial dimension a which measures the anisotropy of the
electron-hole interaction? Knowing a, the model enables
one to study exciton binding energy continuously from
three-dimensional (3D) to 2D or 1D structures.

The aim of the method proposed here is not to compete
with the very advanced ones like the very accurate theory
proposed by Andreani and Pasquarello. " On the con-
trary, it is to avoid tedious calculations to obtain, with
reasonable accuracy, the exciton binding energy in most
of the type-I confined structures. In its analytic, very
simple form, the method takes into account the effective-
mass and dielectric-constant mismatch es and the
conduction-band nonparabolicity. We obtain a satisfac-
tory agreement with both experimental results and calcu-
lations of Andreani and Pasquarello, " but stay free of
tedious computer calculations.

II. MODEL CALCULATION

By using the effective-mass and nondegenerate-band
approximations, the relative motion of a free exciton can
be described by the Schrodinger equation

g2 2

V — f(r)=(E Eg )g(r), —
2p Ef

where p is the electron-hole reduced mass, e is the dielec-
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tric constant, r the electron-hale distance, and E the en-

ergy gap. For an isotropic material, Eq. (1) is similar to
the simple hydrogen-atom problem whose solutions are
rather straightforward. In an anisotropic system, like
layer-type or chainlike materials, an additional anisotrop-
ic potential should be added, and the calculation becomes
more difficult. In that case a two-dimensional (2D) or
one-dimensional (1D) model was generally assumed for
the simplicity of the mathematical treatments.

Concerning excitons in semiconductor quantum wells,
it is well known that the system is somewhere in between
a 2D and a 3D system. Then, neither the 3D nor the 2D
model is a good one and a more suitable model is needed
to treat the appropriate degree of anisotropy. To date, all
the solutions' ' except one' use a 3D model, i.e., an
isotropic coordinate system with an anisotropic Hamil-
tonian. However, as these models do not correspond to
the real problem, the mathematical solutions are tedious
and need numerical calculations with variational or per-
turbational approach.

The original method proposed by He' consists of stat-
ing that, because the real problem is neither purely 3D
nor purely 2D, a fractional-dimensional space should be
used to simplify the mathematical treatments. In this
model, the anisotropic interactions in the 3D space are
treated as isotropic ones in a lower fractional-dimensional
space, where the dimension a is determined by the degree
of anisotropy. In other words, the fractional-dimensional
model consists of solving the Schrodinger equation in a
noninteger-dimensional space where the interactions ac-
tually experience an isotropic environment. In this space
the quantum-well exciton problem again comes back to
the one of an hydrogen-like atom.

By using this model, He' calculated the exciton
bound-state energies and wave functions as a function of
spatial dimension a by solving a simple hydrogenic
Schrodinger equation in an aD space. The discrete
bound-state energies and orbital radii are given by

dimension models.
In a real quantum-well structure, a changes continu-

ously between 3 and 2. As the well width decreases, both
electron and hole envelope functions become compressed,
the Coulomb attraction between the electron and the hole
becomes anisotropic and the fractional dimension a de-
creases from 3 toward 2. For very narrow wells, the en-
velope functions spread into the barriers, their spatial ex-
tents actually begin to increase as the well width de-
creases. Consequently a does not lead to 2, but has a
minimum value corresponding to the onset of this spread-
1ng.

Thus the main problem is to define the fractional di-
mension a, which describes the degree of anisotropy of
the electron-hole interaction. This parameter should be
related to a quantity which accounts for the spatial exten-
sion of this interaction. A possible choice is to express a
in terms of the average electron-hole distance in the
quantum-confinement direction (z direction). In this way,
the pertinent dimensionless parameter may be written as

P= =f dz, dzq If~(z, )I Ifq(zq)I
Iz, zl, I + Iz, zi, I , z & z

ap

(4)

where fz (z, ) [fq"(z& ) ] is the electron (hole) envelope
function corresponding to the pth (qth} electron (hole)
quantum level. ap is the three-dimensional effective Bohr
radius. It should be noted that ap has been included un-
der the integral sign since, in finite quantum wells, it de-
pends on the distributions of the envelope functions be-
tween the well and barrier materials.

Then the fractional dimension a may be related to the
reduced average electron-hole distance P by a simple ex-
ponential law like

a=3—e ~.
P~ ao corresponds to the three-dimensional case (a=3),
P=0 corresponds to the two-dimensional case (a =2}.

A. In6nite quantum well

cx 3a„=ap n+
2

(2b)

Let us consider first the purely academic model of the
infinite quantum well. In that case, by taking the center
of the well as the zero of the coordinates, the envelope
functions are

2 Ea —1
(3)

a=3, 2, or 1 give, respectively, Eb=Ep, 4Ep or 0O cor-
responding to the well-known results of the integer-

where n =1,2, . . . is the principal quantum number, Ep
and ap are, respectively, the effective Rydberg constant
and effective Bohr radius, Eo=(eo/e) (p/mo)RH and
ao =(e/eo}(mc/p)a H. R H and a H are the Rydberg con-
stant and Bohr radius, respectively. mp is the free-
electron mass, p is exciton reduced mass
1/p = 1/m, + 1/mI, .

According to Eq. (2a), the binding energy of the 1s ex-
citon is given by

2

fp(z, ) =

fq(zh)= L

1/2

1/2

sin p z, +p-
L ' 2

77
sin q z +q-

L 2

(6a)

(6b)

5

ap 3 p2 4~2

If the electron and hole quantum wells are infinitely
deep, only the excitons corresponding to p=q are al-
lowed. ' Then by using the envelope functions (6a} and
(6b) with p =q, Eq. (4) gives
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where ao is the effective Bohr radius of the three-
dimensional exciton within the well material. P varies
from about L /5ao for p =1 to L /3ao when p goes to
the infinity. Now let us consider the ground-state transi-
tions e1-hh1 or e1-lh1. In Fig. 1 we compare our results
with those obtained by Bastard et al. from variational
calculations. The dimensionless exciton binding energy
Eb/Eo is plotted as a function of the dimensionless well
width L~/ao. Clearly, our results obtained by using Eq.
(5) to determine the fractional dimension a (curve 2 in
Fig. 1) are not in satisfactory agreement with the varia-
tional calculations. The reason for this discrepancy prob-
ably arises from the fact that the choice of the average
electron-hole distance in the z direction as the pertinent
parameter to determine the fractional dimension a, is not
the best one.

Effectively, a better result is obtained by using as a per-
tinent parameter the reduced value of the well width L
the scaling parameter being the effective Bohr diameter
do =2ao of thc three-dimensional cxciton. Thc physical
meaning of the quantity L /2ao corresponds to the ratio
of a length characteristic of the electron and hole motions
with regard to the quantum-well efFect (L ), to a length
characteristic of the electron-hole relative motion with
regard to the Coulomb interaction (do). In this way a is
given by

—L /2a0Ex=3 8 (8)

Eb is the confined exciton binding energy, Eo and ao

Then, by using Eq. (3) together with Eq. (8), the binding
energy of a confined exciton may be written as

Eo
—L /2ao

1 —
—,'e

77 g/ (10)

Consequently, E, is of the order of Eo when L =2ao.
Thus, for narrow wells (L «2ao and then E, ))Eo) the
dominant contribution to the energy of the electron-hole
pair is the confinement energy. The resulting electron
and hole states are 2D like and the subsequent electron-
hole Coulomb interaction gives rise to a 2D-like exciton.
On the contrary, for wide wells, the dominant contribu-
tion to the electron-hole-pair energy is the Coulomb ener-
gy. The resulting state is a 3D exciton possibly perturbed
by a one-dimensional potential. In between the two limit-
ing cases the effects compete with one another. Our mod-
el consists of calculating the isotropic Coulomb interac-
tion on the basis of the confined states in an aD space.

are the effective Rydberg energy and Bohr radius of the
three-dimensional exciton in the well material, L is the
well width. The results, which correspond to the full line
in Fig. 1, appear to be in satisfactory agreement with the
variational calculations.

The pertinent parameter, which accounts for the rela-
tive weights of the quantum-well effect and Coulomb in-
teraction, is written in terms of the electron-hole-pair
motion. Alternatively, this parameter may be expressed
in terms of the electron-hole-pair energy. Let us define

E, =E,+Ez as the electron-hole-pair confinement ener-

gy, where E, and E& are the individual electron and hole
confinement energies. A straightforward calculation
gives L E, =h /8p, where p is the electron-hole reduced
mass. In a same way the 3D exciton binding energy Eo is
related to the exciton Bohr radius ao by the relation
n aoEo=h /8p. As a result, the physical parameters
characteristic of the electron-hole pair with regard to
both the quantum-well effect and Coulomb interaction
verifies the relation

o 4
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FIG. 1. Dimensionless exciton binding energy Eb/Eo as a
function of the dimensionless well width L /ao for an infinite
quantum well. Eo and ao are the three-dimensional effective
Rydberg and Bohr radius, respectively, calculated with the
transverse reduced mass. The curve labeled 1 has been obtained

by Bastard et al. (Ref. 2) from variational calculation (trial
wave function P, in Ref. 2). The curves labeled 2 and 3 corre-
spond to the fractional dimension a given by Eqs. (5) and (8), re-
spectively.

B. Finite quantum well

In finite quantum wells, it is well known that as the
well width decreases below a given value, the envelope
functions spread into the barriers. Then, the spreadings
of the electron and/or hole inside the barrier material
partially restore the three-dimensional character of the
exciton. Consequently, the fractional-dimension a does
not lead to 2 as the well width becomes very small, but
should come back to 3 and must be expressed as a func-
tion of this spreading.

Let us briefly recall the one-dimensional motion of a
particle (electron or hole), of effective mass m, in a square
quantum well characterized by a well depth V and a well
width L . By taking the bottom of the well as the zero of
the energy, the bound-state energies E of the partic1e are
given by the well-known transcendental equation which
may be written

k /m
k L =pm —2 arcsin

Qk /m +k„/mb

where the characteristic wave vectors k and kb are
given by
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+2m E,
W (12a)

and barrier materials, let us define two weighting parame-
ters P, and Ph as

+2 mb( V E—)
k = P

b (12b)
P, =L~/(2/kb, +L ),
Ph=L /(2/kbh+L ) .

(17a)

(17b}

g (z}=A sin(k z+y},
kkbz

gb(z) =Be

(13a}

(13b)

In the infinite quantum well, the dimensionless per-
tinent parameter used to characterize the electron-hole
interaction was the reduced well width, defined as
L /2ao. In a same way, in a finite quantum well, the
pertinent parameter may be written as L„'/2ao, where
L and a 0 have the corresponding meanings in the finite
well.

L* should represent the spatial extension of the parti-
cle motion in the z direction; then, taking into account
the spreading into the barriers on both sides of the well,
L„*may be written as

L*= +L +1 1

b b

(14)

where kb is given by the solution of Eq. (11). Now, con-
cerning the electron-hole pair, the electron and hole
spreadings into the barriers are to be combined to define
a length characteristic of the z motion of the electron-
hole pair. Here the question is when the electron and
hole spreadings are very different, which of the two car-
riers rules the pair motion with regard to the well poten-
tial? Before answering that question, we note that, with
regard to the only square-well potential, there is no
electron-hole interaction to take into account. As a re-
sult, when the electron and hole spreadings are very
different, the more delocalized particle partially restores a
three-dimensional character to the electron-hole distance,
or equivalently, to the center-of-mass motion. Conse-
quently, the spreading of the pair into the barriers may be
written as

m and mb are the effective masses of the particle in the
well and barrier materials, respectively.

Inside and outside the quantum well, the z motion of
the particle is described by the respective envelope func-
tions

By using these parameters, mean values for the elec-
tron effective-mass and valence-band parameters can be
defined. They are

m,'=P.m. +(1—P. )m.b

rl ph Yl +(1 ph )rib

r2 phr2 +(1 ph )r2b

(18a}

(18b)

(18c)

L /20p (2/kb +L )l20pa=3—e '=3—e (20)

The infinite well corresponds to 1/kb =0 and ao =ao,
in which case Eq. (20) reduces to Eq. (8). Figure 2 shows
the well-width dependence of the fractional dimension a
for the heavy-hole exciton in Ga& „Al„As/GaAs quan-
tum wells for different aluminum contents. The
minimum value of the fractional dimension varies from
a =2.2 for x = 1, where the electron and hole well depths
are V, =800 meV and Vh-—440 meV, respectively, to
a=2.5 for x=0.1, where the electron and hole well
depths are V, =80 meV and Vh=44 meV, respectively.

2. 9

2. 8

GaAs-Ga Al As
1 X X

Then, the mean value of the three-dimensional Bohr ra-
dius which is the length characteristic of the Coulomb in-
teraction may be written

mpa*=—
0 g Ha

&0 P

where p* is a mean value of the three-dimensional re-
duced mass of the exciton, which is given by'
1/p' =1/m,"+r).

The dimensionless pertinent parameter for the finite
quantum well is then given by L'/2ao and the fractional
dimension a is

1

kb

1 1

kbe kbh
(15)

2. 7

2 6

+L2

b
(16)

Concerning the length characteristic of the Coulomb
interaction, we note that the three-dimensional effective
Bohr radius ap varies with the position-dependent
effective masses and dielectric constant. In order to ac-
count for the efFective-mass mismatch between the well

where kb, and kbh are given by the solution of Eq. (11)for
the electron and the hole, respectively. The characteris-
tic length of the motion of the electron-hole pair with re-
gard to the quantum-well effect will be written

C)
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FIG. 2. %ell-width dependence of the fractional dimension
a. The dotted line corresponds to an infinite well depth. Full
lines correspond to Ga& „Al„As/GaAs quantum wells for
different values of aluminum content.
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On the other hand, the minimum of a is located between
L =20 A and L =50 A, corresponding to the well
widths giving rise to the maximum binding energy for the
corresponding exciton.

By using Eq. (3) together with Eq. (20), we are able to
propose a very simple law to obtain the binding energy of
the confined exciton in a finite quantum well, without any
adjustable parameter:

E*
0

—(2/kb +L„)/2a o
1 —

—,'e
(21)

where Eo is the mean value of the effective Rydberg ener-

gy for the three-dimensional exciton. Now, in bulk zinc-
blende-type semiconductors, the top most valence band is
fourfold degenerate and Eo may be obtained by using
I„=I/y, as a mean value of the hole masses; y2, which
describes the effect of the anisotropy, produces small
corrections which have been considered in a second-order
perturbation theory. ' On the contrary, in a two-
dimensional system the anisotropy is stronger, the heavy-
and light-hole subbands are split and the in-plane
effective masses are given by 1/mhh=y~+yz and
1/m &h

=y &

—
yz for the "heavy" and "light" hole, respec-

tively. These in-plane masses, which are relevant for a
true two-dimensional exciton, have been used in early cal-
culations (e.g., Ref. 4). This is equivalent to neglecting
the off-diagonal terms in the Luttinger Hamiltonian. In
more recent approaches (e.g., Ref. 11}, the full Hamil-
tonian was used. Then, the in-plane masses of some sub-
bands can be negative for small k. In the present analyti-
cal model, however, it seems very difficult to include
more accurate subband dispersions. Instead, we propose
an alternative method: considering an a-dimensional sys-
tem we can use an interpolation in between the two limit-
ing cases. Then, in order to take into account both the
spreading of the wave functions into the barriers and the
a dependent in-plane effective masses, Eo in Eq. (21) is
calculated by using the following expressions for the re-
duced masses:

1/pfh= 1/m, *+@(+(3—a)yz,

1/p&h= 1/I,*+y*, —(3—a)y2,

(22a)

(22b)

where m,*, y &, and yz are given by Eqs. (18).
Equation (21) permits us to calculate the exciton bind-

ing energy for different pairs of confined states e -h,
after calculation of the energies of the corresponding
electron and hole states given by Eq. (11). Moreover,
with a given by Eq. (20), it is possible to calculate the
excited-state energies of the exciton (n ~ 1) by using Eq.
(2a). It must be noted that the light- and heavy-hole exci-
ton binding energies converge to the same value as the
well width becomes very large. This results from the a-
dependent in-plane reduced masses given by Eqs. (22).

As an application, let us consider the electron heavy-
hole e1-hh1 and light-hole e1-lh1 ground-state transi-
tions. As shown above, the spatial extension (kb) is a
crucial ingredient of the calculation. The value of k& can
be extracted from the resolution of Eq. (11), which pro-

vides the values of the confinement energies of the el
electron and hhl (lhl) hole. In Appendix A, we propose
a very convenient and widely sufficient approximate reso-
lution. This method allows us to obtain a fully analytical
method for computing the binding energies of the
ground-state excitons, by direct application of Eq. (21).
Now, as demonstrated below, the accuracy of this
method can even be improved, on the condition that the
correct physical ingredients are included.

III. CONDUCTION-BAND NONPARABOLICITY
AND DIELECTRIC-CONSTANT MISMATCH

m, =m, (1+a'E),
m

~~

—rn, [ 1+(2—a'+P')E ],
(23a)

(23b)

where a'= —(2m, /A' ) ao and P'= —(2m, /fi ) Po. Here
m, is the band-edge effective mass in the bulk material
and E is the confinement energy. The parameters ao and

po, which are negative, are determined from a k p calcu-
lation. ' Equation (23b) can be used to calculate the elec-
tron effective masses m, and m, b which appear in Eq.
(18a),

m, =m, 0[1+(2a'+P'}E ],
m, b

——m, bo[1+(2a'+P')( V, Ez )] . —
(24a)

(24b)

m, o and m, bo are the band-edge effective masses in the
well and barrier materials. V, is the electron quantum-
well depth, E~ is the confinement energy. For GaAs,
a'=0. 64 eV ' and p'=0. 70 eV ', ' and we assume that
the same values can be used for the barrier material.

Let us now consider the effects of the difference in

dielectric constants between well and barriers materials.
There are two effects, the first one depending on the
amount of the exciton wave function in the barriers, the
second one on the strength and position of the image
charges. As generally the dielectric constant in the bar-
rier is smaller than in the well, the result is an increase of
the exciton binding energy. These effects can be included

For relatively thin wells, the confinement energies of
the electrons become very important and the subbands
are fairly far from the bulk band edge. Then the
conduction-band nonparabolicity should be taken into
account. A convenient way to include this effect in our
analytical approach is to express it in terms of energy-
dependent effective mass. From recent calculations, Ek-
enberg' shows that the in-plane curvature of the disper-
sion relation at the bottom of the subband does not corre-
spond to the same effective mass as in the bulk. Further-
more, the anisotropy of the bulk conduction band is
found to have larger effect in quantum wells than in the
bulk. Relative to the bulk mass, the enhancement of the
in-plane mass which is relevant for the calculation of the
exciton binding energy is found to be three times stronger
than the z-parallel mass which gives the confinement en-
ergies. For both infinite and finite quantum wells and
both ground and excited states, Ekenberg shows that the
energy-dependent effective masses can be written in a
very simple form as a function of the confinement energy,
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in our model calculation in an analytical way. The first
one can be taken into account in the calculation of the
mean values of the effective Rydberg (Ep ) and Bohr ra-
dius (ap ), which appear in Eq. (21). In this way, a mean
value of the dielectric constant can be defined as

The dimensionless quantity I(L„/ap)/(L /ap) may be
estimated with good accuracy by an analytical expres-
sion; then by taking ao in place of ao for the finite quan-
tum well, hE may be written as

E' =V P,Pb e„+( 1 U—P Pb )eb, (25) ~ID +~b GAUL~

(28)

(26)

where ao is the exciton Bohr radius, and

(2L /ap) e
I(L~/ap) =

[x +(2L /ap) ] ~ [1+(x/2m) ]
2

sinh(x /2)
x/2

(27)

where p, and pb are the weighting parameters defined in

Eqs. (17a) and (17b).
The effect of the image charges, which is a purely elec-

trostatic one, is very complicated because there are
infinite series of image charges associated with the elec-
tron and hole motions. Moreover, in finite quantum wells
there are four different configurations corresponding to
the electron and/or hole inside the well or barrier materi-
al. In their accurate calculation, Andreani and
Pasquarello" included this effect by considering an
infinite series of image charges. On the other hand, in the
limit of infinite barrier, Whittaker and Elliott' obtained
an estimation of the effect by treating analytically the po-
tential of the first image charge in first-order perturbation
theory. The results are fairly close to one another. The
perturbation approach yields, for the increase of the exci-
ton binding energy, the following expression:"

e —eb e 2 I(L~ /ap )
DE =2

E+Eb'e Qp L /Qp

hE, which is proportional to the dielectric-constant
mismatch, increases as the well width decreases and may
be of the order of several meV for narrow wells. For a
50-A-wide GaAs/A1As quantum well, Eq. (28) gives
b,E =2 meV.

IV. COMPARISON WITH RECENT
THEORETICAL WORKS

As a check on the accuracy of our analytical method,
we have calculated the binding energy of the ground-state
heavy- and light-hole excitons in different Ga&, A1„As-
GaAs quantum wells as a function of the well width. In
order to compare our results with those of difFerent nu-
merical calculations, we have used, in each case, the same
parameters and hypotheses as the corresponding authors.
The parameters are the dielectric constant and effective
masses inside and outside the well, and the conduction-
to valence-band offset ratio. The basic hypotheses differ,
from one author to the other, by the inclusion of effects
such as the mismatch of the effective masses and/or the
dielectric constants between well and barrier materials, or
the nonparabolicities of the valence and conduction
bands.

Figures 3, 4, and 5 show that the overall trends in our
calculations are correct. Binding energies first increase as

~ ~ ~ ~ I ~ ~ ~ ~
I ~ ~ ~ ~ I ~ ~ ~ ~

I ~ ~ ~ ~ I
~ ~ 0 ~ I ~ ~ ~ ~ I ~ ~ ~ ~1
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FIG. 3. Binding energies for the heavy- and light-hole excitons in the Ga& „Al„As/GaAs quantum well as a function of the well
width. The dashed curves are from Greene et a1. (Ref. 4). The solid curves were calculated with our model by using the parameter
values given in Ref. 4 (a}x =0.15, (1)x =0.30.



4098 MATHIEU, LEFEBVRE, AND CHRISTOL 46

~ ~ ~ I I ~ ~ ~ a I ~ ~ ~ ~ I ~ ~ ~ ~ I
~ ~ ~ ~ I ~ ~ ~ ~ I ~ ~ ~ ~ I ~ ~ ~ ~1

11 — Ga As-Ga 1-xA 1 x

10)
9

B

7

6

o 5

CD e1-hh 3

the well width is reduced, as long as the exciton wave
function remains confined in the well region. For narrow
wells and finite barrier height, the wave function starts to
leak into the barrier material and the binding energies ac-
tually begin to decrease toward the corresponding value
in the bulk barrier material. As long as the holes are
confined inside the well, the heavy-hole exciton binding
energy is smaller than the light-hole one because of the
ratio of the in-plane effective masses. Neverthless, on ac-
count of the z-direction effective masses, the heavy-hole
exciton binding energy begins to decrease later as the well
width decreases. %e note that, on account of the a-
dependent in-plane masses of the holes [Eqs. (22a) and

Thy' ~or k

Ref. 5
s ~ ~ ~ I ~ ~ ssI ~ ~ ~ ~ I ~ ~ ~ ~ I ~ ~ ssIs ~ ~ ~ I ~ s ~ ~ I ~ ~ ~ s2

0 5 10 15 20 25 30 35 40
WELL WIDTH (nm)

FIG. 4. Same as Fig. 3, where the dashed curves are from
Priester, Allan, and Lannoo (Ref. 5).

(22b)], the binding energies of the light- and heavy-hole
excitons converge to a same value, corresponding to the
3D exciton, as the weH width becomes very large or very
small. This is one fundamental difference from all the
other calculations for which the binding energies of the
light- and heavy-hole excitons tend toward two different
values for infinitely wide wells.

In Figs. 3(a) and 3(b), we compare our results with
those of Greene, Bajaj, and Phelps. These authors have
calculated the exciton binding energies for the heavy- and
light-hole excitons in a quantum-well structure consisting
of a single slab of GaAs sandwiched between two semi-
infinite layers of Ga& Al As, with x=0. 15 and 0.30.
They have used a flexible form for the exciton envelope
function with several variational parameters, with the
same values for effective-mass parameters and dielectric
constants in the well and barrier materials. The disper-
sion relations were taken parabolic. The well width cor-
responding to the maximum binding energy is exactly the
same in our results as in those of Greene, Bajaj, and
Phelps, for both light- and heavy-hole excitons. Con-
cerning the value of the energy, the discrepancy appears
to be nearly constant with a typical value of about 1 meV.

In Fig. 4 our results are compared with those of Pries-
ter, Allan, and Lannoo. Here the exciton envelope func-
tion chosen by the authors is a simple exponential func-
tion of the radial coordinate, but the effective-mass
mismatch between the well and barrier materials is taken
into account. The bands are parabolic. The agreement is
excellent for the heavy-hole exciton and very good for the
light-hole one, with a maximum discrepancy lower than
0.5 rneV.

In Figs. 5(a), 5(b), and 5(c), we compare our results
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FIG. 5. Binding energies for the heavy-hole and light-hole excitons in the Ga, A1„As/GaAs quantum well as a function of the

well width, for different approximations. Solid lines were calculated with our model. The dashed lines are from Andreani and

Pasquarello (Ref. 11). The dotted lines in (a) are from Ekenberg and Altarelli (Ref. 8). (a) Two-band approximation, parabolic con-

duction band, equal dielectric constants (hypothesis 1). (b) Including conduction-band nonparabolicity (hypothesis 2), (c) Including

both conduction-band nonparabolicity and die1ectric-constant mismatch (hypothesis 3).
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with the corresponding ones obtained by Andreani and
Pasquarello" as a function of the approximation used in
the calculation. Figure 5(a) represents the results ob-
tained in a two-band approximation, with a parabolic
conduction band, and using the same value for the well
and barrier dielectric constant. Also plotted in the figure
are the results obtained by Ekenberg and Altarelli in
their parabolic approximation, using exactly the same pa-
rameters. Figure 5(b) includes conduction-band nonpara-
bolicity. Figure 5(c) also includes the dielectric
mismatch. The agreement is very good for both the
light- and heavy-hole excitons in each approximation. In
the parabolic approximation in particular [Fig. 5(a)], our
results appear in between those obtained by Andreani
and Pasquarello and Ekenberg and Altarelli. Figures
5(a), 5(b), and 5(c) clearly show a regular increase of the
maximum value of the binding energies, which vary from
10 meV in the parabolic approximation to 15 meV when
the conduction-band nonparabolicity and dielectric
mismatch are taken into account.

The results of our calculation were also compared to
those of other authors, ' who used a somewhat different
set of hypotheses and parameters. The comparisons are
not presented via a figure, for the sake of simplicity, but
the difference between both calculations, using the same
set, is always much lower than 0.5 meV, for
GaAs-Gap 6Alo 4As quantum wells.

In their accurate calculation, Andreani and Pasquarel-
lo also included valence-band mixings and Coulomb cou-
pling between excitons belonging to different subbands.
In particular they showed that the effect of Coulomb cou-
pling may be important, especially for the light-hole exci-
ton, increasing the binding energy by more than 2 meV.
C1early these effects cannot be included in an analytical
way in our calculation.

As an illustration, Fig. 6 displays the result obtained
from our calculation, using the same parameters and hy-

30 ~ 0 I I
l ~ ~ ~ l I I ~ ~ ~ l ~ 0 I ~ ] ~ ~ I ~

W

GaAs-Ga1 XAl„As
. d

potheses as in Fig. 5(c), but with the energy gap of
Ga& Al As given by the quadratic law of Bosio et al.

V. COMPARISON WITH EXPERIMENTAL RESULTS

Concerning experimental results, the most reliable
measurements come from low-temperature photo-
luminescence experiments, where a well-defined peak
identified as the 2s exciton state has been reported. In
Fig. 7, we compare some experimental values' ' of
the energy difference E2, —E&, obtained on several
Ga, „Al„As-GaAs quantum wells (0.31 &x (0.37),
with our calculation by taking x =0.35. We have chosen
the same parameters as for Fig. 6.

Our results are in very good agreement with the experi-
mental ones. The overall trends are correct but the 1s-2s
splitting energy for the light-hole exciton appears to be
smaller than the measured values. This small discrepan-
cy results from the fact that our two-band calculation
does not take into account the valence-band mixings and
Coulomb coupling between excitons belonging to
different subbands. It is well known that, because of mix-
ings which appear at finite values of the in-plane k vector,
the in-plane dispersion relations of the hole subbands are
nonparabolic, especially for the light holes. Some sub-
bands even have electronlike masses at k =0, increasing
both the joint density of states and reduced masses. Exci-
ton binding energies and oscillator strengths, especially
for the light-hole excitons, are then increased. This
means that, in any equivalent two-band model of the ex-
citon, a value of the in-plane light-hole mass larger than
the value at k=0, should be more appropriate. In this
way, a mean value calculated over a k extension of the or-
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FIG. 6. Example of the calculation of the binding energies of
the 1s e1-hh1 (solid lines) and el-lh1 (dashed lines) excitons in
GaAs-Ga& Al„As quantum wells of varying width and depth,
at the I point. For high aluminum concentrations and for thin
wells, type-II excitons involving X-like conduction states may be
observed in photoluminescence. They are not investigated here.
Nevertheless I -like excitons can still be observed by photo-
luminescence excitation in the same conditions.

FIG. 7. Comparison of calculated and measured values of the
energy difference E2, —E&, for Ga& Al As/GaAs quantum
wells. Calculated values have been obtained with x =0.35 and
the same values of basic parameters as for Fig. 6. Experimental
points correspond to x =0.31 and 0.33 (Ref. 24), x =0.33 (Ref.
25), x =0.35 (Refs. 21 and 22), and x =0.37 (Ref. 1). Heavy-
hole excitons are represented by full figures, while open figures
were used for light-hole excitons. The horizontal size of each
point correspond to an uncertainty of +1 monolayer in well
width. A reasonable value of +0.35 meV was taken as an aver-
age uncertainty on the value of Ep E~, .
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der of 1/ao, where ao is the three-dimensional effective
Bohr radius of the exciton, may be used. In that case a
previous calculation of the in-plane dispersion relations
of the hole subbands is required.

Finally, one should notice that, from the experimental
measurement of the 1s —2s splitting energy, it is not easy
to obtain the exciton binding energy Eb directly, without
either tedious calculation or rough hypothesis such as a
purely 3D-like or 2D-like behavior of the exciton. Fol-
lowing the model calculation given above, it is possible to
obtain Eb from E2, —E&, in a very simple way. Equation
(2a) permits the energy difference E2, E„—as a function
of the fractional dimension a to be expressed, that is

E2s E ls 16a
Eo (a —1)

(29)

a = 3 gives the well-known value (E2, E„)/—Eo =—„',
which corresponds to the three-dimensional exciton.
a=2 corresponds to the two-dimensional exciton for
which Eq. (29) gives (E2, E„—)/Eo= —", , now in that
case the exciton binding energy is Eb =4.EO, so that we
obtain the weil-known relation for the 2D exciton
(Ez, E„)/—Eb =—', . a = 1 corresponds to the one-

dimensional exciton, for which Eb ~~.
Equation (29) permits us to obtain the fractional di-

mension a from the 1s-2s splitting energy. It is then pos-
sible to calculate Eb from Eq. (3). Figure 8 represents the
variation of Eb /Ep as a function of (E2, E„)/Eo i—n the
range 2&a &3. Clearly, the dots which represent the
values obtained from Eqs. (29) and (3) appear to follow a
nearly linear law. Consequently the exciton binding ener-

gy Eb may be expressed as a function of the 1s-2s split-
ting energy by a linear relation like

It is then possible to obtain Eb from Ez, —E&, in a very
simple and accurate way, without any calculation or hy-
pothesis.

VI. CONCLUSION

We have presented a very simple method for calculat-
ing exciton binding energies in quantum-confined semi-
conductor structures. Our main result is an analytical ex-
pression, for the binding energy, free of any adjustable
parameter. The method permits one to obtain the exci-
ton binding energy with a reasonable accuracy in most of
the confined structures, where the exciton can be associ-
ated with a specific pair of electron and hole subbands.
Moreover, in the cases where the 1s and 2s transition en-
ergies have been experimentally determined, the method
permits one to obtain the exciton binding energy Eb
without any hypothesis nor calculation.

Lastly, because of its generality, the method may be ex-
tended for calculating exciton binding energies in com-
plex confined structures such as superlattices, quantum
wires, or quantum dots. In each case, the problem is to
define the fractional dimension a, which describes the de-
gree of anisotropy of the electron-hole interaction. This
parameter should be related to a quantity which accounts
for the spatial extension of this interaction. In a quantum
well a has been related, via Eq. (20), to the ratio of a
length characteristic of the electron and hole motions
with regard to the quantum-confinement effect (L'), to a
length characteristic of the electron-hole relative motion
with regard to the Coulomb interaction (ao ). In super-
lattices, as an example, the choice should be different. In
that case, the pertinent parameter may be related to the
well width and barrier thickness, and/or to the miniband
width, and/or to the transverse effective masses.

108 E2s Eis 20
101 Eo 101

'+

Equation (30) corresponds to the full line in Fig. 8.

I I

E (2sj -E (1sj 8
E(3 9

4 — 20

(30) APPENDIX A: APPROXIMATE CALCULATION
OF THE FIRST CONFINED LEVEL

IN QUANTUM WELLS

If we assume the same value for the effective masses in
the well and barrier materials, an expansion of Eq. (11)
gives rise to an analytical solution. Indeed, assuming
p =1 and m =mb =m, Eq. (11)may be written

&E/V = sin —(1 )/E/E ), —
2

(A 1)

C)
UJ

LU

where E; =sr A /2mL is the confinement energy in the
corresponding infinite quantum well. On account of the
relation E/E, - &1, the sine function may be expanded
with a good approximation and Eq. (A1) becomes

E (2sj -E (1s) 3
El) 4

&E/V = —(1—QE/E, )
———(1—QE/E, )

1

2 3! 2

1 2 3
(E (2s) -E (1s) ) /Eo

FIG. 8. Dimensionless binding energy of the exciton Eb/Eo
as a function the dimensionless energy difference between 1s and
2s exciton states, (E„—E„)/Eb. The square dots correspond
to the exact values calculated with Eqs. (29) and (3). Full line
corresponds to the linear approximation given by Eq. {30).

+——(1—QE/E, )
1

5! 2

—(1 gE/E, )—1

7! 2

Now an expansion of Eq. (A2) to second order gives

(A2)
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FIG. 9. Electron confinement energy as a function of the well

width for a finite quantum well. Comparison of our analytical
solution [Eq. (AS)] with the exact numerical resolution of Eq.
(11),for different values of the well depth.

The confinement energy E is then given by the squared
positive solution of Eq. (A3)

1/2 '2
E;

(8 QE;/V —) — E;—A

4C C
(AS)

In Fig. 9 we compare, for diferent values of the
quantum-well depth V, our approximation [Eq. (AS)]
with the exact values obtained from numerical resolution
of Eq. (11). We have used m =0.067mo, which corre-
sponds to GaAs quantum wells. The agreement is very
good for wide wells because in that case E/E; =1, so that

the sine-function expansion [Eq. (A2)] is a very good ap-
proxirnation, and for narrow wells because in that case
E/E, « 1 (E is limited to the value of V) and the expan-
sion of Eq. (A2) becomes very good. The maximum devi-
ations hE are 1.7, 5, and 8.3 rneV, which occur at

=86, 50, and 38 A, for V= 106, 320, and 533 meV, re-
spectively. On account of the good agreement discussed
above. Eq. (AS) may be used to obtain, without calcula-
tion, a good and rapid estimation of the ground-state en-
ergy E, in a finite quantum well. With regard to the ex-
citon problem, the agreement of Eq. (AS) with the exact
solution is wide enough to be used, and then permits one
to propose a full-analytic calculation of the exciton bind-
ing energy for ground-state transitions el-hh1 and el-lh1.
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