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Thermodynamics of ferrimagnetic double chains with z-z nearest-neighbor interactions

J. Curely and R. Georges
Laboratoire de Chimie du Solide, Universite de Bordeaux I, 351 Cours de la Liberation,

33405 Talence CEDEX, France

M. Drillon, M. Belaiche, and K. Benkhouja
Ecole Europeenne des Hautes Etudes des Industries Chimiques de Strasbourg, 1 Rue Blaise Pascal,

67008 Strasbourg CEDEX, France
(Received 23 July 1991)

We propose a general treatment involving the transfer-matrix method for solving ferrimagnetic double

chains made up of two spin sublattices (s,s )& showing a z-z exchange coupling between nearest neigh-

bors for several types of unit cell (for practical purpose we shall consider s =
—,
' ). The whole physics of

the infinite chain is contained in the largest-modulus eigenvalue v& of the 4X4 transfer matrix. When
s'&

2
we develop in the zero-field limit the secular polynomial (depending on v& and the field B) up to

the 8 term. By equating it to zero, we get the parallel magnetic susceptibility. When s'=
2

the secular

polynomial is simpler, and it is possible to obtain closed forms by using a differentiation method. We
study successively the influence of intrachain and interchain nearest-neighbor interaction on the magnet-

ic behavior for two types of unit cell. Some results appear to be of interest for the discussion of weak-

interacting-chain lattices. This model is then applied to the one-dimensional compound

VO(HPO4) 4H20, which exhibits ( 2, ~ )N double chains coupled by a zigzag interaction path and shows

frustration effects.

I. INTRODUCTION
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FIG. 1. Structure of type-A, -B, -C, and -D double chains.

In the past few years, a lot of work has been devoted to
the magnetic behavior of so-called ferrimagnetic chains
made up of two sublattices that do not compensate each
other. '

Such chain systems may exhibit striking phenomena,
such as the occurrence of a compensation temperature,
well known for ferrimagnetic garnets, at nonzero temper-
ature. Likewise, it was recently emphasized that nonun-
iform one-dimensional (1D) systems exhibiting a subtle
stacking of the metal ions, as, for instance ladderlike,
branched or trimerized chains, etc. , may show unusual
behavior. Some exotic stackings are illustrated in Fig. 1,

where only magnetic sites and exchange interaction path-
ways are indicated.

Determination of the effective spin Hamiltonian is an
important aim when studying 1D physics. It also
presents significant interest for chemists since the ex-
change interaction mechanisms are intimately linked
with the nature of the chemical bond. Accordingly,
much effort has focused on so-called "1Dmagnetic lattice
engineering" to stabilize exotic systems. Ladderlike and
frustrated chains (types A and B in Fig. 1) were isolated
in the phosphates (VO)zP207 and VO(HPO~). 4H20, 7's

the nitrates A(OH)(NO3) H20 with A =Co(II),Ni(II),
and molecular complexes such as the hydraziniurn copper
(II) chloride. ' Further, the properties of branch chains
(type C), i.e., CoCu(pbaOH)(H20)3 nHzO, " and chains
of discrete trimers (type D), i.e., Ca3Cu3(PO4)4 (Ref. 12)
or Cu3C16(H20)2 2TMSOz, ' were thoroughly investigat-
ed, where TMSO2 is tetramethylene sulfane.

Both the symmetry of interacting spins (z-z, Heisen-
berg, etc.) and the competition between different ex-
change pathways are relevant factors for the analysis of
magnetic properties. From detailed structural and mag-
netic studies, it has been possible to determine trends for
some 1D systems, but there is not yet any theoretical re-
port on the physics of double chains. This paper is devot-
ed to the discussion of the thermodynamics of ferrimag-
netic double chains made of Ising-like interaction ions (z-
z couplings) with different spin sublattices. Moreover, we
shall use the exact results obtained with this model to
show that, in a weakly interacting chain lattice, the
short-range-order temperature domain is conveniently
described by a model involving quasirigid blocks, the
length of which is equal to the correlation length of an
isolated chain.
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II. THEORETICAL ASPECTS Type A

A. Type-A double chains

%e first consider the 1D magnetic system shown in
Fig. 2. It may be described as a pair of elementary ferri-
magnetic chains linked together by interchain interac-
tions in order to constitute a so-called double chain.
Only the nearest-neighbor couplings are taken into ac-
count, and they are assumed to be relevant between s'
components of the spin operators only. Two kinds of
spins are involved, sk and sk (k =1, . . . , 2N, with spin
quantum numbers s and s' and Lande factors g and g', re-
spectively. The present study' has been initially
motivated, as far as we are concerned with this kind of
chain, by the synthesis and experimental work ' on
several low-dimensional phosphates, such as (VO)zPz07.
The crystal structure of this pyrophosphate exhibits
well-isolated double chains of spin- —,

' (VO) + ions (see

below). The corresponding Hamiltonian may be written

N

( H ex +H mag
)

with

~«a 0 ~o~1«a 4~0~~~a $% 0~
cell i

FIG. 2. Structure of the unit cell for a type-A double chain.

tor defined as follows: mN represents the current state of
the pair (sziv, sziv+, ) characterized by the values of sziv
and szN+, . Among all the states of the chain contribut-
ing to the sum ZN(B), we consider those for which the
last pair (szlv, sziv+, ) is associated with miv. The corre-
sponding part of the summation gives the component

Zz "(8). As a result, the vector Ziv(B) has
d=(2s+1)(2s'+1) components and we can write

H; —J1[(S2; 1+szi+1)$2;+(Sz; 1+Sz;+1)S2;]

+Jz(sz; lsz; 1+sz;sz;) ~ (2)
ZN(B)= g Ziv (8) .

Hlm = [g($2I+S2i+1 )+g ($2~1+$2~i 1 )]8

In these expressions J& and J2 refer to intrachain and in-

terchain nearest-neighbor interactions, respectively; note
that a few terms are to be dropped from the boundary
contributions Ho HN Ho, and HN'g', B is the intensi-

ty of the magnetic field (assumed to be applied along the z
direction).

Let Zlv(8) be the partition for the chain beginning at
(s'„sz) and ending at (szN, sziv+, ). Let Zlv(8) be the vec-

I

We can similarly define the quantities Ziv, (8),
Ziv, (8), and Zlv", '(8) related to a chain beginning
again at (s1,sz) but ending at (sziv z, sziv 1). It is easily
shown that Zlv(8) and Zo(8) are related by the relation-
ship

Ziv(8) =('T) Zo(8),

where (T) is a square d Xd matrix (transfer matrix). Its
current element ('T) is given by

i i —1

sinh[(P/2)(2$'+ 1)[J,(sz;, +sz;+, )+Jzsz; —g'8 ]]

»nh[(P/2)(2$'+1)[J1{$2i —2+$2i)+ J2$2i —1
—g'8]]

X
si hn[(p 2/) [ J(s1;22+sz; )+Jzsz; 1

g'8]]—
where s2, , s2;+, , sz; z, and sz;, are given by m,- and

m;, . Clearly, because of the regular structure of the
chain ('T) appears to be independent of i Let us no. w la-
bel u, {8), uz(8), . . . , the eigenvalues of the matrix (T),
ordered in the decreasing modulus order, and
e1(B),ez(B), . . . , the corresponding unitary eigenvectors.
Let ZIv{8) be the component of Ziv(8) along e„{8).We
may then write

d

Ziv(B)= g [v„(8)] Ziu(N)e„. (7)
p=1

In the infinite-chain limit, only the contribution associat-

ed with the dominant (largest-modulus) eigenvalue v1(8)
need be retained. As a result,

ln[Zlv(8)] — iV ln[u, (8)] .
N~+ oo

Thus the whole physics of the infinite chain is involved in
the dependence of the dominant transfer-matrix eigenval-
ue (or its logarithm) on the various relevant parameters.
%e immediately get, for the magnetization A,

~~

and the
zero-field susceptibility y~~

referred to the unit cell (con-
taining two s-and two s'-type spins),
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B in[ v I (B)]

p

8 v, (B}
p ul(B) BB' B=0

4.0"

For s =—„('7) is 4X4 matrix. In the zero-field limit, it is

easily transformed into two 2 X2 diagonal blocks, thus al-
lowing for an analytical treatment. For nonvanishing
magnetic field, the secular polynomial must be developed
as a B power series up to the B term:

II

P(u„B)=ul(0) + a+ B ul(0)

2.0"

0.0
0.0 Oe5 1.0 keT/IJgl

b II

+ b+ B2 u(0}V)

II dtl
+ c+ B u, (0)+d+ B (10)

FIG. 3. (y~~T)„product thermal variation for a type-A dou-
ble chain (s =—', s' =1, g'/g =2.5,

~ Jz ~

=0.05
~ J, ) ); the signs

which label the curves are those of J& and Jz (inset, thermal
variation of ks Tin[(yllT}„]; note that positive exchange refers
to antiferromagnetic coupling).

(the first power of B actually disappears as a result of the
field-reversal symmetry of the system under considera-
tion). It is then possible, equating this polynomial to
zero, to express the B variation of v& up to second order.
We then get the zero-field susceptibility

a"u, (0) +b "v, (0) +c"v,(0)+d"
pvl(0) 4ul(0)3+3avl(0) +2bvl(0)+c

The detailed resulting expression is somewhat cumber-
some and need not be reproduced in extenso. When both
spins s and s' are equal to —,', the magnetic susceptibility
reduces to an expression that is easier to handle and
which is given in the Appendix.

In order to have better insight, we shall essentially con-
sider the

y~~
T product normalized to its infinite-

temperature value (the Curie constant}. This normalized
value will be called (y~~T)„. In the low-temperature
range, the parallel susceptibility is mainly related to the
value of the magnetic moment per unit cell in the ground
state, which depends on the sign of the exchange interac-
tion constants J

&
and J2. This moment may vanish under

various conditions: (i) The s and s' sublattices are sepa-
rately antiferromagnetic (this occurs when the product
Jl J2 is negative} and (ii) these sublattices are ferromag-
netic, but they carry opposite moments which compen-
sate exactly (J,J2 is positive). Practically, such a situa-
tion may occur essentially when similar cations occupy
both lattice sites.

The curves in Fig. 3 correspond to a type-A (—,', 1) chain
with the ratio r =g's'/gs taken equal to 2.5. They have
been drawn assuming

~ J2 ~
much smaller than

~ J, ~

in or-
der to point out the influence of a weak interchain cou-
pling which must never be completely ignored in so-
called 1D magnetic substances. For the ( ——) and
( —+ ) curves, Jl is negative and the moments add to-
gether on each elementary chain considered separately.

In the ( ——) case, the chains are coupled ferromagneti-
cally. This results is an enhancement of the low-
temperature exponential divergence of the (y~~T)„prod-
uct. It has been shown in previous work' ' that, in the
low-temperature range, a chain behaves essentially as an
assembly of independent rigid blocks with length
where g is the correlation length. In the ( —+ ) case, the
(nearly ferromagnetically ordered) elementary chains are
coupled antiferromagnetically. Then the (ylT)„diver-
gence is maintained down to the temperature at which
the interchain exchange energy of two such blocks with
length g becomes similar to ka T. This crossover temper-
ature To thus appears to be solution of the equation

k~T kg T
(12)

Solving this equation with the numerical values of Fig. 3,
we get ka Tpl ~ J2 ~

=0.34. This value exactly corresponds
to the maximum of the (—+ ) curve. The (++ ) and
(+ —

) curves show similar behavior despite a less prom-
inent maximum for (+—) due to partial compensation of
the moments (antiferromagnetic coupling) in each ele-
mentary chain.

The (+—) and (
—+ ) curves are examples of case (i)

(see above), where the magnetic moments of both sublat-
tices vanish in the ground state. Let us now briefly exam-
ine case (ii) (compensation situation). It has been pointed
out' ' that for single ferrirnagnetic chains, with spin al-
ternation. . .s,s', s,s', . . . , and nearest-neighbor z-z anti-
ferrornagnetic coupling, the low-temperature magnetic
susceptibility is essentially governed in the compensation
case by the spin quantum numbers s and s'. This results
from a subtle competition between long- and short-range
correlations (more specifically, between the increase of
the correlation length g and the decrease of the eff'ective
magnetic moment carried by the unit cell) as the temper-
ature decreases.
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TABLE I. Low-temperature behavior of a type-A double
chain with z-z-type coupling (compensation case).
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FIG. 5. Structure of the unit cell for a type-8 double chain.

In the present case, a detailed examination shows that
similar, although more complex, effects are observed.
Actually, it appears that the ratio between the exchange
interactions, J2 jJ„ is also of critical importance. The
results (given for the g~~T product) are summarized in
Table I and illustrated by Fig. 4.

matrix is now given by

( '7) =exp [
—P[J,s,',s,'+J',s,",s,

"
+J2s (s;" i+s;")
—(gs +g's;")B]], (15)

B. Type-B double chains

Jlsl lsi +Jlsi 1 —I + 2 i ( i—1+ i —) (13)

H, 's= (gs +g's;")B—. (14)

Note that similar remarks concerning the edge contribu-
tions (i =0 or iV) are also relevant. Following the same
procedure as previously, the typical term for the transfer

We now turn to type-B chains. Such magnetic chains
were observed in the phosphate VO(HPO&) 4HzO and,
more recently, in the nitrate Co(OH)(NO3) HzO. In such
systems the magnetic moments are carried by the —,

' spins
associated with the (VO) + and Co + ions (see below).
For this type of chain, with the current cell now involv-
ing only two spins s; and s'

, (Fig. 5), the Hamiltonian is
given by (1), with now

where s,s;" and s,', ,s;"
&

are given by m; and m;
The partition function and zero-field magnetic suscepti-
bility are also calculated in a similar way. For the sim-
plest case of a double chain with s'=s= —,', g'=g, and
J', =J, , the magnetic susceptibility reduces to a closed
expression (see Appendix). We discuss now the main
difference between type-A and -B double chains: It con-
cerns the possibility of frustration effects. We shall thus
essentially consider the case of positive (antiferromagnet-
ic) exchange interaction along both elementary chains
(J))

For negative (ferromagnetic) J„each elementary chain
exhibits a ferromagnetic ground state and is magnetized
ferromagnetically or antiferromagnetically with respect
to the other one, depending on the sign of J2. For posi-
tive J2 the overall ground state is antiferromagnetic and
the (y~~T)„product vanishes as exp(P(J& —J2l2)] on
cooling down. For negative J2 the overall ground state is
ferromagnetic and the (y~~ T )„product diverges as

exp[ —P(J&
+J2/2) ].

For positive J& frustration occurs whatever the sign of

(Xo7)„

0.4 ~

(XII7)„

0.2 "
2.0

0.4

0.0.
0.0 0.5 k,7/v, 0.0

0.0 0.5 1.0

FIG. 4. Thermal variation of the (SHIIT)„product for a com-
pensated ( —,', 2) type-A double chain, for several values of the

J2/Jl ratio (J, &0).
FIG. 6. Thermal variation of the (SHIIT)„product for a ( —,', —,

'
)

type-B double chain, for J, & 0 and various positive J~ values.
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FIG. 7. Thermal variation of the (y~~T)„product for a (—' —')2s 2

type-B double chain, for J, )0 and various negative J2 values.

J2. In any case the ground-state configuration depends
on the sign of ~J2~

—2J, . If this quantity is positive, Jz
prevails and the structure is ferromagnetic or antiferro-
magnetic along the zigzag path, depending on the sign of
Jz. At low temperature the (y~~T)„product diverges or
vanishes according to the laws exp[ —P(J, +J2/2)] and
exp[P(J, —Jz/2)], respectively (Figs. 6 and 7). In that
case J& is always frustrated at low temperature. For
weaker J2 values, J, prevails. Each elementary chain is
antiferromagnetic at low temperature, showing a de-
crease of the (y~~T)„product according to
exp[ —P(J, —~J2~/2)]. The occurrence of ~J2~ in the ex-
ponent clearly indicates that J2, whatever its sign, tends
to destabilize the ground-state arrangement (Figs. 6 and
7). For the critical case (~J2~ =2J& ), the (g~~T)„product
reaches a finite value at low temperature, which actually
depends on the sign of J2 (the results given for the g T
product are summarized in Table II).

II

Of course, it is not realistic to imagine experimental
situations for which ~J2~ exactly equals 2J, . But this
condition could be approached in some real compounds.
In that case, as observed in Fig. 7 for negative J2, the

(y~~ T )„product should be almost temperature indepen-
dent down to temperatures close to ~J2+2J&~/kz. Such
temperatures may be low enough for the material to
behave like a pure or weakly interacting paramagnet in
the whole experimental temperature range, thus sustain-
ing possible erroneous interpretations.

FIG. 8. Structure of the compound VO(HPO&). 4H20.

III. DOUBLE CHAIN VO(HPO4). 4HRO

A. Structure description

The crystal structure of VO(HPO ).4H 0 solved by
L

4
~ 2, sove y

eonowicz et al. , is triclinic with space group P and
0

&
an

unit-cell parameters a=8.38 A, b =8.92 A, c =13.46 A,
a=79.9', P=76.3', and y=71.0'.

It can be described from the stacking of (V06) octahe-
dra and (P04) tetrahedra, which form infinite double
chains parallel to the crystallographic a direction (Fig. 8).
The nearest-neighbor interactions between vanadium ions
involve one bridging species (P04) along a single chain
and two bridging species in the other direction (Fig. 9).
The double chains are related by lattice translation in the
b direction, thus forming rippled sheets connected to
each other through hydrogen bonds of water molecules.

The local surrounding of metal ions shows that vana-
dyl species, characterized by a short V-0 bond (d =1.6
A), are stabilized. Accordingly, the above phosphate
may be viewed as a collection of type-8 double chains
made of s =

—,
' spins. It represents a good example to in-

vestigate frustration effects in a 1D system, although z-z
exchange couplings are questionable for vanadyl ions.

oo

TABLE II. Low-temperature behavior of a type-B double
chain with z-z type coupling in the critical frustration case.

J] & 0 J2 =2JI

JI &0 J2= 2JI

X((T
1 3

r-o 4 v'5

1 3
y}~)T = — —+1

v.-o 4 v'5

2
'2

2
"o,

0„
Og6

FIG. 9. Structure of the VO(HPO4). 4H20 unit cell.
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10- X
(emumole )

served. For positive or negative J2, the same number of
frustrated pathways is obtained, so that the value of this
parameter may be questionable.

2.0 IV. CONCLUSION

1.0

p.o 10 20 30 40 T(K)

FIG. 10. Experimental results (dotted line, J& =9.3 K,
J2 = —1.7 K, g =1.9) and theoretical curve for the parallel sus-

ceptibility of the compound VO(HPO4) 4H20.

B. Discussion of magnetic results

The temperature dependence of the magnetic suscepti-
bility is plotted in Fig. 10. At high temperature X(T)
obeys the Curie-Weiss law for s =

—,
' and a Lande factor

close to 1.9. At low temperature a maximum of suscepti-
bility is observed around 5 K; then X( T) decreases on fur-

ther cooling. Such a behavior is typical of a regular anti-
ferromagnetic 1D system with weak exchange coupling
between nearest neighbors.

On close examination of the exchange pathways, it ap-
pears that intrachain and interchain interactions involve
both phosphate groups, but with different bond angles.
As a result, the sign and magnitude of both exchange
constants J& and Jz may differ, since magnetic couplings
are strongly dependent on structural features.

Using the type-B double-chain model investigated
above, we have fitted the experimental data by letting J,
and J2 vary. The best agreement between theory and ex-

periment, displayed in Fig. 10, corresponds to the param-
eters J, =9.3 K, Jz= —1.7 K, and g =1.9. It can be
noted that the agreement with experiment is good, except
in the vicinity of the X( T) maximum, where some

discrepancy occurs. Such a disagreement is probably re-
lated to the nature of exchange interactions, which are
the most likely Heisenberg-like, while an anisotropic
model was assumed for simplification.

Focusing now on the values of the exchange parame-
ters, it appears that J, (intrachain) is antiferromagnetic
while J2 (interchain) is ferromagnetic, thus promoting a
frustrated spin configuration in the ground state. As dis-

cussed above, the system reduces, for
~ J2 ~

&&2J„ to two

weakly coupled antiferrornagnetic chains, and whatever
the sign of J2, a maximum of susceptibility must be ob-

It must be emphasized that the temperature below
which the interchain coupling begins significantly to
operate should be higher than that at which tridimen-
sional long-range ordering sets in. To some extent this
distinction is similar to that delimiting short- and long-
range order in two-dimensional networks, since the chain
structure may actually be viewed as a two-dimensional
array of chains. As is well known, the short-range tern-
perature ordering domain is very large in two-
dimensional systems. In the present case, as long as one
excludes the vicinity of the long-range ordering domain,
most of the results obtained in this paper may be used for
analyzing the thermodynamical behavior. Specifically, at
temperature T, the chain system may be considered as an
assembly of giant magnetic moments, each one with mag-
nitude Mg(T) (where M is the magnitude of the magnetic
moment per unit cell), coupled together by the interac-
tion J2$(T).' The exact calculations presented in this
work confirm this point of view with a very good accura-
cy in the case of the double z-z chain. This provides us
with further proof that this temperature-dependent pa-
rameter J2$(T) can be introduced into a standard
molecular-Geld process, involving the number g of chains
interacting with a given one. '

APPENDIX

1 0 0 1

0 1 1 0
O 1 —1 Ov'2
1 0 0 —1

(A2)

now both types of transfer matrix can be worked out in a
similar framework:

For the simplest case of a type-A or -B double chain
with s=s'= —,', it is possible to obtain a closed-form ex-

pression for the parallel magnetic susceptibility. For the
type-A double chain, the unit cell reduces to a couple of
spins (s; s';), each one belonging to a single chain; the cor-
responding Hamiltonian may be written

H ""=J,(o,o;+(+crIo,' +, )+J.2cr;o,',
H; 's' "= —g(o;+o ,'),

where o. =cr'= —,'', for the type-B double chain, expres-

sions (13) and (14) remain valid.
Using the unitary transformation matrix

(T')= '

X,cosh(2L) Y3cosh(2L) Y~sinh(ZL) X4sinh(2L)
'

X2 0 0

0 0 X3 F2

X&sinh(2L ) Y3sinh(2L ) Y&cosh(2L) X4cosh(2L )

(A3}
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where

X)
X2
X3
X4
Yi
Y2

Y3

Y4

Type A

b(a+a ')
b '(a +a ')
b '(a —a ')
b(a —a ')

b +1
b2

b +1
b 2

Type B

ab'+a
b

—2+ —1

ab '—a
ab'-a

2b
0

2b-'
0

(A4)

and

a =exp
PJ,

2
b =exp L=PLB .

Jz
4 '

2
(A5)

In the zero-field limit, ( V' ) reduces to two 2 X 2 diagonal blocks and the eigenvalues can be easily calculated:

u&(0}
(())

=
—,'(X)+X3+R ),

v3(0)(0): (X3 +X4+R ) (A6)

where

R =[(X$—X~) +4Y, Y3]' R'=[(X —X ) +4Y3 Y4]'

For a nonvanishing magnetic field, the secular polynomial P ( v, B) is

P(v, B)= v —v [Xz+X3+(X&+X4)W]+u [[(X&+X4}(Xz+X3}—Y& Y3 —Y3 Y4] W+X&X4+XzX3]
—v[X&X3X4W + tX3(X)X3—Y, Y3)+X/(X3X4 Y3 Y4}]W

+X)(X3X4 Y3 Y4) —X4 Y) Y3]+(X)X3—Y) Y3)(X3X4—Y3 Y4),

where

W=cosh(PgB) .

It has no evident roots. However, after differentiation, we get the parallel magnetic susceptibility

[aP(v„W(B))/a W], ,
&II 2pv, (0) BB = [BP(v, W(0) ) /Bv ]„

(A7}

(A8}

(A9)

(A10)

In this expression the factors [BP(u&, W(b))/BW]s=v and (8 W/BB )s v are rapidly deduced from Eqs. (A8) and
(A9); we note that the term [BP(v, W(0) )/Bu ]„„~v~is also the product

1

[u&(0)—vz(0)][u&(0) —v3(0)][v&(0)—u4(0)] .

Then (A10}becomes
2

Xl
—p

2
(ER) '[(X, +X4)[v,(0)] +[Y, Y3+ Yz Y4 —(X, +X4)(X3+X3)]v,(0)

where

3(X&X3—Y) Y3 )+X3(X3X4—Y3 Y4 ) j (A 1 1)

and

E =2a U +a 'R U+2V

Type A

U cosh(pJ3/4)
V cosh (PJz/4)

Type B

1

cosh(PJ3/4)

(A12}

(A13)
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