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The phase diagrams of magnetically coupled bilayer models composed of two Bethe lattices are exact-
ly evaluated using the partial-partition-function technique. Special attention is devoted to disordered
systems in the limit of annealed bond distribution. Correlations between bonds localized in different lay-
ers lead to very interesting features. A new percolation threshold in the intralayer-dilution limit is exact-
ly obtained for n-coupled Bethe and square lattices. As competing intralayer parameters are considered,
a multiple reentrant behavior appears, which is related to the relative role played by thermal fluctuations
on frustration, bond-bond, and spin-spin correlations.

INTRODUCTION

The interest in the understanding of the main behavior
of magnetically coupled layers has recently increased be-
cause of the quick developments in the technology of pre-
paring high-quality thin films, such as magnetic over-
layers, sandwiches, and superlattices. ' These systems
display a great variety of unusual properties. For exam-
ple, magnetism in the substrate as well as dead layers in
the overlayer may be induced by interfacial couplings.
Coupling through nonmagnetic layers shows oscillatory
behavior and can lead to giant magnetoresistance, while
ferromagnetically coupled superlattices can have new
spin-wave dispersion branches stabilized as a result of in-
duced periodicities. Such effects, which also involve the
critical and dynamical aspects, suggest a profusion of
new applications.

Lately, a good deal of work on coupled superconduct-
ing layers has been developed. There is a close relation,
evidenced by experimental and theoretical works, be-
tween the high-T, superconductivity and the magnetic
interactions on the layers of Cu02 (Ref. 8) commonly
present in most superconducting ceramics. The disorder
and competition effects introduced by mobile holes in the
oxygen band play a fundamental role in the Cooper-
pairing mechanism. Also, it is observed in Tl com-
pounds that the superconducting transition temperature
increases with the number of interacting CuOz planes. '

Although such increase is believed to be related to a
quantum-well-confinement effect, " a careful analysis of
the magnetic behavior of coupled disordered layers, espe-
cially their magnetic phase diagram, is clearly desirable
to improve our knowledge of the behavior and properties
of such systems.

In this work we determine the phase diagram of a cou-
pled bilayer model with intralayer and interlayer disor-
der, in the regime of annealed bond distribution. The an-

nealing procedure allows the bonds to move in order to
ininimize globally the Helmholtz free energy. The an-
nealing induces statistical bond-bond correlations, so that
their distribution is not random at all. These correlations

lead to very interesting features in the phase diagram as a
new percolation threshold in the intralayer dilution limit
and a phenomenon of multiple reentrance when compet-
ing interactions are introduced.

We will consider a bilayer structure composed of two
coupled Bethe lattices with coordination number q+1.
The Bethe-lattice approach is known to describe the gen-
eral features of models with competing interactions and
disorder. ' Our model is exactly solved by means of a
generalization of the method of partial partition func-
tions commonly used in Bethe-lattice approaches. ' Al-
though a Bethe-lattice approach predicts higher transi-
tion temperatures when compared with more realistic
systems, we believe that it correctly gives the general
shape of the phase diagram.

COUPLED BETHE LATTICES:
FORMALISM AND PHASE DIAGRAM

A bilayer Bethe lattice is constructed by connecting to
a central interacting pair of sites q+1 pairs in order to
constitute the first generation. The construction of the
successive generations is performed by connecting q pairs
to each pair of the previous generation. A similar pro-
cedure has been recently performed to study the spin-
glass transition in a Bethe lattice in which a coupling be-
tween replicas was considered. ' In our basic model we
assign to each site an Ising spin which interacts through
an exchange interaction with coupling constant J with
their nearest neighbors localized in the same layer and
also through an exchange-interaction coupling constant

yJwith the corresponding one in the adjacent layer. The
Hamiltonian for this model can be written as

H = —J g ( cr; cr J. +o'; o' j ) —yJg o,'cr;,

where O.
k represents the spin localized at site k of layer I

and the first sum runs over all nearest-neighbor intralayer
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pairs. The exact partition function for a tree with N+1
generations can be written as

where ZN+I(ao, oo) is the partial partition function for a
particular configuration of the central pair. Each partial
partition function is recursively obtained in terms of the
partition functions of connected branches through the re-
lation

q+1
ZN+ I(o'o 0'o) =exp(yKoooo') g'g exp[K(oocr,'+'ooo;)']Z'N(u, ', o;)'
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where

Fy(K )
22K+2XN + 2YN + 2YN 2WN +

where K=Jlk&T. A quite similar recursion relation is
obtained for the partial partition functions of successive
branches where the product is made only over the q
external pairs. The four recursion relations given by Eq.
(3), after summing up the pair configurations, can be re-
duced to a system of three relations in terms of appropri-
ated effective fields:

ZN+1(+ +)
exp[2XN+1] =

N+1

ZN+1(+»
exp[2 YN+1] =

N+1

ZN+ I(+»
exp[2 WN+, ]=

N+1

which, after a straightforward calculation, can be written
as

The transition line in the space of parameters T,-y be-
tween the ferromagnetic (B and paramagnetic (P) phases
for ferromagnetically coupled layers can be obtained by
imposing that, at the transition, the critical field X goes
continuously to zero in the thermodynamic limit. The as-
sumption of an infinitesimal effective field at the bound-
ary is required in order to provoke the appearance of
nontrivial results. ' After some manipulation we obtain
the following expression for the critical line:

cosh(2K, ) —sinh(2K, )/q
exp(2yK, ) =

q sinh(2K, )
—cosh(2K, )

The phase diagram is depicted in Fig. 1 for the particu-
lar cases of q =2 and 100. Note that for y =0 we recover
the transition temperature of a single Bethe lattice, as ex-
pected. Otherwise, in the opposite limit of y~(x), the
transition temperature goes asymptotically to a value
which is twice the one for uncoupled lattices, since the in-
terlayer pairs become rigidly correlated. For q+1=4
and y =1.0, the relation obtained between the transition
temperatures of the bilayer and monolayer systems agrees
qualitatively well with previous Monte Carlo and series-
expansion results from coupled square lattices. ' The
slope of the transition line at y =0 is given by

2.0

1.5—

2XN +2K +2 YN T 2K+ 2 YN
—2 WNN N+1

The recursion relations for the effective fields acting on
successive generations are quite similar to Eq. (5), where
the q+1 factor is to be replaced by q. Note that if the
two layers are ferromagnetically coupled, we must have
(o o ) = ( o o ), which imPlies that WN =0 in the thermo-
dynamic limit. Otherwise, when they are antiferromag-
netically couPled, (a o ) = —( Ir o ) and consequently
XN=O as N~ao. Therefore, in both cases, we have
effectively a system of two coupled recursion relations:
one for a critical field related to the order parameter
along each layer and another for a noncritical field associ-
ated with the interlayer spin-spin correlation function.

o
1 0

0.5—

0.0 111
0.0 1.0 2.0 3.0 4.0

P/q

FIG. 1. Normalized transition temperature for two coupled
Bethe lattices vs the coupling parameter y for (a) q =2 and (b)
q = 100.
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(k T, /J)l, =p= —(q —1)» q+1
2 q

—1

ZN+, (o p, o 0)=exp[y'Ko po 0+ b, ]
q+1

X g g exp[K(oper, '+opo; )]
which decreases as the coordination number increases,
with limits g(q=2)=2/ln(3) and g(q~ ~ )=1.0.

i=1 1 2i' 1

X ZN(o, ',o; ),
ANNEALED INTERLAYER BOND DISORDER

For an annealed distribution of bonds, the
configurational average is done over the partition func-
tion. This is, for practical purposes, performed by intro-
ducing in the Hamiltonian a disorder variable n; and a
chemical potential per disordered bond, JM. For interlayer
disordered bonds, the Hamiltonian can be written as

H = —J g (o,'o '. +o; o ) —Jg cr,'o; [y(1 n; —) +y'n; ]

which wi11 be taken as an independent parameter. The
phase diagram in the T, -p plane for the particular case of
y'= —y is shown in Fig. 2 for a few values of y. Note
that for p =

—,
' the lattices become decoupled. For concen-

trations of antiferromagnetic (AF) bonds in the range

p & —,', the net coupling between the layers is still fer-
romagnetic and they are ferromagnetically coupled, while
for p & —, the resulting coupling is antiferromagnetic. In
no way can annealed interlayer disorder destroy the in-
traplane long-range order.

p n]
l

(10)
ANNEALED INTRALAYER BOND DISORDER

where n; takes the value 0 (1) if the bond has a coupling
constant yJ (y'J). Here the chemical potential associat-
ed with the annealed disorder is chosen so as to make the
thermodynamic-averaged concentration of y'J couplings,
that is, (n; ), temperature independent. Following the
recipe introduced in the latter section, the recursion rela-
tions for the partial partition function are now given by

ZN+1(crp, o 0)= g exp[ [y(1 np)+y—'n 0]Kcrpo p+ krl p]
no

q+1
X g $ exp[K(crpcr, '+crpcr;)]

The most interesting case is when there is disorder in-
side each layer. This is, for example, the case of doped
high-T, superconductors in which the holes introduced
by doping are believed to be mainly localized in the oxy-
gen sites of the Cu02 sheets. The holes induce an
effective coupling between adjacent Cu ions in such a
way that one can consider each layer as containing a ran-
dom bond distribution. ' The statistical correlations be-
tween the bond distribution of each layer bring up in-
teresting properties of the phase diagram, as we shall see
below.

In this case the Hamiltonian can be put in the form
i=1 1 2

XZ„(cr,'. , cr; ),
H= —J g [(1 n')+a—nj']cr,'crj —p g n~' yJ g o—

,'cr;,

where b, =p/k&T. Defining the effective fields as in Eq.
(4), the recursion relations for the critical fields IN+1 and

8'&+1 remain the same as in the pure coupled layers.
For the noncritical field we now obtain

where n' denotes the bond disorder variable for the bond

6.0

where

q+1 H+(K, y, y', b, )

H (K,y, y', 5)

q+1 GN (K)
+ ln

2 FN (K)
(12)

5.0—

gg 3.0

H+(K y y g)=e+r&+~+e r (13)
2.0 :

AF

Here, as before, to obtain the general recursion relation
for successive effective fields, one must substitute the fac-
tor q+ 1 by q in Eq. (12). The chemical potential is elim-
inated in favor of the mean number of y'J bonds,

0.0 I I I I I

0.0 0.2 0.4 0.6 0.8 '].0
CONCENTRATION

with
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FIG. 2. Phase diagram in the T,-p plane for coupled Bethe
lattices with disordered interlayer couplings in the particular
case of y'= —y, q=3, and (a) y=0.01, (b) y=2.0, and (c)
y=10.0. The dashed line separates the regions in which the
layers are ferromagnetically and antiferromagnetically coupled.
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q+1r„+,= —ySC+ ln
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G~(A }

where

(17)
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and similar ones for successive effective fields substituting
q+1 by q. The phase diagram can be readily obtained
after one eliminates the chemical potential. Let us first
analyze the case where we have coupled diluted layers
(a=0). In Fig. 3 we show the transition line in the T, -p

plane for the cases of uncoupled, weakly coupled, and
strongly coupled layers. A general feature is that for two
coupled layers the percolation concentration is distinct
from the one in the monolayer limit and can be analyti-
cally obtained as

pa(q, n =2)= q q
—1+( '—1)'"

2q
(19}

which for q =3 gives p, (q =3, n =2)=0.8047. . . . Note
that for completely random bond distributions, as, for ex-
ample, in quenched disordered systems, the percolation
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FIG. 3. Phase diagram in the T,-p plane for coupled Bethe
lattices with diluted intralayer bonds for q =3 and (a) y=0.0,
(b) y =O. l, and (c) y =5.0. Note that for weakly coupled layers
there is a crossover from uncoupled to coupled regimes.

that connects the site j to a site located at the previous
generation j—1 at the layer I and takes the value 0 (1) as
the coupling strength is J (aJ). Here p=(nj') is the
thermodynamic average of the concentration of coupling
constants aJ of the intralayer bonds. A straightforward
calculation using the recipe previously introduced leads
to the following equations for the effective fields acting on
the central pair:

q+1 FN (A )

F~(A }

pB(q, n}=q ' 1+ q

2q q
—1

(20}

while for n-coupled square lattices it gives

(n ) = [1+(v'2+ 1) ' "] (21)

Note that, although n-coupled Bethe lattices with coor-
dination number q+ 1 =4 have a large percolation
threshold when compared with coupled square lattices
[p, (n =2)=0.6957. . . , p, ( n =3)=0.7827. . . , to com-
pare with p, (q=3, n =2)=0.8047. . . , p, (q=3,
n =3)=0.8624. . . ], the above expressions have the same
asymptotic behavior p, ( ao )

—p, (n ) ~ n ' as n ~ ao.
Let us now consider competing parameters (a & 0). In

this case the induced interlayer correlation between
parallel bonds in the ground state is so strong that it per-
mits the distribution of antiferromagnetic bonds in each
layer to be completely equivalent. This fact has the
consequence that the critical concentration above which
the long-range ferromagnetic order disappears is the
same for coupled and uncoupled lattices. This behavior
is well illustrated in Fig. 4, where the antiferromagnetic
coupling s are stronger than the ferromagnetic ones
(a= —1.5). The transition line for weakly coupled lat-
tices presents a reentrant behavior, which can be under-
stood by means of the following considerations: as the
temperature increases, the one-to-one correspondence be-
tween parallel bonds is broken down and a large path
composed only of ferromagnetic bonds can be performed
by jumping from one layer to another. In this way, for a
concentration just above the critical one in which the
ground state is paramagnetic, an increase of temperature
can stabilize a long-range order, as a result of the appear-
ance of larger paths. This mechanism can be well illus-
trated through the analysis of the nearest-neighbor in-
tralayer bond-bond and interlayer bond-bond and spin-
spin correlation functions, which are, respectively,
defined as

threshold for two coupled Bethe lattices is p, =1—1/q,
yielding p (q =3)=0.888. . .. The annealing induces
correlations between bonds localized at different layers so
that 1 —1/q &p, &1—1/q, where p, (q, n =1)=1—1/q
is the percolation concentration of a single Bethe lattice.
The fact that p, (q =3, n =2)) 1 —1/q means that the in-

duced correlation in this diluted limit is not enough to
promote a one-to-one correspondence between parallel
bonds, in which case the percolation concentration
should be the same as that of a monolayer. A weak
bond-bond correlation at the ground state of a randomly
diluted Bethe lattice in the annealed regime has also been
predicted, ' but the percolation concentration is the same
in both annealed and quenched regimes, ' in contrast to
the result for a bilayer.

The percolation concentration for n-coupled layers
with intralayer-annealed dilution can be straightforward-
ly obtained for some simple geometries by using the
decoration transformation. For n-coupled Bethe lat-
tices, this procedure leads to

1 —1/n
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where these correlations are normalized in order to
achieve the maximum value 1.0 in the regime of extreme
correlations. In Fig. 5 we show the behavior of these
correlations as a function of temperature for a set of pa-
rameters for which a reentrant phase diagram is predict-
ed. At very low temperatures the interlayer correlations
indicate that the two layers are rigidly coupled, as the
spin and bond configurations are the same. In this way
the bilayer behaves like a single layer that for this con-

FIG. 4. Phase diagram in the T, -p plane for coupled Bethe
lattices with competing intralayer couplings for q =3, a = —1.5,
and (a) y=0.0, (b) y=0. 1, and (c) y=10.0. The reentrant be-
havior appears for weakly coupled layers. Note that the critical
concentration is the same for uncoupled and coupled layers,
contrary to the diluted case.

centration of antiferromagnetic bonds has a paramagnet-
ic ground state. As temperature increases, the interlayer
bond-bond correlation decays faster than the interlayer
spin-spin correlation. Therefore the appearance of a
large ferromagnetically correlated cluster is favored in
view of the fact that, while the one-to-one correspon-
dence between parallel bonds fades away, the spin-spin
correlations stay strong enough to transport the in-
tralayer ferromagnetic short-range order from one layer
to the other. Consequently, a transition to a long-ranged
ferrornagnetically ordered phase may take place by in-
creasing the temperature. In the illustrated case this
transition is detected by a discontinuous derivative of the
intralayer bond-bond correlation. At higher tempera-
tures the thermal fluctuations destroy the spin-spin corre-
lations and the disordered phase becomes again the most
stable. The interval between the two kinks in the in-
tralayer bond-bond correlation function represents the
range of temperatures in which the system is ferromag-
netically ordered. For strongly coupled layers the coher-
ence between the bond distributions is lost only at high
temperatures. In this case such a mechanism does not
succeed in inducing an ordered phase because of the pres-
ence of large thermal fluctuations and so no reentrance is
observed. The two competing roles played by tempera-
ture, that is, the tendency to break intraplane spin-spin
correlations destroying the long-range order and the
break of interplane bond-bond correlation that makes
possible the formation of large clusters, is actually the un-
derlying mechanism that leads to the reentrance shown in
Fig. 4.

If the antiferromagnetic couplings are weaker than the
ferromagnetic ones (

—1 & a & 0), a reentrant behavior ex-
ists even in the uncoupled limit. This is due to the fact
that the weak antiferromagnetic couplings are more sen-
sitive to thermal fluctuations, and therefore the frustra-
tion effect induced by them is smoothed out by tempera-
ture. Again, there are two competing effects induced by
thermal fluctuations: the breakdown of spin-spin correla-
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FIG. 5. (a) Interlayer spin-spin, (b) interlayer bond-bond, and

(c) intralayer bond-bond nearest-neighbor correlations as a
function of temperature for q =3, p =0.35, a= —1.5, and

y =0.1. The two singularities in the intralayer bond-bond
correlation are the signature of a reentrant phase diagram.

FIG. 6. Phase diagram in the T, -p plane for coupled Bethe
lattices with competing intralayer couplings for q =3, a = —0.5,
and (a) y=0.0, (b) y =0.1, and (c) y =10.0. A reentrance ap-
pears even in the uncoupled case.
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FIG. 7. Phase diagram in the T, -p plane for weakly coupled
Bethe lattices with competing couplings for q=3, a= —0.5,
and (a) y =0.02 and {b) y =0.05. A reentrant behavior appears
with even four transition temperatures.

tions and the smoothing out of the frustration effects.
This competition represents a different mechanism for
the appearance of a reentrance, which has been exhaus-
tively discussed in the literature as a property inherent to
the doped frustrated monolayer system. ' ' ' When the
lattices are coupled, the two mechanisms described above
are present but superposed for almost all ranges of the in-
terplane coupling parameter y, as depicted in Fig. 6. The
reentrances are separated only in the regime of very small
interplane coupling, as shown in Fig. 7, where a multiple
reentrance is observed with four transition temperatures
in the particular ranges of concentration. In Fig. 8 the
correlation functions [Eqs. (22}—(24}], in the regime
where a multiple reentrance appears, clearly show that
the first reentrance is due to the loss of coherence be-
tween the bond distribution. The second one is typical of
the monolayer system since in this range of temperatures
they are weakly correlated. In the present case this reen-
trance is due to the smoothing out of the frustration
effects. The four singularities in the intralayer bond-bond
distribution delimit the regions where the ferromagnetic
order is stable. A similar phenomenon of multiple reen-
trance has been observed in liquid crystals, whose ori-
gin is related to the intrinsic frustrated structure of
monolayers.

CONCLUSIONS

We have exactly obtained the phase diagrams of cou-
pled bilayers composed of two interacting Bethe lattices
with annealed intra- and interlayer bond disorder. It was
observed that the lattices with small coordination number
are more sensitive to coupling effects and that interlayer
disorder cannot destroy the in-plane long-range order. In
the limit of intralayer dilution, we have obtained a per-
colation concentration that is different from that expect-
ed for uncorrelated bond distribution. However, there is
only a weak bond-bond interlayer correlation that still

FIG. 8. (a) Interlayer spin-spin, (b) interlayer bond-bond, and
(c) intralayer bond-bond nearest-neighbor correlations as a
function of temperature for q=3, p=0.35, a= —0.5, and

y =0.02. The first reentrance is due to the loss of coherence be-
tween the bond distributions and the second one to the smooth-
ing out of the frustration eFects in the monolayers.

permits the growth of an infinite cluster even for concen-
trations of missing bonds above the single-lattice percola-
tion threshold. In the case of competing disordered
bonds, where frustration effects are present, the bond-
bond correlation in the ground state is strong enough to
promote a one-to-one correspondence between the adja-
cent layers so that the critical concentration, above
which the ground state is disordered, is the same for cou-
pled and uncoupled lattices. However, a very interesting
phenomenon of multiple reentrance appears as a result of
the relative inhuence played by thermal Auctuations on
the frustration effects and on the spin-spin and bond-
bond correlation functions. Similar correlation between
disorder distribution has been observed in two coupled
superconducting films, where a tendency to align the vor-
tices, in the strong-coupling limit, has as a consequence
the fact that the superconducting transition temperature
remains the same of that of one thick film. Further-
more, a reentrant disordered phase was recently reported
in two-layer films of Kr on graphite, whose origin is sug-
gested to be related to the loss of coherence between the
first and second layers as T increases. We also believe
that the reentrance phenomenon observed in high-T, su-
perconductors is based in the same mechanisms de-
scribed in this work, but further analysis of the correla-
tion functions is required to clarify this point.
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