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Single-particle spectral weight of a two-dimensional Hubbard model
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Numerical results for the single-particle spectral weight A(p, te) and the density of states N(tv) for
a 4x4 Hubbard model are presented. Both the half filled insulating state and the doped metallic state
are considered. At half filling the numerical results are compared with the mean-field spin-density-
wave single-particle spectral weight, and away from half filling with a renormalized quasiparticle band
description. The relationship of these results to experimental photoemission, inverse photoemission,
and angular-resolved measurements is discussed.

Information on the single-particle energy density of
states N(to) can be obtained from photoemission (PES)
and inverse photoemission spectroscopy (IPES) which
produce final states with one extra hole or electron, via
photon absorption and electron emission, or electron injec-
tion and photon emission, respectively. ' Recently, re-
sults from angular-resolved photoemission spectroscopy

(ARPES) on c-axis-normal oriented single crystals of
various high-T, oxide superconductors have been report-
ed. Using the sudden approximation to describe the pho-
ton process, the angular-resolved PES and IPES scatter-
ing rates are proportional to the single-particle spectral
weight 3 (p, to). At zero temperature,
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It is the chemical potential and the rest of the notation is
standard. 4 For to&It, A(p, to) describes the ARIPES
process, while for to&It, A(p, to) with energy equal to
(co —It) determines the ARPES. If events over a suffi-

ciently large angle are accepted, then PES and IPES pro-
vide information on the energy density of states N(to)
-pzA (p, to), for to & p and to & It, respectively.

In order to gain insight into the nature of the single-
particle spectral weight for a strongly correlated electron
system, we have carried out Lanczos calculations of
A(p, to) and N(to) for two-dimensional (2D) Hubbard
clusters. Results for a J10x~10 lattice have previously
been reported. Here we discuss Lanczos results for a
4x4 cluster. Studying this cluster size requires a major
computational effort since at half filling, the largest sub-
space we have studied contains —1350000 states even
after exploiting all the symmetries of the model. Lanczos
results for ground-state energies and the optical conduc-
tivity, ct(to), have been previously presented for this clus-
ter. Based upon Monte Carlo results and 4x4 and
Sx8 lattices for various susceptibilities, we believe that
the 4x4 lattice is suf5ciently large that it can provide use-
ful insight into the physical properties of the 2D Hubbard
model, particularly when U is greater than or of the order
of the bandwidth St. Here we present these results, com-
paring them with mean-field theory for the half filled insu-

I

lating case and quasiparticle band theory results for the
doped metallic case. We conclude by discussing the ap-
parent conllict between our results and experiments with
some suggestions for further comparison.

The spectral weights we will discuss are for a two-
dimensional Hubbard model with a near-neighbor hop-
ping t and an on-site Coulomb interaction U,
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The notation is standard and we have written the interac-
tion in a form such that the chemical potential is zero for
a half filled band. Here we will focus on results obtained
for U equal to the bandwidth St and various fillings, al-
though we have also performed calculations for U 4, 10,
and 20. Monte Carlo simulations combined with a finite-
size scaling analysis on lattices up to 12x 12 have shown
that the half filled, (n;1+n;1) (n) 1, ground state has
long-range antiferromagnetic order. s Drude weight cal-
culations imply that the ground state is insulating as ex-
pected. In this case we have found that a mean-field,
spin-density-wave approximation provides a sensible start-
ing point for understanding the momentum distribution
(n&& as well as various other properties. s Using this same
approximation, we obtain a spectral weight
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with E& (e&+A)Dw) ' and E&
= 2—t(cosp„+cosp»).

Here hsDw is the spin-density-wave gap, given in mean-
field theory by the solution of
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FIG. 1. Mean-field spectral weight A(p, co} vs t0 in units
where t 1 for (a} p (x,O}, (b} p (x/2, 0},and (c}p (0,0}.
(d} The mean-field density of states for a 125& 125 cluster. At
half filling the chemical potential is zero.

U + tanh(pEt!/2)
N p 2Ep

Broadening the delta functions in Eq. (3) by 0.2t, we
obtain the mean-field spectral weights shown for various
momentum values in Fig. 1. Here we have replaced U in

Eq. (4) by a reduced value U-5.2 chosen to give the
same !5,aDw gap obtained in the Lanczos calculations
which follow. ' We have also used a reduced value for
t * 0.65 in e~ = —2t *(cosp„+cosp» ) obtained from
Monte Carlo data. For p (x,0) or any other momen-
tum on the noninteracting half filled Fermi surface, where

e~ vanishes, the broadened mean-field form, Eq. (3), con-
sists of two equal contributions, as shown in Fig. 1(a).
Note that the chemical potential for half filling, (n) 1, is
zero. As p decreases to (tr/2, 0), the spectral weight shifts
to the PES, negative co regime, see Fig. 1(b). This behav-
ior continues, as shown in Fig. 1(c), for p (0,0), where
over 87% of the spectral weight lays in the PES, co &0,
part of the spectrum. As is well known, the area under
A(p, co) is unity so that as the PES weight increases, the
IPES weight must decrease. This system is particle-hole
symmetric so that when p goes outside the noninteracting
Fermi surface, the spectral weight shifts towards the
IPES, tu )0, regime. For example, the p = (n, z) spectral
weight is obtained by reflecting Fig. 1(c) about the origin.
Finally, in Fig. 1(d) we show the density of states N(to) in

the mean-field approximation obtained with a cluster
large enough such that finite-size effects are negligible.

In Figs. 2(a)-2(c) we show the spectral weight ob-
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FIG. 2. Lanczos calculations of the spectral weights for a half
filled, (n) 1, 4x4 lattice with U 8t. The momenta are the
same as in Fig. 1, i.e., (a) p (x,O}, (b) p (x/2, 0}, and (c)
p (0,0). (d) The single-particle density of states, 1V(to},vs co.

tained from a Lanczos calculation for a half filled 4X4
lattice with U 8t at the same momenta as the mean-field
results of Fig. l. In this case a broadening of 0.2t was also
used in plotting the Lanczos results. Here at half filling
and p (tr, 0), there are clearly two quasiparticle peaks
split by 2hsDw 4.6t. " The exchange energy J is of order
4t /U 0.5t so that the shakeoff of spin fluctuations'
provides structure and damping on this scale, while the
band structure of width 8t and the Coulomb interaction
U 8t provide the large-scale energy structure. At

p (x/2, 0), the quasiparticle weight has shifted deeper
into the PES, to(0 region, and only a small remnant
structure remains visible at tu-3t on the IPES side. The
quasiparticle peak position at p (x/2, 0) is in good agree-
ment with the mean-field result shown in Fig. 2(b). For
p (0,0), Fig. 2(c), the spectral weight has shifted to still
higher energies and the notion of a well-defined quasipar-
ticle is questionable. Note the presence of large spectral
weight at to- 6t Sum—ming. over all momenta, we ob-
tain the density of states N(I) shown in Fig. 2(d). Here
the Mott-Hubbard gap is clearly visible.

Turning next to the doped case, Figs. 3(a)-3(f) show
results for the spectral weight for (n} 0.875, U/t =8, and
I 0.2t. ' In these figures, the chemical potential is lo-
cated at p —2.4t (see Ref. 4). The PES spectrum is as-
sociate with the spectral weight below p and the IPES is
associated with the weight above tu. Note that p (n, 0)
lays outside the noninteracting Fermi surface and the
dominant spectral weight lays in the IPES region. Here
we see a well-defined quasiparticle peak located near the
top of the lower Hubbard band of the half filled insulating
case previously discussed (Fig. 2). Remnants of the upper
Hubbard band are also clearly visible. It appears that the
effect of hole doping is to remove spectral weight from
both the upper and lower Hubbard bands and create ne~
states in the gap at the upper edge of what was in the un-

doped system, the lower Hubbard band.
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FIG. 3. Spectral weights A(p, m) for the 4x4 lattice with

U gt and (n) 0.875. Here the chemical potential is at tt
—2.4. The IPES weight is drawn as a solid curve and the

PES weight is dashed. The momentum values are (a) p (n, 0),
(b) p (tr/2, 0), and (c) p (0,0) just as in Figs. I and 2. Here,
however, in the doped case, the particle-hole symmetry is broken
so that we also show the spectral weight at (d) p (x/2, x/2),
(e) p (x,n/2), and (f) p (n, n). The arrows mark the peaks
used to obtain the "quasiparticle" dispersion plotted in Fig.
4(a).

At p (tr/2, 0), one is inside the noninteracting Fermi
surface and we see that the weight has shifted to the PES
as expected. Here the quasiparticle peak is significantly
broader than the corresponding structure for the half
filled case Fig. 2(b). At p (0,0), the spectral weight
behaves similarly to the undoped case with most of the
spectral weight concentrated at high energies. The point
nearest to the noninteracting Fermi surface is p (x/2,
tr/2). Here in Fig. 3(d), we see a well-defined quasiparti-
cle peak in the PES and a small peak in the IPES just
above the chemical potential. Figures 3(a) and 3(d) im-
ply an interacting Fermi surface as shown in the inset in
Fig. 4(a), i.e., one where p = (O, tr) is empty but
p=(tr/2, tr/2) is at least partially occupied. ' In Figs.
3(e) and 3(f), corresponding to p = (x, tr/2) and p = (tr, tr),
respectively, we see again clear evidence for ~eight split
off from the upper and lower Hubbard bands to produce
states in the gap of the &n) =1 insulator near the top of the
lower Hubbard band. The presence of these new states
form a pseudogap. For the larger values of the Coulomb
repulsion, the gap is not filled upon doping, while for
smaller couplings, the upper and lower Hubbard bands
merge and little trace of the original gap is left.

In Fig. 4(a) we have plotted the dispersion of the peaks
denoted by arrows in Fig. 3. The resulting dispersion re-
lation is similar to the simple band structure

2t (cosp +cosp—„)with a reduced t* =0.7. Clearly,

FIG. 4. (a) Energy of the quasiparticle as a function of
momentum (a). The solid line shows the quasiparticle band
structure et, —2t (cosp +cospi, ) with t 0.70, while the
dashed line is the noninteracting dispersion relation (t t I ).
The points are obtained from the peaks in the spectral weight
denoted by the arrows in Fig. 3. The inset is a schematic illus-
tration of the ground-state occupation of the interacting 4x4
lattice with &n) 0.875 and U 8. The dashed line in the inset
represents the Fermi surface. (b) The single-particle density of
states N(m) vs ei for the 4&4 lattice with U 8t and &n) 0.875.
(c) Same as (b) but for &n) 0.75.

the small number of p points makes this at best a qualita-
tive comparison. Summing over all momenta gives the
density of states N(co) for (n) -0.875 shown in Fig. 4(b).
Comparing this with the (n) 1 case shown in Fig. 2(d),
one clearly sees that the effect of hole doping is to remove
spectral weight at the upper and lower Hubbard bands of
the insulator and create a new spectral weight at the
upper edge of the lower Hubbard band. The results for
N(co) with additional doping, (n) 0.75 are shown in Fig.
4(c). As can be seen, additional weight is pulled into the
gap of the (n) 1 insulator and p has decreased further.
This trend continues at higher dopings.

In conclusion, the similarity of these 4X4 results with
earlier J10X410 results leads us to believe that the basic
structure of the single-particle spectral weight discussed
above is characteristic of the one-band Hubbard model.
At smaller values of the Coulomb interaction, for example
U 4t, the gap is less clearly defined and upon doping new
states fill the entire gap. Nevertheless, p is still found to
shift across a significant portion of the insulating gap
when the doping is changed from holes to electrons.
Furthermore, in all cases, spectral weight is removed from
both the upper and lower bands of the insulator and distri-
buted into the gaps with more weight near the top of the
lower band for hole doping and near the bottom of the
upper band for electron doping. In addition, A(p, m) in
both the insulating and metallic state has peaks which ex-
hibit dispersive, quasiparticle bandlike characteristics. In
the insulating state, the quasiparticle dispersion varies as
(a~+A)Dw)', with peaks in both the PES and IPES
spectra. In the metallic state, a renormalized band struc-



3186 E. DAGO'l lO, F. ORTOLANI, AND D. SCALAPINO

ture e&= —2t*(cospx+cosp~) provided a reasonable fit
to the dispersion of a particular peak in A(p, to). Due to
the course momentum grid associated with a 4X4 lattice
we are unable to obtain information on the effective mass.

Certain features of these results are in apparent dis-
agreement with PES and IPES experiments. In particu-
lar, work of La2 — Sr„Cu04+q indicates that the chemical
potential p does not appear to move as the doping in-
creases. Rather than new states appearing at the top of
the valence band of the insulator, hole doping appears to
create states near the center of the gap. Furthermore, in
Nd2 „Ce„Cu04 s, PES data' have been interpreted as
showing that p does not move across the gap to new states
formed at the bottom of the conduction band of the insu-
lator but rather that p has roughly the same position rela-
tive to the valence-band maximum as in Laz, Sr„-
Cu04+s. This disagreement makes it difficult to know
how one should compare the other spectral features. As
we have seen, the Lanczos results show dispersive features
for both the insulating and metallic cases. In addition,
our numerical results clearly illustrate the failure of a rig-
id band picture. These general features are also seen ex-
perimentally; however, the problem of the position of the
chemical potential and the apparent similarity of the elec-
tron and hole doped spectral weights remains puzzling. It
should be noted that other techniques for probing the
spectral weight such as x-ray absorption'5 in which an
electron is excited from a core level to an unoccupied
state, appear to be in reasonable agreement with the be-

havior of the spectral weight we have found. As noted by
Allen et al. , ' such x-ray absorption spectroscopy (XAS)
techniques have the disadvantage that they are not as sim-

ply related to A(p, to) as the PES and IPES techniques.
However, XAS does probe the bulk rather than the sur-
face layers.

We believe that it would be interesting to examine the
ARPES of the insulating state (if possible) and look for
dispersive states which follow (ez+h$nw)' . Here one
could also look for the weaker, (I —ePE&) [see Eq. (3)],
quasiparticle feature when p & pF. This type of study
would not only provide a further area of comparison with
theory but could also provide an indication of what could
be expected if an outerlayer of the doped material be-
comes insulating. In addition, we believe that it is impor-
tant to determine whether the Madelung potential can
shift the effective chemical potential of the surface layers.
If the present disagreement between experiments and the
results we have presented remain, one will need to look
beyond the one-band Hubbard model.
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