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Effect of thermal noise on the phase locking of a Josephson fluxon oscillator
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The influence of thermal noise on fluxon motion in a long Josephson junction is investigated when the
motion is phase locked to an external microwave signal. It is demonstrated that the thermal noise can be

treated theoretically within the context of a two-dimensional map that models the dynamics of a single

fluxon.

I. INTRODUCTION

Phase-locking of fluxon motion to an external signal
(electric or magnetic) has been extensively investigat-
ed using a simple particle model that captures many
of the characteristics observed experimentally in long
Josephson junctions (LJJ's). This simple semianalytical
model reduces the perturbed sine-Gordon (SG) equation
to an implicit two-dimensional map under the following
assumptions. The influence of the external ac drive on
the system is felt only through the boundary conditions,
and there is exactly one fluxon present in the junction at
alt times. In the special case where all input power acts
only through the boundary conditions (the in-line junc-
tion), the two-dimensional map becomes explicit, and
hence, it is possible to develop analytical expressions for
the existence of fixpoints (phase-locked states) and their
stability. When the fluxon is in a phase-locked state it
has been observed that the stability of the fixpoint
changes as relevant system parameters are varied within
the locking range. This can, under certain cir-
cumstances, result in period doubling bifurcations, which
may lead to chaotic oscillations of the soliton propaga-
tion. It was shown that the instability of the fundamental
mode (period one) appears near the center of the phase-
locked step in the dc I-V curve of a LJJ.

The aim of the present paper is to investigate the effect
of thermal noise on the phase-locked state, and hereby
show that noise measurements can be used to detect
internal bifurcations in the system. Our investigation is
also relevant to the prediction of the linewidth of the em-
itted signal from a phase-locked LJJ since the linewidth
increases with the variance of the time of flight for the
fluxon. The effect of noise on steady-state fluxon motion
in an infinite-length LJJ has previously been considered
in Refs. 7—9. We will study the problem from different
levels of approximation and compare the results. Fur-
ther, we present a simple way of implementing thermal
noise into the map forrnlissr. We show that this
stochastic-map formalism agrees well with the more com-

piete model of continuous time. Also, it is found that the
measured noise level depends critically on the frequency
at which the measurement is performed. This, together
with other characteristics, indicates that the system
enters a "squeezed state" when it is operated near insta-
bility points on phase-locked steps.

II. THEORY

= 16 5(t t') a ——p 5(x —x'),
Ep t)x

where k is the Boltzmann constant, T is the temperature,
5 is the Dirac delta function, and Eo is the soliton rest en-

ergy given by

AJWk~
Eo =8
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where J is the critical current density, W is the width of
the junction, A,J is the Josephson penetration length, and
5 is the energy gap of the superconductor.

If we denote the junction length by L, we have the
boundary conditions'

P„(0,t)+PP, (0, t) =tc (t) tc, (t), —

P„(L,t)+PP„(L,t)=tc (t)+tt, (t),
(4)

It is assumed that the LJJ is well described by the per-
turbed SG equation given by

p,„—p„—sing =ap, pttt„, —ri ——n (x, t),
where P is the quantum phase difference between the su-

perconductors of the junction and n (x, t) is the stochastic
force associated with the loss terms (-a and -p). In
Ref. 9 it was shown that the autocorrelation of this sto-
chastic process could be chosen to be

R„„(x,x', t, t')=(n (x, t)n (x', t'))
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where ~ represents an external magnetic field and K,
represents the in-line nature of the junction bias current.

Introducing the unperturbed kink profile, representing
the fluxon in the junction, we have

P(x, t) =4 tan '[y(u)(x —xo)], (5)

we can immediately find the equation of motion for the
reduced coordinates (xo,P) of the fluxon in the interior of
the junction:

P aP ——PP(1+—P )+ +e(t),1 2 1T7l

dt 3 4
(7)

xp

dt
P

&I+P' '

where the soliton profile of Eq. (5) gives

Q xp

The term e(t) represents the projection of the stochastic
force into the soliton profile. The autocorrelation of e is
easily found to be

R„(r)=2 y(u) a+ —py (u) 5(r), r=t t'—kT 1 2

p

i.e., an autocorrelation function representing white noise.
Note that e(t) is not in the general case a stationary pro-
cess, since u =xp is a function of time. Solving the equa-
tions of motion for (xo,P) we need to consider the
influence of the boundary reflections at xp =0 and xp =L.
Following the treatment outlined in Refs. 2 and 3, we
treat the reflection time as negligible compared to the
period of any external signal (x~ or x, ). Hence, the ener-

gy contribution (input) to the fluxon motion during a
reflection at the time t = tk is given by

bHk= [~,(t&)——a. (tl, )], at xo=0
(10)

where xp is the soliton position, u is the normalized ve-

locity of the fluxon, and y(u)=1/+I —u is the inverse
Lorentz contraction. Defining the wave momentum P of
the system as

P(t)= ——fP„P,dx,1

differential equation (PDE) has now been reduced to the
problem of solving a stochastic second-order ordinary
differential equation (ODE) Eq. (7) with the boundary
conditions Eq. (10), given that the relation between the
momentum and the energy is

xo(t)= xp(tk )+—[sinh (Pk )
—sinh (Pke )]a

(12)

Here subscript k denotes that the quantity is evaluated at
the time tk, which is the time of the previous reflection at
a boundary. Thus the time t is restricted to be in the in-
terval tE[tk, tk+i] between two reflections. Inserting
t =tk+i into Eq. (12), we find the time of flight for the
soliton to traverse the junction length L:

sinhak
k+, —

tk =—lna sinh(ak —aL) (13)

where ak =sinh 'Pk. At t =tk+
&

the soliton undergoes a
reflection, causing an energy shift given by (no energy
dissipation) Eqs. (10). Using the relation between the sol-
iton energy and momentum Eq. (11) we obtain the follow-
ing expression for the value of ak+,

uH=P .

Although this is a drastic reduction of the original prob-
lem [Eq. (1)], it is still much more time consuming to
solve this equation than to obtain the solution of a two-
dimensional map, in which the motion from xp=O to
xp=L is evaluated in one iteration. The problem of re-
ducing the Langevin equation Eq. (7) to a map lies in the
stochastic term e(t), which must be considered to be con-
tinuous in time. However, it turns out that an accumu-
lated equivalent to the noise term e(t) can be included in
the map description in a simple manner, and hence, the
problem can be reduced to a two-dimensional stochastic
map.

Throughout this paper, we choose system parameters
similar to the ones treated in Ref. 4. Hence, we consider
the in-line junction case only, and set g=0. We now
briefly sketch the derivation of the explicit map model
that we will be concerned with here. We assume that
i) =p=0 in Eq. (7) and we initially neglect the stochastic
term e(t). Equation (7) can then be integrated twice to
give

~Ha= [~,(4)+~„(rk—)1, at x, =I. cosh( a„+,) =cosh( ak aL ) +AH, — (14)

where the energy is normalized to Ep.
Other contributions a6'ecting the boundary reflections

are discussed in detail in Ref. 3, but these additional
terms, describing increased loss and a phase shift during
reflection, are not of our present interest and are neglect-
ed here. For oscillating external fields, ~, and ~, the
phase-locked states are created by an adjustment of the
internal phase relation between the actual reflection times
tk and the oscillating field, in order to supply the fluxon
with a sufficient energy shift [Eq. (10)], giving the re-
quired average velocity.

The original problem of solving a stochastic partial

where AH for an in-line junction in an external ac field
with the frequency co„ is

bH =(ir/2)[x'd, +v„sin(ai„tk+, +9)], (15)

where a phase angle is given by 0. The total normalized
bias current forced through the junction is 2~d, and the
accumulated normalized time is tk. The amplitude K„ is
in the electric coupling case a constant and in the mag-
netic coupling case it is given by ic„=~~„~ ( —1)".

Introducing the time variable Tk and the energy vari-
able Uk by
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2'
Tk =tk mod 1+E—A

l 2

' 2 1/2
1+E—A

2 1 2

U& =coshak,

we have the explicit two-dimensional map given by

(16)

h2
am'.
2ct)ac

3/2
am~
2COac

1
Tk+ &

Tk+ —ln
QU„' —1

CQ U„' —1 —SU„

277
mod

COac

aL
tanh

2

aL
cosh

2

U„„=CU„—SQU„' —1

(17) ~~acKac
& /2Xsinh(aL) E'~ cosg,

2a
(22)

+ [Kg +K Sin(CO Tk+1+())j2

where the constants S and C are sinh(aL) and cosh(aL),
respectively. Looking for phase-locked states of the
fluxon motion, when the junction is coupled to an ac sig-
nal, we will assume that the map Eq. (17) has fixpoints
(T', U") given by the conditions Tk+, =Tk and

Uk+, = Uk. These period-one fixpoints were found ' to
be given by

1sing= 4m.
Kac

aL
sinh

h2 am m.

2COac

tanh2
2

1/2 Kdc

K —
Kd,

T = sin
~ac Kac

C —E
+(C E) S2— —

where

(18)

m 7TaE =exp
COac

2(C —1)(1+E)
m +1 2EC +E—2

(19)

Here the integer m denotes that the state under con-
sideration is the mth subharmonic of the driving signal.
Since the argument to the inverse sine function in Eq.
(18) should be numerically less than one, the existence of
the fixpoints (phase-locked states) requires that the fol-
lowing condition is fulfilled:

K Kac (Kdc (E+Kac (20)

k+1 k (21)

However, the linear stability analysis of the fixpoint in
Eq. (18) shows that the stability can break down near the
center of the phase-locked step. Here analytical expres-
sions for the two eigenvalues A, , (i =1,2) of the Jacobian
for the fixpoints of the diagonalized map are given:

Since our interest here is to investigate the effect of
noise on a phase-locked step, we will now investigate how
a small displacement (5T, 5U) from the fixpoint (T,U')
affects the system. First we note, as was mentioned in

Refs. 2 —4, that for a) 0, the phase space is always con-
tracting between boundary rejections, since the Jacobian
J of the map is given by"

From this expression it is not immediately evident how
the stability of the period-one phase-locked state behaves.
However, in Fig. 1 we have plotted the eigenvalues as a
function of the dc bias Kd, for two different values of the
ac bias amplitude. The system parameters are chosen to
be like the ones used in Ref. 4: a =0.05, L = 12,
co„=1.5, and m =8 for electric coupling of the ac field.
In this case, we find that an instability k, =1 coincides
with the boundaries of the existence of the phase-locked
state. This instability is not our main interest here, since
it could be predicted from the much simpler analysis of
the existence of the fixpoints. Further, these eigenvalues
break up on the positive real axis, so that no period dou-
bling bifurcation is possible. A more interesting situation
is present near the center of the phase-locked step. As
can be seen from Fig. 1, the two eigenvalues can —if the
ac drive is strong enough —break up on the negative real
axis in some interval of Kd, . A significant difference be-
tween the two situations of K„=0.16 and K„=0.18 is

that in the first case, none of the eigenvalues exceeds the
unit circle in the negative direction of the real axis,
whereas in the second case one of the eigenvalues exceeds
—1 in the negative direction, causing a period doubling
bifurcation in the motion of one of the dynamical vari-
ables of the diagonalized map, as also reported in Ref. 4.

To proceed in our analysis of the effect of noise, we
need to reintroduce the stochastic term in the dynamical
equations. In order to preserve the dynamical equations
as a map, we must derive analytical equations for the ac-
cumulated noise contributions to the two dimensions—
time and energy —for a Auxon traveling the distance L
through the junction. Since the following treatment is
based on the theory of stationary stochastic processes, it
is only strictly valid if the Auxon velocity deviates only
slightly from the average velocity. Therefore it is prob-
ably better for an overlap junction than for an in-line
junction.
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FIG. 1. The two eigenvalues of the phase-locked period-one state as a function of the dc bias current. The parameters are: L = 12,
a =0.05, co„=1.5, and m =8. The dc bias ~d, is varied through the locking range. (a) The imaginary parts of I,; as a function of the
real parts for the case of «„=0.16. (b) The absolute values! A,;!as a function of «d, for the case of «„=0.16. (c) The imaginary parts
of A,; as a function of the real parts for the case of «„=0.18. (d) The absolute values! A,;!as a function of «~, for the case of «„=0.18.

The time of flight is given by

(23)

stationary and normal with zero average, we have the
variance of 5T as'

Since we treat the noise as a small-amplitude stochastic
process, we write

ro rp Rs s (t~ t[)
osrsr=

0 0 u

1 Bu
Rspsp(t~ t[ )dt[dt~

0 0 u BP

(26)

where T0 denotes the time of flight for the Quxon in a
noiseless system and 5T denotes the stochastic influence
given by

where the autocorrelation function Rszst*(t& —t[) for the
momentum fluctuation is found from the linearized equa-
tion for the momentum noise:

~o 5u ~0 5u5T= —f dt = —f dt,
o u o (u&

(25)
d5P = —a5P —

—,'P5P 13Po5P +e(t), —(27)

where we have assumed that we can considex' the average
velocity only. Assuming that all involved processes are

where Po(t) is the momentum of the system with no
noise. Denoting the power spectrum by S (o[) we have
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= 1
Rspsp(7 ) = Sspsp(co)e dn)

277

1 &„(~)
e Jco7 d

(a+p/3+pp() ) +co

oE( ') (a+—)313+%' )
~
~l

e 0

4n(a+. p/3+ pp() )
(28)

(29)

where the time variable ~=t2 —t, is introduced for the
stationary processes. Applying this expression in Eq. (26)
we find the accumulated noise of the time of flight to be
given by

kT 1 1 a+ —'P(1+P )

Eo ~ u y (u) (a+ ,'P+PP—)

1 —
( a+ P/3+ PP ) ToX Tp— 1 —e

a+ ,' p+pp—

From this expression, it is evident that near an instability
( ~

A. , ~
close to one) the noise in some direction in the two-

dimensional phase space of the two-dimensional map in-
creases. This will in general, of course, affect the two
physical dimensions of time and momentum. Hence, we
can expect to observe increased fluctuations in voltage
measurements over the time of flight, as we approach the
bifurcation points or—in the case of no bifurcations —as
we approach the center of the phase-locked step. Howev-
er, if we measure the voltage over two periods (2T'), a

completely different situation arises. Writing the sum of
the displacements of two successive iterations, we have

(k+4k+) (~1+1)gk+Sk

From this expression, we get the variance of the noise on
a measurement of X made over two iterations:

where

L /T()I.u=, I'=
To Q 1 (L /T() )—

(30)

0.8

0.6—

I I I I I ) I I I I I I I I

(a)

kT 1 a+(P/3)(1+P )

E() 2m a+p/3+ pP
(31)

Hence, a stochastic process with the variance given by
Eq. (29) can be added to the map in the equation for the
time of flight. Similarly the noise contribution to the di-
mension U can be considered to be a stochastic process
with the variance given by

'2
()U

(rsusU=
&p

Rspsp(0)

L

o.z ~-

I-

Q Q
i (

0.34
( I I I I I I I
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In most cases the noise amplitude Eq. (29) of the time of
flight is the dominant of the two contributions [Eqs. (29)
and (31)], since this term is an accumulated quantity
whereas the noise of the momentum in the map is depen-
dent on the momentum at the reflection times alone. In
the above treatment of the noise amplitudes, the correla-
tion in time and the correlation between the two noise

components have been neglected completely. However,
as we will see, this does not seem to be important. Also
the results do not depend critically on the actual distribu-
tion of the stochastic processes.

Finally, in this semianalytical treatment of the noise
properties, let us make some simple predictions. For sim-

plicity, we will only be concerned with the diagonalized
map (two one-dimensional maps). Denoting the leading
eigenvalue by )(.) ( ~k) ~

~
~A, 2~ ) and the corresponding vari-

able (fixpoint) by X', we have the one-dimensional map

0.6 I—

0.4,

o.z P

—0.0
10 0.0001

(b)

0.001 0.01
Xk + 1

—X +Xlfk +Sk )k+ 1 klgk Sk (32)

where gk is a small displacement from the fixpoint and sk
is the projected noise contribution to the variable X. If
we assume that sk is uncorrelated in k and a stationary
process, we immediately find the variance of gk to be'

FIG. 2. Results of the stochastic ordinary differential equa-

tion [Eq. (7}]for the parameters of Fig. 1(a) and for a tempera-

ture of kT/ED=10 . (a) Measurements of the frequencies

co;=2m/T;. (b) The standard deviation Ace; of the measure-

ments in (a).
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(a) Since the instability points of interest are located on the
negative real axis, the variance of Eq. (35) is a well
behaved function of 3, In fact, the noise level of mea-
surements made over two periods decreases as we ap-
proach the instability A, ,~—1, which is exactly opposite
the case of measurements made over one period of the
motion [Eq. (33)].

III. NUMERICAL EXPERIMENTS

—0.0
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In order to observe some of the predicted features and
to compare the results of the noise expressions developed
for the map, we have made numerical experiments on the
two models described above. The chosen parameters are
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10 10FIG. 3. Results of the stochastic ordinary di8'erential equa-

tion [Eq. (7)] for the parameters of Fig. 1(c) and for a tempera-
ture of kT/EO=10 . (a) Measurements of the frequencies
co;=2m./T;. (b) The standard deviation hen; of the rneasure-
ments in (a). (c) The standard deviation hco2; obtained from
every second measurement of co;.

FIG. 4. Results of the stochastic map for the parameters of
Fig. 1(a) and for Gaussian noise amplitudes of 5&=0.01 and
5U=O. (a) Measurements of the frequencies co;=2m/T;. (b)
The standard deviation hen; of the measurements in (a).
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L =12, a=0.05, P=O, ~ =0 (electric coupling), g=O
(in-line junction), and co„=1.5 (m =8). Two character-
istically different values of the ac bias current ~„have
been chosen, one value which does not give rise to a bi-
furcation (~„=0.16), and one (a„=0.18) which does.
In Figs. 2 and 3 we show the results of the ODE model of
Eq. (7). Here we have solved the coupled stochastic
differential equations by use of a second- (and third-) or-
der Runge-Kutta-like method for stochastic differential
equations. ' ' The solution was obtained by following
the trace xo in the interval [O,L] and applying the bound-
ary conditions of Eq. (10) [Eq. (15)]. A time step of
dt =0.01 was found to be quite sufficient to describe the
traveling soliton. The stochastic term in the equation
was generated by a standard random number generator
for uniformly distributed numbers followed by a transfor-
mation into a Gaussian distribution. ' The variance was

adjusted at all times in accordance with Eq. (9), and a
normalized temperature of kT/ED=10 was chosen as
an example. The system was allowed a transient time of
400 periods (times of flight through the junction). Figure
2(a) shows 100 measured frequencies co; =2~/T; for each
value of the normalized bias current ~d, in the locking
range. In this figure we find a vertical step in the dc I-V
curve corresponding to phase locking, but we also find
that the "noisy" ensemble of points has a larger deviation
from the average near the center of the step —as predict-
ed by Eq. (33). This is more evident when we look at Fig.
2(b), where we have calculated the standard deviation
b,co, =Q(co, ) —(~;) of 1000 successive measurements
of co;. The locking range is very clearly characterized by
a large noise level near the center. Note that the noise
level in this variable (Tk ) increases from the edge of the
step to the center of the step, whereas the analysis pre-
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F(G. 5. Results of the stochastic map for the parameters of Fig. 1(c) and for Gaussian noise amplitudes of 5T=0.01 and 6U =O.

(a) Measurements of the frequencies co; =2m. /T;. (b) The standard deviation hen; of the measurements in (a). (c) The standard devia-

tion Ace&; obtained from every second measurement of co;.
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dieted the increase to begin, not at the edge but at the
value of the bias current for which the two eigenvalues
break up on the real axis. This difference is due to the
fact that the analysis was made for the one-dimensional
map of the leading eigenvalue, and not for any specific
direction in the two-dimensional map. In Fig. 3(a) we
show the ensemble of measurements frequency for the
case of z„=O.18. Here we see, as was observed in Ref. 4,
that a period doubling bifurcation has taken place. We
did not observe any shift of the bifurcation points due to
the thermal noise. Again, we find in accordance with Eq.
(33) that the noise level rises as the bias approaches the
bifurcation points. This is shown in Fig. 3(b), which is
the counterpart to Fig. 2(b). Note that the extremely
large standard deviation seen in Fig. 3(b) in the bifurcated
region is not due to the thermal noise, but is merely an
artifact of the two different characteristic frequencies. In

order to overcome this artifact, we have in Fig. 3(c)
shown the standard deviation of every second frequency
measurement. Here the noise singularities corresponding
to the bifurcation points are visible as two noise peaks. A
similar plot is obtained when the other half of the fre-
quency measurements are considered (the other branch of
the bifurcated state).

Using the stochastic map approach, we can treat the
noise in a simple manner, since we already know that we
are concerned with a phase-locked step at the frequency
of (co;) =2'„/m =0.375. From this, and the other
fixed parameters of the system, we calculate the predicted
standard deviation of the two variables. The noise used
in these experiments was generated as a uniformly distri-
buted ensemble with the noise amplitude 5 (+5/2) again
followed by a transformation into a Gaussian distribu-
tion. From Eq. (29) we then get the noise amplitude 5z.
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FIG. 6. Measurements made over two time of flights (2Tk ) for the system parameters in Figs. 2-5. (a) ~„=0.16 for the stochastic
ODE. (b) a„=O.16 for the stochastic map. (c) r„=O.18 for the stochastic ODE. (d) x„=O.18 for the stochastic map.
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for the time of flight to be 5T =0.0115. The correspond-
ing noise amplitude for the momentum dimension is simi-
larly found to be 5U=0.00140—i.e., the noise term of
the momentum is a factor of 100 (in variance) less than
the noise term for the time of flight. We therefore
proceed, using the amplitudes 5T=0.01 and 6U =0. Fig-
ures 4 and 5 are the map counterparts to Figs. 2 and 3 for
the ODE treatment. As seen from the plots, the results
are almost identical to the ones obtained by the Langevin
ODE treatment. We conclude that it is possible to con-
struct a stochastic map describing the thermal noise
influence on the LJJ. The thermal noise enters mainly
through the time dimension of the map. We also believe
that the final results are not critically dependent on the
actual distribution of the stochastic processes, but of
course on the chosen amplitude (temperature).

The measurements of the frequency made on the sys-
tem above, were performed at the specific frequency of
the soliton propagation. If we instead look at the fre-
quency measurement made over two soliton periods (half
the frequency) we do not expect to find any noise rise
near an instability as seen from Eq. (35). This typical be-
havior is shown in Fig. 6 for the cases of both bias values
and models. It is important to note that this is a general
behavior of the noise properties near a period doubling
bifurcation. As shown in Ref. 17 the squeezing of
thermal noise in classical systems is found exactly in the
parameter region, where fixpoints split up on the negative
real axis, causing a stretch of the phase space in a specific

direction ( t(,
&

) and a squeezing in a perpendicular direc-
tion (A,2) giving rise to the squeezed state.

IV. CONCLUDING REMARKS
We have investigated the noise properties of phase-

locked fluxon motion in the simple framework of the par-
ticle model, in which the fluxon has no spatial extension,
but is represented as a collective coordinate of relativistic
nature. Analytic expressions were developed for the
noise amplitudes to be used when a two-dimensional map
approach is applied to study the dynamics of the fluxon
motion and it was shown, by comparison to the more
complete model of a stochastic ordinary differential equa-
tion, that the calculated noise amplitudes are in fact us-
able and the results of the two models were the same in
the overall characteristics. Further, it was demonstrated
that near an instability (period doubling bifurcation) the
noise level increases dramatically in a specific direction of
the phase space if the measurements are made at the fre-
quency corresponding to the time of flight of the fluxon.
This is in close correspondence to the squeezed noise
states in classical systems, where a certain measurement
done at a specific frequency in a specific direction in the
phase space can result in a reduced noise level of the mea-
sured variable. It was shown, from a simple analytical
treatment of the diagonalized map and from numerical
experiments made on the two models, that the enhanced
noise level near instabilities disappeared when the mea-
surements were made at half the frequency of the fluxon
motion.
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