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Analyses of 'Cu and ' 0 relaxation rates, as measured by NMR probes, prove unambiguously that in
conducting YBa2Cu307 and La& 85Sro»Cu04 the Cu + ions still possess a magnetic moment that ex-
hibits antiferromagnetic fluctuations. We discuss the corresponding characteristics in the low-doped re-
gime from the side of the Mott-insulator state, where the local moments are expected to be even more
pronounced. Both neutrons and NMR probes measure the imaginary part of the generalized magnetic
susceptibility. We have investigated the contribution to the dissipation due to added holes. Then, de-

pending on the hole spectrum chosen, both bulk and staggered static susceptibilities in the high-
temperature paramagnetic phase are strongly concentration dependent. The corresponding exchange-
integral components in the absence of holes can be strongly enhanced, but their signs do not always lead
to an instability. At the same time, the imaginary part of the generalized susceptibility, as determined by
the hole spectrum, behaves independently and can provide strong peaks at some wave vectors even if the
static part has no singular behavior there. We identify the single model energy spectrum, which is corn-
patible with the properties of 2:1:4materials, and discuss the "metallization" of La& Sr„Cu04 with the
increase in strontium concentration. While the transport properties can be understood in terms of car-
riers present in the conducting bands, the static magnetic susceptibility behavior reveals the overwhelm-
ing role of spin-spin correlations. Shortcomings of the model are also discussed.

I. INTRODUCTION

In what follows we address some properties of 2:1:4-
based oxides (La& „Sr,Cu04, LazCu04+s, etc.) in the re-
gime of low dopant concentrations. The parent com-
pound La2Cu04 provides an important example of a
Mott-type insulating state possessing a Neel antiferro-
magnetic (AF) ground state for the localized Cu +

states. ' In Fermi-liquid frameworks the compound
would be a half-filled-band metal.

The phase transition between the insulating and metal-
lic ground states has been observed in the solutions of ox-
ygen, La2Cu04+&, at rather low concentrations of oxy-
gen, 5. The schematic phase diagram (from Refs. 2 and
3) is shown in Fig. 1. Recently, it has been reported that
the orthorhombic phases 0 I and 0 II have identical
symmetry. If it were so, then this would probably be the
ultimate proof that the temperature, rj„ is the critical
point of a first-order Mott-type phase transition. The
reasons why the two phases (metal and insulator) are so
close in energy to each other [Tk -280—300 K (Refs. 5
and 6)] still remain unclear. The actual visualization (i.e.,
the phase separation) of this transition in LazCuO&+s is,
without doubt, the direct consequence of a high enough
oxygen mobility in the system. It is not the case for
strontium ions in La2 „Sr Cu04 systems. Nevertheless,
systematic "metallization" with the increase of strontium
concentration has been repeatedly reported and the me-
tallic phase with the so-called "optimal" concentration,

La, »Sro, 5Cu04, provides one of the most studied exam-
ples of recently discovered superconductors. One would,
however, conclude from the above considerations that
the metallic state evolving with a decrease of strontium
concentration is not to merge smoothly with a phase de-
veloping if one departs from the stoichiometric composi-
tion. Therefore one of the goals of this paper is to discuss
a number of physical characteristics of the low-doped
system using a simple but reasonable model for the ener-

gy spectrum in the insulating phase.
Among numerous experimental facts available now for

these oxides in the normal state, we would like to single
out the N MR studies of YBa2Cu 307 & and
La, »Sro»Cu04 and the theoretical analyses done in this
connection in Ref. 9 (see Ref. 10 and the review in Ref. 8
for experimental references). As a local probe method,
the NMR [nuclear quadrupole resonance (NQR)] tech-
nique provides information on the spin subsystem and its
dynamics. On the other hand, the Millis-Monien-Pines
(MMP) analyses based solely on the Mila-Rice Hamil-
tonian, " which is expressed in terms of localized spins
only, unambiguously testifies that the local moments are
still present even in the metallic conducting regime. This
conclusion stems from the significant difference in magni-
tude and temperature behavior for the relaxation rates

T, ' and '
T& ', which were understood in terms of

enhanced relaxation on the Cu sites ascribed to antiferro-
magnetic (AF) fluctuations. However, the actual source
of dissipation [i.e., y" =Im[y(q, co)] ] is more likely due
to the contribution of conducting electrons than due to
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FIG. 1. Phase diagram of La2Cu04+z. The hatched region is
the region of an 0 I—0 II phase stratification.

solely spin-spin relaxation, as it follows from the drastic
change in the behavior of all relaxation rates below the
temperature of superconducting transition. These
features are summarized in MMP theory as a state of "al-
most localized holes, "

meaning that spins and conducting
holes somehow create a one-component system. With
this picture in mind, it seems that these peculiarities are
to be somehow even more pronounced in the range of
small hole concentrations. To the best of our knowledge,
nobody has so far traced this tendency experimentally
with the systematic decrease of x in La2 Sr„Cu04 from
the metallic side (see Ref. 12, however). In any case it is
clear that with the further decrease of concentration, one
would meet a phase-transition problem, as described
above.

Below we consider the magnetic susceptibility
y(T, q, co), i.e., its momentum, frequency, and tempera-
ture dependence from the side of low-doped insulating
phase. In accordance with the diagram in Fig. 1, it may
happen that the regime under investigation is available
only at high enough temperatures. To separate the main
qualitative features, we assume first a simple band mod-
el' in the hope that progress in sample preparation will
make it possible to distinguish among various options of
this model. It also seems that our results could be appli-
cable to the 1:2:3materials if it were possible to establish
a reliable "mapping" —a sort of equivalence between the
Mott state of LazCu04 and the corresponding oxygen
concentration for YBazCu07 „(065?).

The essential difference between La2Cu04+ &
and

La& Sr Cu04 is that in the former case the phase tran-
sition realizes as a spatial phase separation, while in the
case of Laz Sr Cu04 the strontium ions are not mobile,
at least at room temperature (compare, however, the dis-
cussion in Refs. 6 and 7). We address therefore the issue
whether the "metallization" of La2 Sr Cu04 has some-
thing in common with the first-order phase transition for
La2Cu04+& in Sec. VII.

In Sec. II we remind the phenomenological model'
of the conduction-hole energy spectrum in the insulating
phase and give arguments that it correctly describes the
main transport properties. The model is a sort of "rigid-
band" picture and is accepted as a start for further specu-

lations. Nevertheless, this approach accounts for the fact
that the energy spectrum in the recently described oxides
is probably closer to "charge-transfer-" (CT-) insulator
scheme, as introduced in Ref. 16, than to the Hubbard-
model description. In Secs. III—V we enumerate various
possibilities for the choice of energy spectrum and de-
scribe the main features of the resulting spin-spin ex-
change interaction and its concentration dependence. It
is shown that the conduction-hole contribution to the
imaginary part of the generalized magnetic susceptibility
behaves independently of the peculiarities, say, of the
static part, reflecting specific features of the forming Fer-
mi surfaces. As mentioned above, in the metallic regime
the conduction-hole contribution dominates at low
enough temperatures, and we briefly discuss in Sec. VI
some anomalies for the y"(q, co) behavior which would
reflect the shape of the Fermi surface, if it exists. Section
VII is devoted to the issue of "merging" the Mott state
possessing localized moments with the "metallic" regime
at the change of dopant concentration. We also conclude
that the only energy spectrum which seems to be compa-
tible with the overall properties of La2 Sr„Cu04 is that
of Sec. III. Both Secs. VII and VIII contain a brief sum-

mary of the results obtained and the discussion of
shortcomings of the "rigid-band" model, as regards the
concentration dependence and the growth of AF fluctua-
tions in the temperature region of experimental interest.

II. MODEL

As mentioned above, we intend to use the model sug-
gested in Ref. 13 (see also Ref. 17). In such a model the
localized moments would occupy slightly hybridized sin-

gle levels with almost empty conduction bands. In next
sections, to enrich the number of options of the model,
we introduce at least two conduction bands. In a
mathematical sense the model can always be expressed in

terms of an Anderson-type Hamiltonian:

g Eo na ne+ g ~pi& peri& poi
n, o

+, g V Ia„,.d„e "+H c )

+ g Ud„td„)d„(d„t .

(In what follows we choose U = ~.)
Let us first briefly give arguments why this model

seems to be reasonable to start with. Remember that one
departs from the Mott-insulator state. The localization
of the carriers in this system is the consequence of the
strong interaction of the d orbitals on the Cu + ion. The
wave function for the localized state is, of course,
different from that of the hole in the d configuration for
an isolated copper ion. Various effects such as the hy-
bridization, the interaction between the copper and oxy-

gen orbitals, and shifts of the ion positions are not small,
as is shown in numerous attempts to calculate the band
structure. However, the localization is a qualitative
effect. The conductivity is absent without dopants. If
one neglects the Coulomb interaction with the dopants,
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and the exchange Heisenberg interaction between local
spins,

~,„,„= g J(r„—r )S„.S
num

= g J(q)S(q) S( —q) .
q

Here we have

J(r„—r )

iq (r„—r )

Jdpdq+ V V

(3)

[The derivation of Eqs. (2) and (4) has been described in
detail in Ref. 14.] Among some theoretical advantages of
this model, there is a possibility to vary the difference in
positions of the localized level a0 and the bottom (the top)
of the conduction band, ~aa

—si, ;„=A. Assuming that
the conduction bands are wide enough (with the band-
widths D))b, ), some of the interactions between spins
would acquire in this model a long-range character with
an effective radius Ro-a&D/b. In addition to that, we
shall see that the exchange integral J(q) can be made
strongly peaked both at small q=0 and for the AF vec-
tors. The long-range character of the spin-spin interac-
tion is, in general, not changed if holes are added since at
low concentrations of carriers the Ruderman-Kittel-
Kasuya-Yosida (RKKY) interaction, in its turn, also
possesses long-range behavior. All those long-range in-
teractions, hence, provide a scheme with small parame-
ters, which therefore justifies the use of mean-field-type
expressions in most of the cases and allows us to have re-
sults in the controllable approximation as opposed to the
common mean-field scheme for Neel-type transitions in
the presence of interactions between nearest neighbors
only. In practice, of course, the actual interactions do
not have a large radius. What is, however, clear is that

the carriers will fill the empty band with the spectrum
formed primarily by the strong Coulomb correlations.
The exchange interactions are therefore expected to be a
weaker effect and the band energy spectrum (empty
states) for the hole excitations, ai, ;, can be calculated.
This would be nothing but the assumption that the holes
added into the so-called "upper Hubbard band" behave
after renormalization as independent carriers, except for
the fact that in real oxides the oxygen orbitals are much
closer in energy and this provides a further support for
this picture. It is worth mentioning that the concentra-
tion dependence of the Hall coefficient R~(x ) in

La2 „Sr„Cu04, which at small x behaves as R&(x ) ~ 1/x
(see the review in Ref. 18) unambiguously justifies this as-
sumption experimentally.

The introduction of small hybridization parameters V,.

would then provide a regular scheme to introduce both
the V,& term of the order of

V2
V,q

— (0"S, )

those interactions are also not restricted by nearest neigh-
bors only, and with the above scheme in mind, one may,
therefore, single out new qualitative features.

Introduction of a "single hole" by substitution of one
Sr + for La + leads, of course, to a local distortion of the
lattice. One usually argues that the Sr ion sits "far" from
the Cu02-plane. Nevertheless, the hole is somehow to be
localized not too far apart from the Sr + ion as a result of
the Coulomb attraction. The decisive point, of course, is
whether there is a range of concentration, x or 5, such
that the hole orbits, say, on different Sr + ions essentially
overlap in the "conducting" Cu02-plane. ' In what fol-

lows we, of course, assume that this picture of strong
overlap is able to describe doping as the gradual "filling
up" of the conduction bands (up to some level p ~ x ). It
seems that the extraordinary sensitivity of the Neel tern-

perature to the dopant concentration to an extent favors
this picture of comparatively large hole orbits and a large
enough radius of interactions, as well. '

It has already been noted in Refs. 14 and 15 that arbi-
trary small concentrations of "dopants" can drastically
change values of the exchange integral at small q in Eq.
(3). This is due to the fact that for almost two-
dimensional (2D) systems the band density of states does
not depend on concentration (for the parabolic band).
We shall see that this feature remains present in our gen-
eralized model with the only exemption-Sec. III. In the
next sections we consider various options for positions of
conduction bands to investigate the exchange-integral
components and their dependence on the hole concentra-
tions in different situations. We address the following: (1)
the temperature and concentration dependence of the
static susceptibility (above the Neel temperature Tz), (2)
the same problem for the "staggered" susceptibility

y(Q0) at Q0=(m, m ), and (3) the temperature and concen-
tration dependence of the imaginary part of y(q, co). Un-
der the assumptions that the only source of spin dissipa-
tion is due to the charge carriers, we shall see, first, that
the positions of peaks in the momentum space could be
different for the static part and the imaginary contribu-
tions into the generalized magnetic susceptibility as mea-
sured, in principle, by neutrons or NMR methods. This
last remark, in a sense, goes beyond the specific model
choice used in the main part of our calculations and may
have a relation to the recent observations of an incom-
mensurability of magnetic Auctuations in La2 Sr Cu04
by neutrons. Let us stress again that the "rigid-band"
model is taken below as a starting point only and could
account for a regime above the onset of cooperative phe-
nomena. We shall see later that, with concentration in-
crease and temperature decrease, corrections to this pic-
ture are needed, especially if the 2D AF fluctuation re-
gime rapidly develops in the system.

III. ONE EMPTY
AND ONE 4'FILLED-UP" BAND

So far, in Refs. 13—15, only one band centered at k=O
has been considered. The assumption 6 &(D has resulted
in strongly peaked J(q) values at small q:
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FIG. 2. Schematic view of the q-dependent exchange integral
(Ref. 14) (solid line). The dashed line shows the reduction of the
q=0 region in the presence of carriers.

Va mo V4
J(q=0) =

2~5 5 D

compared with

Va mo V4
J(QO) =- ln—

2~2' ~ SD'

[In what follows Qo=(m, m. ) and a is the elementary
translation in the CuOz plane. ]

One sees that the AF interaction is small,
J(QO) ~

-(6/D )
~
J(0) ~, in the model. On the other hand,

for small q, the mean-field expression of the generalized
susceptibility is rigorously justified:

1X~
T + ,' J,ff( T,x, q )—

Here

J,s(T,x, q) =J(T,x, q)+JRKKY(T, x, q),
and J~~ (vq, xT) is the contribution due to the pres-

FIG. 3. Relative positions of the local levels and conduction
bands. One band is completely filled up.

ence of holes in the conduction bands (for q
—2pF, RO ').

The J,tr(q) behavior is shown schematically along the
I -X line in Fig. 2. The solid line in Fig. 2 represents
long-range interaction in absence of holes; the dashed line
shows the drastic reduction in J,& at small q by the
RKKY contribution of 2D holes. The main shortcoming
of the model is in the existence of a ferromagnetic insta-
bility at q=0 due to this compensation. [Of course, the
value of J,tr(QO) in Fig. 2 is related to the Neel tempera-
ture by the mean-field estimate only. ] The static magnet-
ic susceptibility in the paramagnetic phase increases with
the hole concentration increase and with the decrease of
temperature for this model.

Consider another model illustrated in Fig. 3. It con-
tains now two itinerant zones. The first one is empty as
above. The second band is completely filled up (by
definition the local center is not able to accept more than
one hole). However, even being occupied, the second
band essentially contributes to the exchange interaction.
In fact, if the local electron from a site i virtually goes to
the first band ( V& ), a hole from the second band could
then replace it (Vz). Therefore, this mixed virtual pro-
cess ( o- V, Vz) provides a new contribution to J(q), which
is most essential at q=Qo=(m, vr) The .resu. lt for the
two-dimensional case can be presented in the closed form

a VfVzm&[A(IM+b&) +B(p+6&)+C]'~ a V&Vzm&(ADf+BD&+C)'

vr(p+ b, , )C +CD )

a V&Vzm&B 2C'~ [ A(p+b, &) +B(@+6,)+C]' /(IJ, +b &)+2C/()jz+b, &)+B
ln2~C'" 2C' (AD +BD)+C)' /D)+2C/D)+B

(9)

where
2

1+
m2

B=2 1+
m2

m&1

'm
2

m —482 q&m
2

I

Here D, ,D2 are the bandwidths and m„m2 are the
masses of the holes near the bottom of the first band and
the top of the second band, correspondingly (both defined
as positive here).

The chemica1 potential p is proportional to the hole
concentration x, namely,

and
mpa

'7T

(10)

2
m& m)C= c. —h2 —6, +46 c.

q2 2 1

2
' '2m

2

q
2m 2

The explicit Eq. (9) is too cumbersome for a qualitative
analyses. To make the formulas simpler, we shall further
assume, in all the cases,
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Taking this limit for (9), one obtains

V&a m&J(0)=
2~6

J(QO) =—a V, V2 m]m22 2 2

ln
m&+m2

b(m, +mz)
6,2m2

(12)

The view of J(q} along the I'-X line for this model is
shown in Fig. 4. It is seen that the "staggered" part
J(q=QO), by the magnitude, not only can be as large as

J(0), but also it provides a peaked interaction of the AF
sign; i.e., the system of spins acquires a long-range AF in-

teraction. [Actually, the very fact that J(QO) always

possesses the correct (AF) sign is immediately seen from
the general Eq. (4).] To illuminate the role of doping, we

write down J,s(0) and J,fr(QO) in the presence of holes

doped in the first band:

a V&m
& Di a4 D2

J(0)=—
z

ln + V&Vzm mzln
2~2' ~ 2~2'

(13)

FIG. 4. J(q) and J,&(q) for the model with one empty and

one "filled-up" conduction band (solid and dashed lines, respec-

tively). The incommensurate minimum near the (m., m) point
can appear at finite hole concentration (see text).

Va m&
exp

4~6 Q m)T

a V&m, ln—
4~'a

magnitude as in Refs. 14 and 15 and approximately obeys
the "Curie-Weiss behavior" X ~ ( T+B) with
e=—e(T,x):

J(QO) =—a V]V2 m/m22 2 2

m&+m2

b(m, +mz)
X . ln

p(m &+mz )+h, zmz
(14)

In Eqs. (13) and (14), jtz is the chemical potential
(T=O) of holes added into the central band. As for the
static magnetic susceptibility, it has the same order of

Q
4 2+ V& V2m &m2ln

4~ 5
(15}

[In Eq. (15) we have neglected the contribution of holes
thermally activated from the filled band. ] Unlike Eq. (5),
J(0) in Eq. (15) has a positive sign. In addition to the
above, Eq. (9) must be investigated with respect to pecu-
liarities of the J(Q) behavior near (m, n): Q=QO+q.
Namely, the exchange integral for small q equals

a V&Vzm&m2 26(m, +mz)
J(QO+q}=- ln

orb, (m]+mz) p(m]+mz)+b]zmz+[(mz —m])/(mz+rn])]q +u

u = [[p(rn, +mz)+b, ,zrnz+q /2] —2pq m, ]'
(16)

One sees, otherwise, that the "instability" [i.e., a max-
imum in

~ J,s(q) ] may develop not at the commensurate
vector Qo, if only m, & mz. The characteristic scale is

q, =2[[6&zmz+p(mz —m&)] +pb&z(m& —mz)]'
—2mzb, ,z

—2p(mz —m, ) .

(In all the expressions above, the isotropic masses m, and

mz were considered. ) Now we will discuss the last point.
In any expression of the form of Eq. (7), the imaginary
part in the denominator would appear as a result of the
zone hole scattering process with a vector q. Therefore,
in the model of Fig. 3, there is no imaginary part in
X(q, co ) for

~ q ~
& 2pF at T & A, z. Any contribution into

the NMR relaxation rate T, ' ~ Tgp"(co, q)/co would
be due to the small rnomenta contribution. We shall
come back to this point in Sec. VIII.

IV. EMPTY BANDS
AT THE BRILLOUIN-ZONE BOUNDARY

There are no changes if the positions of the filled and
empty bands were interchanged, i.e., if the empty band
were at the corner of the Brillouin zone (the point X) in-
stead of being centered at the I point. A more peculiar
situation arises if the empty bands are positioned, as
shown in Fig. 5. There are now four terms contributing
to the Heisenberg interaction in Eq. (6): J»(q), J,z(q),
Jzz(q), and Jz, (q). The first pair J», Jzz are the ex-
change integrals for processes involving only one band (1
or 2). They behave as described in Sec. II and give rise to
interaction peaked at the q=O point (in the absence of
dopants). On the other hand, J&z,Jz, are contributions
from the two-band processes; their strengths are peaked
at (m., m). The I -X line scan for the interactions in this
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2Va m DJ(0,0)=J(vr, vr) =- ln— (20)

Wll'. ~1M

That is, the commensurate exchange integrals decrease
by the factor 5/D. The AF and ferromagnetic instabili-
ties would compete in the presence of dopants at lower
temperatures. The temperature and concentration
dependence of the static magnetic susceptibility [and
y(n, m)]. w. ould again be given by Eq. (6), where J,s(x, T)
is the value of the exchange integral at the I point:

FIG. 5. Fermi surfaces for conduction bands at Brillouin-
zone boundaries. The bands are related by the C4 symmetry.

Vam ~xJ,s(x, T)= exp
a mT

2V4a4m ~ Dln—

(21)

Va mJ(0,0)=J(~,vr) =
mA

2V4a4m 2 D
J(O, m) =J(n, O)=- ln—

(18)

(19)

Therefore, in absence of holes, for this band structure,
J(vr, m) would have a "wrong" sign: J(m, n) is big but
positive! When even an insignificant amount of carriers is
introduced into the system, the exchange integral would
change drastically in the vicinity (5q =2pF ) of both the I
and X points, so that

model is shown schematically in Fig. 6. As above, the
solid line represents the long-range interaction in absence
of holes, while the dashed line explicitly shows the reduc-
tion of J,z near both the X and I points by added holes.
The bands in this model are connected by rotational C4
symmetry, and so they have the same hybridization and
other parameters, and for isotropic spectrum the ex-
change integral has the same value at the X and I points.
(This would be not valid for a nonspherical shape of the
energy surfaces. ) Without doping the maximum values of
exchange interactions are again at the X and I points and
with a shallow minimum at F points [F= (0, m. ),
F' = ( m. , O)]:

So, once again, the static susceptibility in the paramag-
netic phase increases with the temperature decrease and
concentration increase. Note the small values of J(O, m. )

[compared with Eq. (18}] or J,s at "low temperature. "
The problem of whether the system would await until a
commensurate instability takes place at low temperatures
or, whether instead, some other ordering is possible for
the long-range interaction of Eqs. (18) and (19) deserves a
separate discussion.

Coming back to the measurements of the relaxation
rate in the NMR or neutron experiments, one sees that
an imaginary part in the denominator of Eq. (7) would
come from electron scattering at the vector q. Unlike the
single empty-band picture, now there is a contribution
near the (m., ~) point which is exclusively due to the ex-
istence of the two pieces of the Fermi surface. Namely,
the imaginary part in the denominator of Eq. (7) is given

by

a A@VJ"(q, co) = —g
4m u „u2;sin(8; )b,

(22}

Here v, , vz are the Fermi velocities at points i, where the

energy conservation law is obeyed and the sum is taken
over all such points; 0, is the angle between the two ve-

locities there. So the imaginary contribution from the
electron scattering is now of the order of
—(col@)V /b, D. Note that this contribution is sharply
peaked by itself on the scale q =2p„ in the vicinity of the
I and Xpoints.

V. TWO EMPTY BANDS

(0,0)

FIG. 6. q dependence of J(q) and J,~(q) for the model
shown in Fig. 5 (the solid and dashed lines, respectively). J,&(q)
differs from J(q) only in the narrow range (Aa -2pF) near the X
and I points.

Consider next the model shown in Fig. 7. This model
contains two empty bands, and both bands in no way are
related due to any symmetry. So they may have com-
pletely independent parameters. However, some of the
properties of this model remain similar to those of the
model of Sec. IV. Thus the exchange interaction consists
again of the four contributions J», J», J», and J». The
first pair of those is peaked near the I point, while the
second pair is peaked near the X point. The new values

of J(q) near the peak positions are, however, different

primarily because of the difference in the hybridization
parameters (Fig. 8):
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J(q)

F

o-+++++ +++ +
(-7r,—7r) (o,o) (vr, vr)

q

FIG. 7. Model with two arbitrary empty bands. (o,o)

Va m& V2a m2
J(0,0)=

~
+

2~6 2m'
(23)

FIG. 8. q dependence of exchange integral for the model
with two "empty" bands: no holes are present, solid line; the
lower band is partially filled, the dashed curve; and both bands
become partially filled, the dotted curve.

a V&V2 m&m2
2 2 2

J(m., m. ) = ln
m&

—m2

m,
(24)

From Eq. (24) one easily sees that the sign of J(n, m. )

does not depend on the choice of masses; it is always pos-
itive. Once again, the exchange integral has a broad
minimum at the Fpoint:

J(O, m. ) =J(m, O)

of temperature. As soon as the Fermi level reaches the
bottom of the second band, both the AF and ferromag-
netic instabilities arise (at low T) and the situation be-
comes quite similar to the one considered in Sec. IV,
namely, that the same type of drastic compensation ap-
pears in a small vicinity of X and I points:

J(0,0)=J(n, n)
a V2m D2

ln
2g

a V)m D,
ln

2m-'6

a V) V2m, m2 D, D24 2 2

ln
2~ 6 Q2

(25)

a "V(m D,
ln

2g

a V2m D2
ln

2g

a V& V2m &m2 D&D2
4 2 2

ln
2m. 5 Q2

(29)

V2a m2
J(0,0)=

2nd

a V] V2 m]m22 2 2 6,2m,J(~,~)= ln
77/ mi —m2 Jll(m, m] )+hi2m—i

(26)

(27)

The inverse static magnetic susceptibility for this case
equals

The drastic compensation for the exchange integrals at
the I and X points takes place again when both bands
contain holes. New options occur because one band can
start to be filled first (as in Fig. 7). In this case the com-
pensation of J(q) in the presence of dopants does not
yield either AF or ferromagnetic instabilities: The values
of exchange integral remain positive:

The contribution to the imaginary part itself is peaked
near I point if only one band is filled, while if the two
bands become occupied, a nonzero contribution near
(vr, rr) vector appears from the electron process on
different pieces of the Fermi surface. This contribution is
again described by Eq. (22). Thus there is no imaginary
part y"(q, co ) for q & 2 max IpF „pFz I and

~q
—

Qo~ ) IpFi+pFzl. The contribution into y"(q, co)

near the X point appears at finite concentration, i.e., only
when both bands become partially occupied.

For completeness, we consider the case of two conduc-
tion bands centered at the Ipoint (Fig. 9). The exchange
integral again consists of the four contributions: J», J,2,
J2, , and J22. However, all of them have peaks at the I
point only and much less minima at the AF wave vectors,
so that the resulting exchange integrals at these point are

J,s(x, T) J„(x,T)+J22(x, T)'(x, T)~ T+ ' =T+
2 2

(28)

The second term in this expression could, in principle,
simulate an increase of the magnetic susceptibility as the
temperature increases. However, this would be the result
of the thermal activation of holes into the second conduc-
tion band, which is possible, of course, only under rather
specific assumptions; namely; (1) J»(x, T) must be small
enough. This could be the case assuming V, ((V2. (2)
The bottoms of the two bands must be near on the scale

F

o ++ +++ + ++++
q

(-vr, -~) (o,o) (77,7r)

FIG. 9. Two empty bands centered at the I point.
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characterized by the values

V4am Vam
J(0,0)= +

2~6 2~6
2 2 2a V) V2 m)m2 6)2m,+ ln

m, m2 —p(mq —m, )+b, ,~m~

(30)

/7r q

a Vm D1 1 1
J(vr, vr)=- ln

aVm D2 2 2
ln

2g

a V, V2m ~m2 D~D2
4 2 2

ln
2~ 6 Q2

(31)
FIG. 11. Fermi surfaces in the "nesting" picture.

[i.e., J(a, m ) = (6 /D )J(0,0)j.
As the first band starts to fill up, a sharp local

minimum appears at the ferromagnetic wave vector.
However, ferromagnetic instability does not develop until
both bands are filled. The I -X line behavior for the in-
teraction J(q) in this model is shown in Fig. 10. The
temperature dependence of the magnetic susceptibility is
determined by the sum of four contributions. Once
again, an increase of static magnetic susceptibility with
the temperature increase can be obtained only within
frameworks of special assumptions already indicated
above. The imaginary part of the generalized magnetic
susceptibility is, of course, concentrated near the
q=(0, 0) point.

To complete this section, we shall mention briefly the
possibility that the Fermi surfaces are of the form shown
in Fig. 11. Once again, there are no symmetry arguments
as to why the zones would be located at these points. The
above calculations can be easily repeated. However, such
Fermi surfaces usually appear in the literature for other
reasons (see Ref. 21), such as in the "spin-bag" picture
for superconductivity if the nesting features of the "bare"
Fermi surface serve implicitly as the reason underlying
the tendency to antiferromagnetic ordering. In this case
one often departs from the tight-binding square bare Fer-
mi surface. Regarding the doping procedure, there are
two alternatives. The open parts of the Fermi surface in
Fig. 11 may be the result of an incomplete "nesting" of
the bare metallic electron Fermi surface and, hence, are

J(q)

FIG. 10. q behavior of J(q),J,~(q) in the model shown in
Fig. 9: empty bands, the solid line; one band is partially filled,
the dashed line; and both bands become filled by holes, the dot-
ted line.

not too sensitive to doping. In any case the presence of
such pockets would result in a metal-like conductivity at
higher temperatures without doping. This is, probably,
not the case for the low-doped members of the 2:1:4fami-
ly.

On the other hand, the "spin gap" can already be well
developed, as in Ref. 22, so that all bare electrons are
deeply under the gap. Then the added holes come into
the new "conduction band" (i.e., above the gap), where
they now experience a strong interaction with the two-
dimensional spin-density-wave (SDW) fluctuations. The
"conduction-band minima" could be now positioned not
only as shown in Fig. 11, but may bend the points shown
in Fig. 5 as well. ' In any event there are no local mo-
ments in this itinerant scheme, and the authors are not
aware of a comprehensive quantitative study of the
consequences of this approach to the interpretation of re-
cent NMR data.

VI. IMAGINARY PART
OF THE MAGNETIC SUSCEPTIBILITY

Above we have already had a number of chances to in-
dicate that, in general, the peculiarities of the imaginary
part of the magnetic susceptibility would strongly depend
on assumptions for the hole energy spectrum. In this sec-
tion we shall add some comments of a more general char-
acter in this connection.

The neutron experiments measure directly only
g"(q, co). Fortunately enough, in the case of
La2 Sr„Cu04, it is well known that pure La2Cu04 be-
comes antiferromagnetically ordered below T~-300 K
and that the 2D coherence length g(T), as measured by
neutron inelastic scattering, is large and remains
strongly temperature dependent at higher temperatures,
even if a small amount of the strontium ions is added. In
other words, the presence of local moments is well docu-
mented on the scale of small x (see also results of the
p, +SR study in Ref. 24). In the metallic regime (from the
side of La& s~Sro»CuO~), the Fermi-liquid approach
seems to be more appropriate. Meanwhile, even in this
case, the MMP analyses of the NMR data' are unambi-
guously in favor of the important role of antiferromag-
netic fluctuations. However, while at very small dopant
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concentrations the relaxation [i.e., g"(q, co)] is due to
some kind of spin-spin interactions that would be the

only source of the dissipation in insulating antiferromag-
nets, in the metallic regime the conduction-hole contribu-
tion dominates, as it is clearly seen, from the sharp de-
crease of the relaxation rate T, '

( T) below the supercon-
ducting transition.

In accordance with Eq. (7), we write down the general-
ized susceptibility in the form

FIG. 12. Schematic view showing that the Kohn anomaly in

y"(q, T, co) would vary with the direction of the q vector.

'(q, co) ~ T+6(q, co, T)+ V&llo(q, co, T), (32)

IIO(q, co, T)=IIO(q, co, T)+ill o( qadi, T) . (33)

At an arbitrary shift (an arbitrary q vector),
IIO'(q, co, T) is given by Eq. (22), which we rewrite omit-

ting the coefficient responsible for the coupling between
"localized" and "delocalized" electrons:

where 110(q,co, T) is the ordinary Fermi-liquid contribu-

tion, if this exists. Making no special assumption now
that the Fermi surfaces are somehow small, let us concen-
trate some rather trivial features of the imaginary part
II(1'(q, co, T):

i.e., the scattering dependence is due to a quasielastic
contribution.

Comparing Eq. (35) with Eq. (34), it is seen that there
is an enhancement in the vicinity of the Kohn anomaly
for the imaginary part y(q, co, T), and this enhancement

reaches the order of [sF/max(1/r, 5~v )]' at small co:

a (Vrp)'~2'
8&22rv1V 2 T

X I cosh
00 2T

IIO'(q, co, T) ~ —cog
v„v2, sm 8;

(34)
[2r(a+5 v)+[1+4' (a+5 v) ]'

X
[1+4m (a+5 v ) ]'

In Eq. (34) there is no temperature or frequency depen-
dence. This is correct until sin( 8; )%0. When the
Fermi-surface shift along the q direction reaches the
value of the corresponding Kohn anomaly, IIO'(q, co, T)
acquires the form

2
& P&Pz

4&2m V, V2(P, +P2)

X tanh —tanh

[B(s)+[( g /r) +B(e)2]1~2]
X

z z i/z[(A/r) +B(s) ]'

Here

P1P2( V1 +V2 )A=
(Pl +P2 )V1V2

B(s)= P1P2 6 6+co

pi+pa vi v

where p, z are the momenta values and v, z are the veloc-
ities on the opposite sides of the Fermi surface across the

q vector and 5 =q
—

qo characterizes how close is q to its
Kohn-anomaly value. Equation (35) has been obtained
making use of the fact that, experimentally, 1/~=aT;

(36)

[Here v =v1V2/(v1+v2) and p =p1p2/(p1+p2). ] First,
the shape of the anomaly [Eq. (36)] is asymmetric in its 5~
dependence along the q direction (if ~5~v ~

) I /r).
Second, the result of Eq. (36) is temperature dependent
since I/r ~ T. For the NMR experiments this anomaly is

integrated over momenta in the expressions for the relax-
ation rate and would probably result in a numerical
correction to T1 '(T) in the MMP calculations. Howev-

er, the Kohn anomaly should be seen in the neutron in-

elastic experiments. A more attentive look at Eq. (35)
discloses that y"(q, co, T) is actually both frequency and
temperature dependent on the scale co ~ I/r ~ T. As was

already pointed out, g"(q, co, T) is asymmetric along a
given direction (q) when passing through the Kohn-
anomaly point, and in addition, the value of the anomaly
of Eq. (36) varies with the direction of the q vector,
reAecting, basically, the change in the curvature of the
Fermi surface as it is scanned by the given q. The option
of relating the incommensurabilities around Qo=(vr, m )

observed in Ref. 20 with the Fermi surface features and
their dependence on concentration of strontium, while

being very tempting, remains unresolved, so far. Howev-

er, depending on the improvement of the experimental fa-
cilities, Eq. (36) could become an important check for the
Fermi-liquid picture. To conclude, we once again would
like to emphasize the asymmetry of the linewidth when
measured along a fixed q direction. The sensitivity of Eq.
(35) to the choice of the q scan is shown schematically in

Fig. 12 for an arbitrary Fermi-surface shape which has
the Kohn vectors close enough to q=QO=(1r, 2r).
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VII. DISCUSSION

Coming back to the problem of how the metallic and
insulating regimes can merge with a change in the dopant
concentration, as was posed in the Introduction, it is ap-
propriate now to discuss again the difference expected be-
tween La2 Sr Cu04 and La2Cu04+z. For the latter
compound the first-order phase transition takes place
when the oxygen is dissolved and is accompanied by a
spatial phase separation due to high enough oxygen mo-
bility, while in the former case the strontium ions are not
mobile at these temperatures. It is important, however,
that the so-called "oxygen-rich" phase of La2Cu04 corre-
spond, as estimated, to 6=0.08; i.e., the oxygen concen-
tration remains rather low even in the "metallic" phase.
Therefore the increase of 5 results in an abrupt but
somehow minor change of the overall lattice structure.

For the former compound, where strontium atoms are
already fixed at room temperature, the concentration in-
crease would, probably, mean the gradual passage
through the phase separation region. Experimentally,
this passage would be a well-determined conventional
route, provided that samples of La2 Sr„Cu04 are
prepared in the most homogeneous fashion. (The uncon-
trolled variation in the oxygen content can provide a
coexistence of two phases. ) If the point of view is ac-
cepted that all changes at small concentrations exert an
influence on the properties of the conducting Cu02 plane
only, a mapping between strontium- and oxygen-
"doped" metallic states is expected. The correspondence
follows the average distance between introduced defects
(Sr or 0). This concept has strong support in the fact
that in the cases of both enriched La2Cu04o3 and "op-
timal" La, 85Sro»Cu04 the temperatures of the super-
conducting transition practically coincide.

On the other hand, it is known that the Hall coefficient
RH(x) behaves as RH ~x ' for La2, Sr„Cu04 (and is

temperature independent) at x &0. 1 (see Ref. 18 for the
review), and this is the most serious evidence in favor of
the concept where carriers are doped into a sort of con-
duction band. Hence we must now decide which of the
various possibilities for the energy spectrum enumerated
above is compatible with the properties of
La2 Sr„.Cu04. It is worth emphasizing once again that
in no case were our approximations, made above
(b, «D), considered as a quantitative statement. They
have been introduced to exaggerate the point, for in-

stance, that spin interactions are never restricted by
nearest neighbors only. These assumptions are also help-
ful in understanding the relative importance for the fer-
romagnetic and antiferromagnetic regions of the wave
vectors in the spin-spin interactions in a more controll-
able way. An obvious artifact of the model is the extreme
sensitivity of interactions for the ferromagnetic and anti-
ferromagnetic wave vectors to the dopant concentration
at some special choices of the energy spectrum (see Fig. 2
and Secs. IV and V). The sensitivity is merely due to the
fact that the exchange-spin interaction involves the virtu-
al excitation of electrons across the gap in the narrow
range of these specific wave vectors. This range rapidly
becomes unavailable when additional holes are added

into conduction bands. The effects would be much weak-
er but nevertheless still present, if some narrow conduc-
tion bands were chosen.

Reviewing the above results, we conclude that among
the variety of band positions investigated in previous sec-
tions, there is the only option which seems to be con-
sistent with what is known about the basic properties of
La2 Sr Cu04. Indeed, pure La2Cu04 is a 3D antifer-
romagnet below T& —300 K and is in the strongly
developed antiferromagnetic fluctuation regime at tern-
peratures well above room temperature. One sees that
only the band structure of Sec. IV provides the exchange
component for the antiferromagnetic vector which has
the correct sign. [We digress from a possibility that the
antiferromagnetic ordering is due to smaller (in b/D)
contributions, which can be considered, as in Refs. 14
and 15, in the mean-field approach only. ] The advantage
of Eqs. (9)—(13) is also that J(m. , m. ) is now quite stable in
the presence of holes gradually decreasing with the
dopant concentration increase.

The above analysis was applicable in the paramagnetic
phase. None of the expressions for the paramagnetic sus-
ceptibility y(0, x, T) obtained before would be capable of
reproducing the remarkable fact that in La2 Sr, Cu04,
at least for x &0. 10, y(T) monotonically increases with
the increase of temperature up to 1000 K, ' except the
region where the three-dimensional Neel transition takes
place (at low strontium concentrations). It is also seen

from the data ' that at higher x, x 0. 1, a gentle max-
imum appears, which apparently shifts toward lower
temperatures with the further increase of x. (The
data ' do not agree numerically, but show the same
tendency. )

There exists a commonly accepted experimental esti-
mate for the exchange-integral value J in La2Cu04 ob-

tained both from neutron- and Raman-scattering mea-

surements: ' ' J-0.1 eV. Hence the growth of Neel-

type ordering should start in the temperature range
where samples are actually synthesized. Then there is no
space for the paramagnetic phase. The fluctuation re-

gime at lower temperatures is already strongly developed,
manifesting a paramagnon-type of spin dynamics. The
sensitivity of the Neel temperature to the doping process
at very small concentration is usually described in terms
of static defects which destroy the three-dimensionaj
Neel ordering. In the range of concentrations where
RH(x)-x ', it seems plausible to use the concept of
conduction-band doping. As mentioned in Ref. 14, 3D
Neel ordering would be then destroyed in this model by
formation of large 2D magnetic polarons. (The polaron
size would, actually, be determined by the Coulomb size

of hole orbits. )

A few words concerning the conductivity in these com-

pounds are in order. The resistivity data at low concen-
trations are usually not well reproducible. An important
feature, however, is the presence of some traps in the

samples with poor concentration, which is seen at low

temperatures as Mott's "variable-range hopping" behav-

ior: In[p(T)] ~(To/T)'~ . The large typical values of

To —10 —10 K show that there is actually a large num-

ber (more precisely, the density of states is large) of
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"traps" at the Fermi level. It is not clear how it can be
understood in the above picture. However, very soon
(with the concentration and temperature increase) the
delocalized component in the conductivity arises, which
is responsible for the metallic type of behavior. Then any
band picture for the conduction electrons is consistent
with the basic transport properties, while the tendency to
antiferromagnetism is described in the framework of the
energy spectrum of Sec. IV. Materials are conductors be-
cause of presence of dopants, but the role of disorder is
still not quite clear.

The increase (above x )0. 1) of the strontium concen-
trations is characterized by the deviation of RH(x ) from
x behavior, and in addition, the Hall coefficient begins
to depend on temperature. As has been repeatedly
stressed above, the increase of strontium content, even if
samples are "homogeneous, " is not a thermodynamical
equilibrium path: the energy spectrum is gradually
changed by the external source. Regarding the model of
Sec. IV, it is tempting to relate the above change in Hall-
coefficient behavior with the motion of the upper (con-
ducting) and the lower (filled-up) bands toward each oth-
er, which would result eventually in the opening of
electron-hole pockets. Whether the localized levels stay
apart or whether their energy position mixes with the
conduction band is far from being clear, and we shall not
make speculations about it. In any event the crossing of
the two bands could model the phase transition between
the two phases of La2Cu04+&, providing a mapping be-
tween both compounds in terms of changes in their ener-
gy spectrum. It has also been reported that the further
increase of the Sr- concentration suppresses the supercon-
ducting phase, awhile the ground state remains metallic.
A possibility for understanding this mechanism in the
framework of this model has already been suggested in
Ref. 15.

In conclusion of this section, we shall once again point
out that for the above model the electron correlations
were needed to provide the localized moments. In terms
of the Hubbard model, the oxygen orbitals are responsi-
ble for the formation of the band which has the role of
the "upper" Hubbard band where holes can now go. (So
the Hubbard repulsion was taken as infinite. ) The ex-
change interaction for the localized moments is therefore
determined in an independent fashion. The paramagnetic
phase is, probably, never seen in the 2:1:4compounds at
small x. Instead, 2D magnetic fluctuations start immedi-
ately to grow. The monotonous decrease of yo(T) with
the temperature decrease is a signature for
La2 „Sr Cu04 (for x (0.1) the fluctuations are already
in the nonlinear regime (i.e., the room-temperature in-
terval lies somehow far below the mean-field Neel tem-
perature), unlike as was assumed in Ref. 10 for metallic
La, s5Sro, 5Cu04. (For the long-range AF interaction,
understanding, in terms of the modules of the spin order
parameter and spin phase fluctuations, is possible. )

The AF order would double the lattice cell, making
points I and X in Fig. 3 equivalent. As a result, the hole
energy spectrum becomes similar to the one for the Hub-
bard model. The correspondence with the results of Refs.
22 and 33 becomes clearer starting from the side of the

weak-coupling limit when the magnetic phase arises as a
result of nesting features of the Fermi surface for the
itinerant electrons. If the commensuration energy for the
SDW exceeds an imperfect Fermi-surface nesting, the re-
sulting spectrum is characterized by the gap between
filled-up valence and conduction bands where dopants
can be added. Practically, most of the configurations for
the zone bands considered above are also possible in the
SDW picture. The crucial difference between the results
of Refs. 22 and 33 and the model above lies in the as-
sumption that the "gap" between valence and conduction
bands is in our case due to the presence of the "oxygen
orbital" contribution, while in the SDW picture the gap
is the measure of the strength of a spin order parameter.
Second, in our model, the moments are localized. The
spin-exchange interaction is expressed in terms where the
Hubbard repulsion U does not appear at all and was tak-
en as U~~.

VIII. SUMMARY

We have investigated a number of zone bands and their
combinations for the conduction-hole spectrum. The
band structure shown in Fig. 3 is singled out by the fact
that it describes the tendency to AF ordering in our sys-
tem. We have seen that the imaginary part of the mag-
netic susceptibility y"(q, co, T)—more precisely, its hole
component —would be absent at a small concentration of
the AF range of q vectors. Hence the latter should be
due to a spin-relaxation mechanism. If, however, the pic-
ture of transition to the metallic regime suggested above
were correct, the hole contribution at q=(m, n. ) appears.
and should become overwhelming at low temperatures.
The decrease of the static magnetic susceptibility with
the temperature decrease, in our opinion, can be ascribed
exclusively to the growth of a magnetic order, in a form
of growing fluctuations or some magnetic transition.
(The model with long-range interactions by itself also
provides a scheme for more exotic magnetic states. ) In
the well-developed metallic regime, the magnetic fluctua-
tions, as seen by neutrons, would reveal Kohn-like
anomalies associated with the Fermi-surface shape. The
large value of J-0.1 eV, as found experimentally, im-
plies that, if applied to actual materials, the model pa-
rameters V, 5, and D are approximately of the same
scale.
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