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The infrared-absorption coefficient due to interaction of electrons with optical phonons is calcu-
lated as a function of frequency for an electron gas in AlAs/GaAs quantum wells. The absorption
coefficient is given by the real part of the dynamical conductivity. A finite-temperature force-force
correlation-function method is used to represent the Kubo expression for the conductivity. Calcula-
tions are made with use of a bulk description for the optical phonons and also by inclusion of the
confinement of the phonons for several well widths and several carrier densities. It is found that the
efFects of the confinement on the phonon spectrum reduce the absorption. The absorption also is
found to increase with increasing well width and increasing carrier concentration.

I. INTRODUCTION

During the past decade the optical properties of semi-
conductor heterostructures have became an important
field in view of their applications in improving the per-
formance of optoelectronic devices. i It is well known
that light absorption in a solid occurs due to scatter-
ing either by defects and/or lattice vibrations. 2 In bulk
semiconductors inelastic scattering by longitudinal op-
tical phonons is well understood. More recently, re-
laxation processes involving electrons interacting with
polar modes in multiple-quantum-well (QW) structures
like those formed by A1As/GaAs have attracted much
attention. In this area much work has been done in
understanding de transport in those heterostructures, s

as much as cyclotron resonance, recombination time
for intrasubband and intersubband transitions, exciton
linewidths, s s and other properties in these systems.

It is well known that in semiconductor quantum-well
structures like GaAs/A1As the carriers are confined to
the quantum well, here the GaAs, as a result of the
conduction- and valence-band offsets. The bulk-LO-
phonon dispersions of the GaAs and A1As do not over-

lap, however, and thus in GaAs/A1As quantum-well
structures there are signifieant deviations from the bulk
phonon spectra. It has been found in quantum-well
systems that there are bulk confined phonons in the GaAs
well region, bulk confined phonons in the AlAs barrier re-
gion, and also interface modes. Recently there has been
considerable interest in the effects of this phonon con-
finement on the electron-phonon coupling and scattering
rates. Calculations of the intersubband and intrasub-
band transition rates of electrons in quantum wells due
to LO-phonon coupling have been made including these
effects of confinement on the phonon spectra. In the
present work we give a detailed treatment of the optical
absorption due to the electron-phonon interaction includ-

ing the effects of phonon confinement by calculating the
full optical absorption of an electron gas in the quantum
well as a function of frequency within a Kubo formal-
ism. Screening by the electron gas can be included in the
random-phase approximation but we have neglected it in
the present work. For the sake of comparison, calcula-
tions are also made for a bulk description of the phonons
assuming that they exchange momentum with the elec-
tron gas only in the plane parallel to the interface. This
approach has been taken by Das Sarma et al. ,

o but, as
we demonstrate in this work, at least from the point of
view of absorption and recombination this interaction is
clearly unrealistic.

Several approaches have been used to describe the ef-
fects of confinement on the phonon spectra and the re-
sulting effects on the electron-phonon interaction. 5 Con-
tinuum approaches using the "slab modes" of a free-ion
slabi~ is and the "guided modes" of a model layered
structureii have been used. These models differ in the
boundary conditions applied at the interfaces. A more
detailed continuum approach also has been developed
recently, Recently a simple microscopic lattice dynami-
cal model for phonons in a quantum well has been devel-
oped for a description of the confined phonons, and fits to
results for the vibrations provide analytic forms for the
electron-phonon interaction matrix elements. We use
this description of the electron-phonon coupling in the
present study. In a recent work a more detailed lattice-
dynamics study tends to substantiate this approach.

The absorption coefficient corresponds to the real part
of the dynamic conductivity. A simple way to obtain
that quantity is to start from Kubo's equation for finite
frequency and write this expression in terms of the force-
force correlation function. 2 Forces here refer to the fric-
tional forces acting on the center of mass of the electron
system.

In Sec. II, the coupling to the interface and confined
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bulk phonons are given, and the frictional force due to
scattering by these modes is obtained. In Sec. III we
calculate the real part of the dynamic conductivity based
on the finite-temperature force-force correlation function
method. In Sec. IV we present the numerical results and
discuss them.

Vpi, (r) = ) f, (z, y, z; q) A~,
q, v

(2.6)

where Az ——aq+ a"t~ is the well-known phonon operator
for a branch v. The above expression is valid both for
confined and interface modes. To treat the interaction
with bulk-LO modes we will need a special treatment,
which we will comment on later. Futhermore, we will
assume

II. FRICTIONAL FORCES DUE
TO SCATTERING BY PHONONS f„(x,y, z; q) = e'~'~F„(q, z), (2.7)

A. Preliminaries

We study a system composed of an electron gas con-
fined to the GaAs well of an A1As/GaAs structure. For
the sake of simplicity we will take the barriers for elec-
tron confinement to be infinite. Then electrons will be
well described by the wave functions:

1
@„,i, (r) = exp(ik r)P„(z) .

A
(2.1)

In the above equation the electron state is identified by
the subband index n and the wave vector k =—(k, A,„)
parallel to the A1As/GaAs interface. We assume a QW
of width L. Then the wave function is normalized in a
box of volume v = LA. The function P„(z) describes the
quantized motion in the z direction. The total energy of
the state (n, k) is

with p =—(2:,y). Then the electron-phonon potential op-
erator becomes

V= r t r Vphr@r (2.8)

or

v = ). ) l f&*C,(~)+.(~, *)4-.(*) l

(2.9)

o.","h(~) =/d*0l(*)+.(Q, *)4 (*). (2.10)

gv
q &~ k+q AQ ik )

where c„i, is the creation operator for an electron in a
state (n, k). As we will show later, we will need the
expression in large parentheses for the transition 1 ~ l

for the electron states. Then we define

h I(2
E„(k) = E„+

with

hvr2n2
fL

(2.2)

(2.3)

This is now calculated for the three kinds of interactions:
scattering by bulk-LO phonons, confined phonons, and
interface phonons.

B. The special case of bulk-LO phonons

The wave function P„(z), since we assume the barrier to
be infinite, is given by

In this case the lattice vibrations carry three-
dimensional momentum Q

—= (q, q, ). The polar inter-
action is given by

2 nrz
P„(z) = sin, n= 1, 2, . . .

L ' (2.4) paq r
(2.11)

Generally such structures are grown in such a way that
impurities in the wide gap region provide carriers in the
two-dimensional channel. We assume that those carriers
are electrons provided by donor impurities (e.g. , Si) in the
A1As. Normally samples are grown in which the carrier
density N, varies in the order of 10ic —10i2 cm 2. In
that case it is reasonable to take the so-called quantum
limit, in which the Fermi level lies between the first and
the second subbands. In this limit,

with

A = [2&e hz, oi(1/e i —1/soi)j ~ (2.12)

From now on we will use the subscript 1 for GaAs and 2
for A1As. Then, using Eq. (2.9),

Vi,o = ) ) i&2
—

~

dze'~ *P„,(z)P„,(z)
~

1 f

vrh'Eg= N, .m' (2.5) w~O t
Xeric C~1 k+q~2 k (2.13)

In what follows we assume, consistent with the fact
that the electron system is confined in the z direction,
that phonons exchange momentum with the carriers only
in the 2:-y plane. Furthermore, we also impose a quasi-
two-dimensional character to the phonon system in. such
a way that its wave vector is represented by q = (q~, q„).
The potential imposed by the lattice vibration to an elec-
tron at position r is

For the time being we define

oil Lo( )
~ ) +il(Q)

Ph vl/2 (g2 + Q2)
4, 'h q =

c

with

+ (a*) = f~* *'*A(*)4 (*).

(2.14)

(2.15)
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8vr2 . qI 1

q, L 2 (q2L2 —4+2) ' (2.16)

We must pay attention to the fact that the definition
Eq. (2.14) cannot be used directly in the potential given
by Eq. (2.9). However, it will be very useful as we will
show later. With a little algebra we obtain

Pi7l' P~7t'
(2.29)

For the intrasubband transition the only nonzero con-
tributions are a = + and n = 2, 4, 6, . . . . For the in-
tersubband transition they are (1 ~ 2), n = —,and
n=3, 5, 7, . . . .

,L 1
12(qz) qz 2 (q2L2 9&2)(q2L2 &2)

(2.17)

C. Electrons interacting with confined phonons

In this case we use the model for phono n
confinement:

Vr 1,(r) = » ) ) e'~ ~t„(q)u„(z)A", (2.18)

D. Electrons interacting with interface modes

In this case we have to consider the two branches
of each of the symmetric and antisymmetric modes for
which'9

gq +g q

Vg(r) =) e'~' e ~ ~ v+A~(q), (2.30)v'1+ W

V+ (r) = ) e''1'~e ~ v+A+(q), (2.31)

I", (q, z) = „,t (q)u , (q)

with

(2.19)

t„(q) = 1//2I„,

I„=— dz qP„+I
1 2 2 fdP~

z

p,„~z C„z
P„+——sin + , n = 3, 5, 7, . . . ,L L

=cos " —(-1)"i, n = 2, 4, 6, . . . ,L
C„=—2 sin

P~7C

2

Then,

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

with n = 2, 3, . . . and a = + or —.Note that as discussed
in Ref. 15 the bulk confined mode given by n = 1 is not
present as it corresponds to the interface mode. Then,
Eq. (2.9) applies straightforwardly, and

where

vs, a

s

a

qL

(2+2
I
f'"I )

q M~"Aq y

& [(~'")' —(~" )'](sl" + '2' )
= s~ 1,2(1 —y),
= &~ 12(1+7),

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

and u+ are the dispersion curves for the respective
modes. In Eq. (2.34), Tl ——huTol and T2 = huTo2.

Then in the present case,

~
—qL/24'"+(q) = v+ dz pt (z) (eq' + e q') pl (z),

v'1 + V
'

(2.37)

&
—qL/2

@"'(q)= v.' dz A(z)(e" + e ")41(z)
1 —7

(2.38)
C AyAz A(x

( ) t ( )GTwx
V1/2

where

(2.25)
We call the integrals in Eqs. (2.37) and (2.38) GP~. They
can be easily evaluated and result in

G"„,„,= dzP„, (z)u„(z)P„,(z), (2.26)

G".= 241 —(-1)"(1 —~-,1)
~6&2m+1

9Vr2

—167I (p2~+17I ) cos2 P 2m+1&

12G

1

[(Jtl2„+17r) —lr ][(p2„+17r) —97r ]
'

(2.27)

which, for the intrasubband transition 1 -+ 1 and the
intersubband transition 1 —+ 2, are

Gl1 G12 0

GI11 8m e"~'(1 —e-")
qL q2L2 + 4vr2

Gr12 16~ qL eq /2(1+e-«)
(q2L2 + &2) q2L2 + 9&2

(2.39)

(2.40)

(2.41)

E. Frictional forces and the Kubo equation

We see, therefore, that only the symmetric modes
contribute to the intrasubband transition, and only the
anti-symmetric modes contribute to the intersubband
transition.

The values of p, ~ are those given by the roots of

(2.28)
The Kubo expression for the conductivity is more com-

monly expressed in terms of the current-current correla-
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P
x„„(ku) = —— dre' (Tj„(r)j„(0)},

V p
(2.42)

where j„is the p, component of the current operator,
which can itself be expressed in terms of the electron

I

tion function which in the Bnite-temperature formalism
1S

~ & & n, y ky, ngkg
J a &~~k~ ngk

~y,g ky, kg

The matrix element is

(2.43)

creation and destruction operators corresponding to the
states given by the wave vector k in the x-y plane and
subband index n:

P & ,k, & k & — k (2.44)

which becomes a simple expression in the x direction:

e
3z = — 4c„k&k ~

n, ,k
(2.45)

A simple derivationz brings the current-current correlation function into a force-force correlation function which is
much more convenient in the present case in studying the dynamic conductivity. Force here means the frictional
force acting on the center of mass of the electron system due to lattice imperfections and vibrations. In the case of
scattering by phonons,

2 & P
z(i(u) = —

z . z ) q ) ) d7(e —l. )(T c„k+ (r)c„,k(r)c„,k, (0)c„,k (0))
g,v mi, ag, k rai, n~, k p p

where we made use of the notation

4"'"*"(q,r) = 4"'"'"(q)A„(q,r) .

x (T O"'"'"(q, r)C "&"&"
(—q, 0)}, (2.46)

(2.47)

Assuming a zeroth-order approximation for the phonon part of z (iv)),

z(ku) = — ) q ) ) C"'"'"(q)C"'"'"(—q) dr(e —1):-"'"""&"'(qr)D~ l(q r)Ims(i~)z
QqV Ag qfLg ~~ ~~

where we have introduced

1:-"'"'"" (q) r) = ——) (T~c„k~~(r)c„,k(r)c„l k~ (0)c„',kl(0)) .
k,k'

(2.48)

(2.49)

17s(q, 7) is Matsubara's expression for the bare phonon
propagator.

At this point we make the approximation

:-"'"""&"&(q, r) - P~', l„,(qr)6„,„,6„,„, , (2.50)

which consists in assuming only a single polarization di-
agram expressed in the frequency space in terms of the
electron propagators as

P~, l„,(q, iu) = —) —) g~,l(p, ip)Q~, l(p+q, ip+i~) .
»P

(2.51)

In the following we will evaluate the absorption for
zero temperature. This is appropriate for tempera-

I

I

ture well below room temperature because in the case
kgT « bur, o and kgyT « E~,q, the electron Fermi ener-
gies correspond to the densities studied here. On this
low-temperature limit the absorption is dominated by
phonon emission processes. Results for the absorption
at high temperature can be obtained straightforwardly
from the results of the formalism given here

III. DYNAMIC CONDUCTIVITY

After a long but straightforward calculation we ob-
tain an expression for the real part of the dynamic
conductivity2 taking into account the absorption by the
lattice polarization (LO-like phonons) at low tempera-
tures:

e'rnE' t' *4
Re[0(~)] =

4 ) ~

dzx ~ U'"(x)[1 —g'"(x)] ~ dxz'~ U'(x)[1 —g'"(x) —a'"(2:)] ~
27I' 5 (d
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fur —4u„(x)
) (3.2)

[x —e'(x)]'
g 4x ) (3.3)

and

h~ —h~„(x) —Aiie" x
F

(3.4)

where we have taken the Fermi level to tie between the
first and the second subbands,

We have used a dimensionless variable x = (q/k~)
and the integrals in Eq. (3.1) are performed in the range
where the functions under square roots are positive. The
function U' (x) in Eq. (3.1) describes the electron in-
teraction with the several phonon modes, and the index
v spans over the four branches of the interface phonons
(s, a, +, —) and the two possible cases for the confined
modes. We have also explored, for the sake of compar-
ison, the results we would obtain if the scattering were
governed by bulk dispersionless LO phonons. Therefore,
Eq. (3.1) is general.

In the case of bulk-LO phonons,

U ii'~o(x) 64~ay&~
(x2 + y2) [y2 (I + l)2%2]2 [y2 (l 1)2%2]2

(3.5)

where the upper function in the numerator corresponds to the intraband (t = 1) transition, and the lower function
corresponds to the intersubband transition to the second subband (l = 2).

For the contribution of the confined modes we have

U""'"'(x) = &' &i,i).IG~~I'2. » .~~,i).IG~~+il'2,
2(a2nx + ~2m) i (&2m+ix + 2n+i)

(3.6)

where the functions G are defined in Eqs. (2.26) and (2.29):

sin p,2„7r, „sin(p, q„m/2)
~2n= 2+

2@2 & P2 'lt
(3.7)

P2n7t
(p,q„vr —sin p2„m),

2
(3.8)

~2n+1 = 1 ~ 2 t 2n+1& 2 p2n+]. '7t

+ 12 sin + 2 sin
202 +i7r 2 (pz +i&) P2n+1&

sin p2n+1& ) (3.9)

92n+1'7t (v~ +i~)2

62n+1 = Sln p2n+17l + (3.10)

Finally, for the scattering by interface modes, we have

—x Fs""+( ) = ' +. [,"( )]'1+e— xh~~

~a
1 —e *xhu)~

(3.11)

(3.12)

Fs,a

~~i.oi(1/~~i —I/~oi)
(3.13)

respectively, for the interaction with the symmetric (s)
and antisymmetric (a) modes with the functions G de-
fined in Eqs. (2.39)—(2.41). In order to express the pre-
vious equations explicitly in terms of A as it appears in
both bulk and confined cases, we have defined the func-
tion I'+' as

s,a

IV. RESULTS

In the present work we have calculated the infrared ab-
sorption due to electron —LO-phonon coupling as a func-
tion of frequency for a quasi-two-dimensional electron gas
confined to a GaAs quantum well. A force-force correla-
tion approach to the Kubo expression for the dynamic
conductivity has been used. We have treated the ef-

fects of confinement on the phonon system using results
based on a recent lattice-dynamics study, and for com-
parison we also have calculated the absorption using a
bulk phonon description of the phonons.

In Fig. 1 we show the absorption coefIlcient per unit
volume in the quantum well resulting from a bulk de-
scription of the phonons and that including the eKects of
the phonon confinement. In the case of confined phonons
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