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Bound states and resonances in waveguides and quantum wires
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We present experimental and theoretical results on bound states in quantum wires (narrow, two-
dimensional quantum channels). We study rectangular systems of constant width, varying the bend an-

gle. This system is realized by propagation of TE-mode microwaves in flat rectangular waveguides; reso-
nant frequencies for absorption of power are measured for various bend angles, and compared with
theoretical results for bound-state (resonant) eigenvalues.

It is possible to produce very narrow two-dimensional
surfaces that allow electrons to propagate in the channels
formed by these surfaces, but require their wave func-
tions to vanish on the surfaces. Such systems, called
quantum wires (alternatively called quantum waveguides
by Exner and Seba'), have been used extensively to study
quantum interference effects. One can imagine sur-
faces that have infinite extent; the general types of sys-
tems considered in this paper are shown in Fig. 1(b).
Since such surfaces have no "classically forbidden" re-
gion, the discovery by Schult, Ravenhall, and Wyld that
such systems possess a bound state was rather surprising.

The existence of bound states in such systems has
several implications for possible application to low-
dimensional electron systems with similar boundary con-
ditions. These have been discussed at length in previous
papers. Perhaps even more remarkable were recent
results of Goldstone and Jaffe (anticipated by earlier
work of Exner' ), namely, that at least one bound state
will appear for all two-dimensional surfaces of constant
width (except a surface of constant curvature, which
possesses no bound state). Indeed, the results of Gold-
stone and Jaffe are valid for an infinite tube of constant
cross section in any number of dimensions. As is well

known, a bulge in a two-dimensional waveguide can be
mapped into one dimension where the transverse bulge
appears as an effective attraction, which always produces
a bound state in one dimension. The fact that "bends do
as well as bulges" is quite surprising and at first sight
counterintuitive.

The existence of these bound states can be understood
qualitatively. Consider a rectangular system of constant
width as shown in Fig. 1(a) (without loss of generality,
normalize the width to unity). Requiring the wave func-
tion to vanish on the surface of the system, together with

the separability of the Hamiltonian, forces the y depen-
dence of the wave function in the right-hand leg of the
system to be of the form sin(nary) for integer n The .con-
tinuum starts at m. , rejecting the quantization of the
transverse wave number in the legs of the rectangle,
A,„=2/n (we use units where R /2m —= 1). In the center
of the waveguide, one can support wavelengths longer
than the maximum allowed for continuum waves but
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FIG. 1. (a) Bound state of a right-angle quantum wire. The
vertical coordinate in the three-dimensional plot represents the
amplitude for the bound-state wave function g in the quantum

wire (or the amplitude of the transverse electric field for the res-

onant mode below the cuto6' frequency of the TE, 0 mode in the

straight rectangular waveguide sections). (b) Schematic diagram
of bent-waveguide geometry; 0 denotes the angle by which the

waveguide deviates from a straight channel.
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which satisfy the boundary conditions [e.g., imagine a
half sine wave running diagonally across the square in the
central region of Fig. 1(a)]. Waves exceeding the max-
imum allowed continuum wavelength will be "trapped"
in the interior. The extra space in the bend of such sys-
tems supports these long wavelengths, which make up the
bound state.

The systems we consider are interesting examples of
wave systems whose bound states do not arise from the
"traditional" picture, where a binding potential creates
classically allowed and forbidden regions. Here the
boundary conditions (vanishing of the wave function on
the waveguide boundaries) give an effective confining po-
tential that produces a minimum (cutoff) energy for con-
tinuum solutions (bands of propagating states). Similar
models have been used to describe several physical sys-
tems, for example, chemical rearrangement processes. '
Most previous studies did not predict the existence of a
bound state; the presence of bound states in such systems
was noticed by Lenz et al. ,

"who considered this system
as one example of models where confinement and scatter-
ing in multiquark systems were reformulated as a two-
dimensional scattering problem. For the rectangular
two-dimensional surfaces we consider, there is an exact
correspondence between the eigenenergies and wave
functions for electrons, and the z component of the
electric-field vector for the TE„Omodes of a rectangular
waveguide of identical width.

Upon seeing the bound-state predictions of Goldstone
and Jaffe, we reexamined bound states in bent rectangu-
lar waveguides as shown in Fig. 1(b), with bend angle e.
Present fabrication techniques produce curved quantum
wires of constant area as discussed by Goldstone and
Jaffe, but rectangular quantum wires with sharp corners
might be produced in the near future. ' In the limit as
the bend angle 0 goes to zero, the bound-state energy ap-
proaches the continuum n. ', with increasing 8 the bound-
state energy decreases, and for sufficiently large 8 the sys-
tem will support more than one bound state; we will de-
scribe theory and experiment for such systems in a subse-
quent paper.

We now outline a model for a waveguide with one bend
that allows us to compare numerical and experimental
determination of the bound-state energy. Consider an
electron wave function satisfying the Schrodinger (or
Helmholtz) equation with no potential in two dimensions,

a2 a2+ +k g(x,y) =0,
Bx Bg

where f vanishes on the boundaries of the waveguide as
shown in Fig. 1. To identify the bound state for this sys-
tem, note that the Hamiltonian is symmetric under
reflection about the diagonal, so we need consider only
half the system. For a right-angle bend using the method
of Schult, Ravenhall, and Wyld, we predict a bound
state with k =0.929m . A plot of the bound-state wave
function g is shown in Fig. 1(a); g is concentrated about
the center of the bend, vanishes on the boundary, and de-
creases exponentially in the waveguide legs.

To see the bound state in a real waveguide bend, we
constructed a simple realization for microwaves of the

variable-angle bend geometry shown in Fig. 1(b). Pairs of
aluminum bars (0.953-cm thick) held between two large,
milled aluminum plates form the sides of two straight
waveguide sections, approximately 15-cm long when as-
sembled. Removable, milled aluminum parallels 1.905-
cm wide define the width a of the straight waveguide sec-
tions while the bend is constructed. One end of each of
the inner 0.953-cm-thick bars was machined to a 30 an-
gle so that in contact they produce the sharp (inner)
corner between the waveguide section. Although we ex-
pect intense microwave magnetic fields near such a
corner, mechanical contact should be sufficient to observe
the bound state; for a TE mode with a maximum ampli-
tude on the symmetry axis, no current will flow from one
waveguide section to the other. The outer bars are
machined to overlap to form the complementary angle on
the outside of the bend. The calculated cutoff frequency
for the waveguide sections is f„=c/2a, approximately
7.87 GHz with an uncertainty from machining tolerances
of 0.01 GHz.

We send microwave power into the bend region
through a 0.141-in. semirigid coaxial line that passes
through a 9/64-in. clearance hole in the top aluminum
plate. The center conductor of the coax protrudes five
millimeters beyond the outer conductor in order to serve
as an electric dipole antenna. We adjust the coupling of
the coax to the waveguide by varying the length of the
protusion that extends into the waveguide. We use a
Hewlett-Packard 8510B network analyzer to measure
R (f), the ratio of the microwave power reflected from
the end of the coax (terminated by the antenna) to the in-
cident power as a function of frequency. A bound state
appears as a sharp decrease in reflected power, that is, as
a resonant absorption of power, for microwave frequen-
cies below the cutoff frequency. To determine the
bound-state frequency, we decrease the coupling of the
coax until (1) it is much less than critical coupling (when
all incident power is absorbed) and (2) further decrease
does not affect the resonant frequency or bandwidth of
the resonance.

Figure 2 shows R (f) for the 90' bend with a low cou-
pling strength between coax and waveguide. The bound
state appears as the prominent minimum in R(f) at
7.585 GHz, shown by the left arrow in the figure. The
resonance occurs well below the calculated cutoff fre-
quency, indicated by the right arrow. We estimate the
decay length of the mode as 2.3 cm, so the length of the
straight waveguide sections is more than six times the de-
cay length. The bandwidth of the resonance is 0.062
GHz, implying a rather low Q of approximately 125.
Resistive losses in the mechanical joints between the
walls and floor of the cavity will dominate radiation
losses to the coax (which we can decrease) or out of the
ends of the waveguide sections (which is strongly at-
tenuated due to the expected exponential decay of the
fields away from the region of the bend).

Analytic approaches for arbitrary bend angles often
suffer from poor convergence. However, the bound states
can be calculated numerically in a straightforward
manner. To find the ground state, we consider the equa-
tion
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FIG. 2. Experimentally measured ratio of reflected power to
incident power as a function of incident frequency in GHz, for
right-angle waveguide bend. Arrows denote the resonant fre-
quency f„„andcutoff frequency f„(i.e., the beginning of the
continuum) for straight waveguide sections of width 1.905 cm.
Inset: Top view of experimental geometry. Waveguide sections
were formed from parallel aluminum bars held between two
large aluminum plates (not shown). Microwaves were radiated
into the waveguide bend from a coaxial line with a protruding
center conductor inserted through a hole in the top aluminum
plate at the position marked "x."

B B' B'
g(x y, t—)= + /t(/(x y, t),

Bx By
(2)

—Ekt
y(x,y, t)= ya/, y/, (x,y, )e

k

starting from a random, noisy initial condition 1(tc. Such
an initial condition is, in general, a mixture of all of the
eigenstates P/, (x,y) of the Hamiltonian so that

go = gk akPk (x,y). Then the solution of Eq. (2) is

who applied it to waveguides that were almost straight.
Consider a bent waveguide of Fig. 1(b), with bend angle
0. In the right-half waveguide, define a variational wave
function

B

BA„
J(vq)'

I p2
=0 (4)

The variational condition can then be expressed as a
determinant equation of the form' Det[%(k )—k JV(k ) j =0. We truncated the matrices in this deter-
minant to a finite basis, solved the determinant equations,
and obtained the ratio k /n. of the eigenvalues to the
continuum, as a function of the basis size N.

The dashed curve in Fig. 3 shows variational eigenval-
ues (for N = 16) as a function of the bend angle 8; these
are compared with experimental values for the bent
waveguides (solid circles), and with numerical eigenvalues
obtained by the relaxation method (solid curve). The ex-
perirnental values agree with the numerical predictions to
within experimental error. The variational results give
higher energies than the experiment and relaxation
method results (since they give an upper limit to the true
energy). For small bend angles, our variational calcula-
tions are quite good but they overestimate the exact re-
sults by an increasing amount for larger bend angles; for
sufficiently large bend angles, this variational method be-
comes numerically unstable.

Our results clearly demonstrate the existence of bound
states in these systems, and the variation of bound-state

1((x,y)= g A„sin(nay)exp( —a„x),
n=1

x ~yt, 0&y ~1, (3)

where r = tan(6)/2), and the A„arevariational parame-
ters determined from the stationary conditions

where Ek is the eigenenergy of the kth state. Each com-
ponent decays to zero exponentially; the state with the
lowest energy will decay at the slowest rate. If we period-
ically normalize the wave function, then at large times
the state with the lowest energy will dominate.

We approximate the two-dimensional wave function
with one evaluated on a discrete set of points. These
points are on the interstices of a rectilinear mesh with
sides parallel to the boundaries of the waveguide. In our
calculation, the length of the arms of the waveguide were
six times their width, and the mesh size was taken to be
1/40 of the width. On this mesh we approximate the
Hamiltonian with a discrete Laplacian. We then numeri-
cally solve Eq. (2), normalizing after each time step, until
the energy approaches its asymptotic value. The great
advantage of this approach is that we never need to in-
vert or diagonalize the matrix representation of the Ham-
iltonian. It is possible to generalize the method to find
arbitrary eigenvalues. '

We also used a variational method to estimate bound-
state energies. Our method is that of Avishai et al. ,

'

R

0.9 — ~ e

R

R

07I I (

20 40 60 80 100 120

Hend Angle [degrees]
FIG. 3. Bound-state eigenvalue for bound state of bent

waveguide vs bend angle 0. R denotes the ratio of the bound-
state energy to the beginning of the continuum for a quantum
wire (E~,„„z/H)[or, for a waveguide, the square of the resonant
frequency over the cutoff frequency (f„„lf„)]. Solid circles,
exper'imental measurements; solid curve, energy eigenvalues nu-

merically calculated by relaxation method; dashed curve, varia-

tional estimate for energy eigenvalues.
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energy with bend angle. For real waveguides, the pres-
ence of a resonance below cutoff frequency will affect the
propagation of waves above cutoff frequency. For quan-
tum wires, the presence of a bound electron at the bend
could seriously affect the conductance properties of such
systems.
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