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Effect of nonlocality and anisotropy on Gaussian fluctuations around the flux-lattice state
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The theory of Gaussian fluctuations around the mean-field flux-lattice state, which was developed
within (Ginzburg-Landau) GL theory on the basis of Landau-level expansion of the order parameter, is
applied to deriving the elastic free energy for arbitrary field orientations in a uniaxially anisotropic su-

perconductor. It is found that the results obtained for nonlocal elastic terms coincide with those result-
ing from London limits, indicating the validity of the present approach in GL theory. Furthermore we
show that, by examining the Gaussian fluctuation corrections to thermodynamic quantities in strongly
type-II (three-dimensional) superconductors, theories formulated in infinite-~ limits are valid in
fluctuation-dominated regimes of mixed states. Recent experimental results for clean samples of high-T,
oxides are discussed from the viewpoint of fluctuation theory.

I. INTRODUCTION

In previous papers, ' Gaussian (harmonic) fiuctua-
tions around the Abrikosov flux-lattice state were studied
in Ginzburg-Landau (GL) theory, as is consistent with
mean-field theory, on the basis of Landau-level (LL) ex-
pansion of the order parameter in order to see how the
elastic modes are derived from within fluctuations in the
order parameter. It was shown in Ref. 3 (called I below)
that the two (transverse and longitudinal) elastic modes
correspond to a lowest (n =0} and a next (n =1) LL
modes, respectively, and that the superconducting long-
range order in the flux lattice is absent. Furthermore,
these results were found to be justified by the analysis in
the London limit. However, considerations were limited
in I to the isotropic system and simplest B~i2 case for
uniaxially anisotropic systems, where 8 is the flux density
and 2 is the anisotropy axis of the crystal.

In the present paper, the approach in I is applied to ex-
amining two features characteristic of the cuprate high-
T, superconductors, i.e., uniaxial crystal anisotropy and
strong nonlocality in the elastic response. For simplicity,
we neglect the layer structure throughout this paper.
First, we derive in Sec. II the elastic free energy for arbi-
trary field configuration in an uniaxially anisotropic sys-
tem. As far as we know, the full expression of the elastic
free energy in such a general case has not been derived
according to GL theory in the literature. We find that
the resulting nonlocal terms, as expected, coincide with
those calculated in the London limit, indicating the valid-
ity of the procedures in the GL theory of I. Next, in or-

der to see the implication of the nonlocality and anisotro-
py, we examine the Lindemann criterion ' of flux-lattice
melting for an arbitrary field configuration and point out
the validity of the corresponding result in the infinite-~
limit' (n is the GL parameter) where the fiuctuations in
the gauge field are entirely neglected. This result is fur-
ther emphasized in Sec. III by calculating Gaussian con-
tributions to thermodynamic properties of order parame-
ter fiuctuations (including the massive mode neglected in
I} around the flux-lattice state. We find again that, in
the range where the theory is justified, the contributions
of the gauge-field fluctuation can safely be neglected and
show that the character of order-parameter fluctuations
in the three-dimensional (3D) case is, consistent with the
study from the high-temperature side, one-dimensional-
like. ' This is due to the fact that there are no charac-
teristic scales of superconducting fluctuations in direc-
tions perpendicular to the applied field other than the
vortex spacing (i.e., the magnetic length) and thus sug-
gests the absence ' of a true superconducting transition
in the region above H, &. In Sec. IV implications of these
results are discussed in relation to experimental results in
high-T, superconductors, and the Appendix is devoted to
a brief explanation of the calculations in Sec. II.

II. ELASTIC MODES
FOR ARBITRARY FIELD CONFIGURATIONS

In this section we derive the elastic free energy of the
flux-lattice state for an arbitrary field orientation with
respect to a uniaxially anisotropic crystal. We focus on
the anisotropic 30 GL model

G= f d r a go+ ic};— 3; /*M, ' —it} — A g — 1 —
~fatti +—

~ttji + (curlA) (2.1)

where Mi '=5, +(g —1)5zfiiz (i j =X, Y, Z; g(1) is an inverse-mass tensor, a, b are positive constants, T, the zero-
field transition temperature, (0 the coherence length along the easy (X-Y) plane, and $0 the fiux quantum. For simplici-

ty, we neglect the discrete layer structure throughout this paper. The configuration given in Fig. 1 of Ref. 8(a) is con-
sidered. The vortex frame (x-y-z) is defined by a rotation 19 (0 0~90') of the crystal frame (X-Y-Z) about the Y
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( =y) axis. That is,

x =X cosO —Z sinO, y = Y, z =Z cosO+X sinO, (2.2)

and the flux density is expressed by B=B(Zcos8+X sin8) =Bz.
Before considering GL theory, it is instructive to see how the nonlocal (i.e., tilt and compressional) elastic terms for

the 8%0 case is derived in the London limit where ~p~ is uniform [~1(t~ =($0/2mgaki ) /Sea, where Ai is the London
penetration depth]. One can easily calculate them along lines similar to that given in Appendix D of I. Defining dis-
placement fields from the fluctuation part of the topological condition and integrating out the gauge-field fluctuations,
we can express the result for the nonlocal terms of the elastic free energy in the form

5GL = f, ~v, (q)~'+g~Uz(q)l'—40 d'q
Sn 2mlL (2n. )

1

L
lvi(q) I'+qlvz(q) I'+r) '4 Iqi vi(q)+iraq, Uz(q) I'

+, , k~~qxv(q}lz(r) ' —1) 2

1+A.Lq
(2.3)

'2
1+

Sm 2m' (2g )3 dr 1+k~qi
(2 4)

where dL =I+AL(g 'qi+qz) and the vector Pi denotes
the projection of P into the X-Y plane. As in Appendix
D of I, we neglect terms of no interest here with nonzero
reciprocal-lattice vectors [this case was denoted in Ref. 9
as the flux (vortex} liquid limit]. Then the calculation
used in obtaining the v field is the same as in 8=0 (i.e.,
B~~Z) case. The deviation of the vorticity 5m can be
written in the form

5'= curl v= B(B,s —zdivs),277 A ~

(2.5)

v=Vy — (BXs) .217

Here y is the longitudinal fluctuation of the order-
parameter phase and s the displacement field. Using

q 5'(q) =0, one can verify that the expression (2.4) is just
the general expression in the London limit representing
interactions among the vortices in an uniaxially aniso-
tropic material [compare, for instance, with Eq. (2) in
Ref. 9]. Using (2.5), the nonlocal terms of the elastic en-

ergy (2.4) can be written in a more explicit form, which
we will give in deriving the corresponding result to (2.4)
according to the GL theory. Recently, Sardella' also de-
rived expression (2.4) with (2.5) in the London limit.
Note that (2.4) is a gauge-invariant result (i.e., indepen-
dent of the g field). This fact will be useful later in calcu-
lating the elastic free energy within the GL framework.
As shown in I, in spite of this gauge invariance, the su-
perconducting long-range order is absent in the 3D flux
lattice because of the fact that, for instance, in the Lon-
don gauge the gradient of phase V'y is identified with the
displacement field through divv=0, which is just the lon-
gitudinal component of the Maxwell equation. '"

We note that, reflecting the diagonalized form of the
inverse-mass tensor in (2.1), the expression (2.4) is "diago-
nalized, " irrespective of O, in the crystal frame. As will
be seen below in (2.7), however, when expressed in terms
of the displacement field, the elastic free energy includes
a cross term between the tilt angle B,s and the compres-

I

sion (or dilation) —divs except the 8=0 and 90' (BIZ)
cases, since the symmetry axis for the displacements is
not a crystal axis but the vortex axis B(~~z}. This feature
implies the following in the strongly nonlocal (}i,Lq ))I )

and anisotropic (r) «1} limit: According to (2.4), the
fluctuation

5coz= 2ng0 'B(—sin8B, s„+cos8divs)

in this case is relatively suppressed, indicating that, as ex-
pected, the vortex cores in 8%0 tend to become parallel
to the X-Y plane (when 8=0, this merely means that the
compression —divs is unimportant compared to the tilt
deformation). We note that the local distribution of flux
density is uniform and parallel to the z axis since, in the
nonlocal limit, magnetic-field fluctuations do not follow
the order-parameter fluctuations 5cu. By contrast, in the
local (A,L q «1) limit, such a cross term vanishes, and the
elastic energy has the usual isotropic form since the tilt
and compressional terms in this limit are dominated by
the isotropic magnetic energy.

In a recent paper, Blatter, Geshkenbein, and Larkin'
tried to derive the elastic moduli for an arbitrary field
configuration (in the London limit) by invoking the non-
local limit (we note that the nonlocal liinit is not
equivalent to the case of vanishing electric charge, name-
ly, to the infinite-a limit in this paper). The tilt modulus
they obtained for the deformation B,s does not agree
with the corresponding one in (2.4) [or (2.7)], although
other moduli in Ref. 12 are consistent with our results. It
suggests that the scaling rule argued in Ref. 12 is not
correct in general [see, however, Eq. (2.15) below].

Now we turn to the derivation of the elastic free energy
in GL theory. We apply the GL approach in I to the
OWO case. This approach is based upon the statement
that, if the elastic free energy is derived from the GL free
energy expressed in terms of the order-parameter field,
the displacement fields have to be identified with fluctua-
tion amplitudes of modes of the order parameter. First,
we find it convenient to first perform the (volume-
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preserving) scale transformation

x~x =y x, y —+y =yy,—1

z=z, y = cos 0+csin 0 .
(2.6)

In this new frame, we can expand the order parameter, as
in I, in terms of the orthogonal and complete Landau-
level basis functions with the triangular lattice symmetry
introduced by Eilenberger. ' The completeness of these
functions is easily shown by noting that they are nothing
but magnetic Bloch states' (see the Appendix). Since we
wish to focus on large-~ systems, where ~ is the GL pa-
rameter, relatively small 0(x. ) corrections arising from
local magnetic-field contributions rapidly varying on the

scale of vortex spacing can be neglected as in I. Again,
this approximation corresponds to the flux-liquid limit in
Ref. 9. Since this approximation does not affect shear-
energy terms independent of gauge-field fluctuations (see
Refs. 3 and 17) and the present approach does not need a
similar continuum approximation for the order-
parameter field at all, we can derive all elastic moduli on
the same footing. As usual, the mean-field solution will
be assumed to belong to the lowest (n =0) LL. Con-
sistent with this, we can restrict ourselves to the fluctua-
tions within the lowest and next (n =1)LL. Then deriv-
ing the elastic free energy for 8%0, as will be sketched in
the Appendix, is tedious but straightforward. As a result,
we obtain the elastic free energy

5GoL= —
3 q, Is~~I +I sin8q s —cos8q, s„~l +

I
cos8q s~ sin8q, s„ I

2 (2~)' 4ndH s. z xq

2 7„2

+C6, [(q„'+q,')ls, I' —Iq s, I']+ y', q,
' ls, I'+ ls, I'

2XH(9 HH

(2.7)

where y' =1+i)—y, r~ =2~B/$0, and the new dis-

placement field

—}
sq

—P sxqx+ P yqy (2.g)

40H. 2( T)

64m XHg

B1—
H, 2(T)

(2.9}

dHe= 1+~He(n 'qi+qz) .

The expression Cs6(q„+q }Is I
of the shear term can be

understood by rewriting it in another form:

C66 y'q.'I~„l'+y 'q,'I~„, l'+y' g q Is; I'', (2.10)

with

C66 —— H, ~( T),
64m A.l

where the factor 1 B /H, 2(T) in (2.9) —due to the shift of
T, in BWO was replaced by 1 and XHO by A,L, according
to the usual definition of the London limit. Then the
shear moduli for the first and second terms of (2.10) coin-
cide with C66' and C66' calculated in Ref. 8(b) in the Lon-

satisfies q s =(qXs ), =0. The penetration depth A, Hii

and the upper critical field H, 2(T) in the 8%0 case are
expressed in terms of the coherence length
g(T) =—go/+1 —T/T, by

&Hg=/3g~ g (T)/[1 —B/H 2(T)],

H, ~ ( T)=po/2my g~( T) =H, ~( T) /y ~,

where P„=1.16 and the shear modulus C66 and denomi-

nator dHs in (2.7) become
'2

C = H (T) 1—
16vr(/3„ir)

'
H, ~(T)

I

don limit, respectively, if the factor H, 2(T) in C66 is re-
placed by B. Of course, it is essential to use the Eilen-
berger basis with triangular lattice symmetry in order to
derive these shear energy terms. As noted by Ikeda,
Ohmi, and Tsuneto, if the corresponding basis with
square lattice symmetry is used, as expected, one obtains
results indicating a shear instability.

The relations between the displacement fields sq and
the fluctuation amplitudes of the order parameter, when
expressed in the new frame (2.6), are the same as in 8=0
case of Ref. 3 (see the Appendix). One finds that the non-
local terms in (2.7) precisely coincide with those in (2.4)
in the London limit except for the usual difference in the
definition of the penetration depth. This should be ex-
pected when taking account of the following fact. The
expressions of the nonlocal terms, namely, of the interac-
tion potential between the flux lines are, as already under-
stood in Ref. 3, primarily determined through the
minimal coupling between the order parameter and gauge
fields by the gradient terms for these fields in the original
free energy. Obviously, they are of the same form both in
the London limit and GL theory. When 0&0, the tilt
moduli [coefficients of (B,s) terms] in GL theory depend
on the tilt directions even in the local limit (A,q «1)
since the order-parameter rigidity appearing in the last
line (so-called "magnetization" terms) of (2.7) is different
in the x and y directions from each other. In Ref. 14 a
computation of the compression modulus was performed
according to the GL approach of Ref. 4. In contrast to
our result shown above, however, its expression in Ref.
14 is inconsistent with that in the London limit and thus
not justified.

It is easy to introduce a pinning potential term in this
Landau-level formalism. Consider the following
random-potential term taking care of local variations of
the transition temperature:

5G„=f d r V(r)(i/Ofii/+ c.c. ), (2.1 1)
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where V is a random potential. Using (A7) and (A10) in
the Appendix and (Al) of Ref. 3 and expressing the devi-
ation 2Regp5$ of squared order parameter in terms of
displacement fields, (2.11) can be, to leading order,
rewritten in the form

fiG„= —fd" V(.)('a) ~y, ~', (2.12)

which is just the well-known' phenornenological form.
Of course, this form of the pinning potential does not
change in the infinite-a limit.

Next, we will comment on the Lindemann criterion for
the (if any) melting line of the flux lattice within aniso-
tropic 3D GL theory [the Lindemann criterion is merely

I

an estimation of the melting line and thus is insufficient
to understand a possible mechanism of the melting transi-
tion. Furthermore, competition between the layer struc-
ture and vortex spacing in strong fields could change, for
BLZ, the equilibrium lattice structure and thus the shear
modulus. Therefore it might be questionable in general
to apply directly the result given below to estimating the
melting (softening) positions in real systems with strong
anisotropy. See, however, below and Sec. IV). In order
to derive the expression of the Lindemann criterion for
an arbitrary field configuration, it is convenient to use the
elastic free energy in the infinite-~ limit where there are
no gauge-field fluctuations:

'2
1 d q o

2 (2n. )2 2n. )4
Y

q
2 +B 2 C 8

( q +q )
2

~ y ~

2

H8

B2

4ak, Hg

g4

(2.13)

with

ir =iraqi(qXz)yq, (2.14)

where y is the fluctuation of the order-parameter phase
defined in (2.5) [(2.13) is easily obtained by following pro-
cedures in the Appendix and neglecting contributions of
gauge-field fluctuations]. For instance, one can see that
the result of the Lindemann criterion for 8=0 in Ref. 4 is
nicely obtained in terins of (2.13) and (2.14), indicating
that low-q„(and q~) fluctuations are irrelevant in the
fluctuation-dominated regime of the flux (vortex) lattice.
In general, thermal softening of the flux lattice in a
strongly type-II material will be dominated by the shear
mode with no accompanying gauge-field fluctuations.
Therefore we define below the Lindemann criterion ac-
cording to the mean-square average of the transverse dis-
placement (2.14). Actually, the longitudinal elastic mode
in (2.13) is massive, since, as shown in Ref. 3, this mode
belongs to the higher (n = 1) LL. It reflects the fact that
the flux lattice in the infinite-~ limit is incompressible in
the limit of vanishing wave number. Furthermore, we
note that, if one tries to derive (2.13) on the basis of the
London limit, the q, ~X ~

term in the second line of (2.13)
is lost [see (D 1 1) of Ref. 3].

When 8%0,90', s and s are intrinsically coupled to
each other. Therefore, in order to obtain the effective
free energy for s sy corresponding to one component of
the complex fluctuation amplitude a

&
defined in the Ap-

pendix, has to be integrated out. Consequently, we find

where higher-order terms in q, rz were neglected. ' We
note that (2.15) is also obtained by integrating out q s in
(2.7) and assuming q„,qr »q, . This expression indicates
that the scaling rule' is effectively satisfied within the
lowest (n =0) LL, to which the shear mode K as well as
the mean-field solution belongs. When 8%0, it is natural
to calculate the mean-square displacement in the new
frame (2.6) where the mean-field solution is, as usual, the
isotropic triangular lattice. Following Refs. 4 and 5, we
will use the expression C66-—PpB/64m A,L of the shear
modulus in the London limit' and in the isotropic case
[see the context following (2.10)]. We obtain the follow-
ing (scaled) mean-square displacement:

HekT yBg'

B'r,' (4~qc')'" ' (2.16)

q
2'lTl'g

q&

(2. 17)

where S is the system area in directions perpendicular to
B. Using (2.16), the Lindemann criterion gives the fol-
lowing estimate of the (if any) melting temperature
T (B):

where k is the Boltzmann constant. When calculating
(2.16), as in Ref. 4, we chose &2/re as the upper cutoff
q,„ofthe scaled transverse wave number by assuming a
circular Brillouin zone. The value q,„=&2/re means
that the Landau-level degeneracy is correctly taken into
account:

2 (2m ) 4n.A2Hp(q„+q„) «kp)'r
B

10Az. cL capri

1/2

(2.1 8)

+C66(q„+qy) ~K ~
(2.15)

where Ar=gp/16m. kT and cL is the Lindemann num-
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ber. This expression is essentially the same as those
given in Refs. 12 and 18. Clearly, the derivation given
above indicates that the melting (softening) of the fiux lat-
tice is controlled by the shear mode, namely, by thePuc-
tuations in the lowest LL with no gauge-field fluctuations.

III. GAUSSIAN-FLUCTUATION CORRECTIONS
TO THERMODYNAMIC PROPERTIES

As pointed out in Sec. II, contributions of gauge-field
fiuctuations are negligible in the elasticity near the (if
any) melting line in systems with the strong nonlocality.
%e show below that the same result is found by calculat-
ing Gaussian contributions of order-parameter fluctua-
tions around the flux-lattice solution to thermodynamic
quantities. As already understood by the methods from
high ' and low temperatures, no true superconducting
phase transitions are expected in the mixed state of
three-dimensional type-II superconductors above 8,1.
Even in such a case, it is useful to construct the mean-
field solution by assuming broken gauge symmetry and to
investigate the thermodynamic fluctuation e6'ects
around it.

For simplicity, we consider the 0=0 case studied in I
and, as in Sec. II, restrict ourselves to the n =0 and 1 LL
fluctuations. According to I, it allows us to regard c./2h,
as well as a. ', as a small parameter, where h =8/H, 2(0)
and c.= 1 —h —T/T, . For the present purpose, we have
only to calculate the mean-square order parameter
( l1(l ) (or the entropy reduction), which is expressed in

the form

22hKT
F,+=

q +qq +, qz,
I+~&q' '

I+~&(q,'+ri 'qi)

E, 2
, (h~', q,'+ ,'q,'-)+gq,',

I+~2r(q2+ri 'q', )

fo ————
g3 —— 1 ——,ln1 1 3 1 gh

2 v'2e 2 birr
'

1 /2

(3.3)

fo = 4g—i —,
1 C 2C

1 — c.—
4AK2T

(3.4)

where g3 is the coupling constant defined in Ref. 7,

where q=qgo, C=0. 12P„', and ar =Ir eP„'. Eo+ is
the spectrum of the massive (amplitude) mode which was
not taken into account in I, and Ep and E,+ correspond
to the elastic modes [see (5.2) in I]. When obtaining E i+,

we used lq s
l

=qi ls l
. In the first terms of Eo, we

neglected corrections' proportional to c and with higher
power in q~/h. Inclusion of them does not change our
principal results (see below). The qi integral is done in

just the same way as in the Lindemann criterion (see Sec.
II) and as in the corresponding calculation in the
infinite-K limit. Then it is straightforward to carry out
the q integrals in f„. For simplicity, a term independent
of e is omitted in the fo result given below since it is ab-
sorbed into a negligible renormalization of T, and does
not contribute at all to quantities of practical interest
such as the specific heat C, = b, C Bf /BE. For fo, we ob-
tain

f= —t'I tli'&=l3 ' + g g f„,
n =0, 1 o =+

(3.1)

k Bg3= gC
(3.5)

hK
1+

+~'r(q,'+ i) 'q', ) 2h a-'r

—2
qz

(3.2)

where AC is the specific-heat jump at T„Q, the sample

volume, and the constants a and b are defined in (2.1). In
obtaimng (3.1) we neglected the massive gauge-field fiuc-

tuations, defined in I as 5A', which do not follow the
order-parameter fiuctuations. [Their contribution, which

can lead to a change of the Landau potential in the re-

gion lEl —(k/4irbCgo) Ir, is obviously unimportant in

strongly type-II super conductors. Especially, it is

ineffective in the finite-field case, because the order-
parameter fluctuations in this case cannot reach' a true
critical (or massless) regime and thus should not be

affected by the infinite-ranged gauge-field fluctuations
when approaching from above T, ]The eigenvalues . E„
of the n =0 and 1 fluctuation modes for the anisotropic
and 6I=O cases are easily obtained following procedures
in I (see the Appendix) and are given by

qj
—2

F0 =2K+'gq
1+KTq

The leading (first) terms of fo precisely coincide with re-
sults found in the infinite-K limit. They, as in the Lin-
demann criterion, result from the qi =&2h region,
meaning that there are no characteristic length scales
other than the vortex spacing of order-parameter fluctua-
tions in directions perpendicular to B. Since the longitu-
dinal gauge-field fluctuation contributes to the trans-
verse elastic mode due to the broken gauge symmetry as-
sumed in mean-field theory, an additional K-independent
(the second) term appears in fo Together w. ith still

smaller O(x. ) corrections in fo, however, it can be
neglected compared to the first term of fo since E/h is

being assumed from the outset to be small. Taking ac-
count of the corrections to Ep mentioned above merely
leads to negligible modifications of the numerical factors
of each term in (3.4) and of the first term in (3.3) [it does
not change the last term in (3.3) at all since this term
arises from qi =0 region]. In the same way, we can cal-
culate the contributions f+

, of n =1 modes and ob—tain

f i
— g3 v E71/4h a, f, = —gi &il/8lrVE, which are

again negligible in the large-K ( —10 ) materials of in-

terest. The result that all contributions arising from
gauge-field fluctuations are higher order in c./h is non-

trivial and the main conclusion in this section. Therefore
we can say that the contributions of gauge-field fluctua-
tions are negligible in the fiuctuation region below (and
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thus above) the melting line. Furthermore, as the tern-
perature dependence of the first terms in fo shows, the
order-parameter fluctuations in 3D systems can be re-
garded to be one-dimensional-like, resulting in the scal-
ing behavior ' p-B, and, as usual, are dominated by
the massive mode. It indicates that the contributions of
elastic modes in a system with no disorder are negligible
in the specific heat and the in-plane conductivity showing
the flux flow. These results justify the statements on
low-temperature behavior obtained according to the
theory of Ref. 7, where the first terms in (3.3) and (3.4)
were used in order to check the validity of the theory.

IV. REMARKS

We explicitly showed in preceding sections that gauge-
field fluctuations can be neglected in describing Gaussian
fluctuations around the flux-lattice state of strongly type-
II (s))1) superconductors and that the theories con-
structed in the infinite-~ limit are valid in such a case.
This is due to the fact that, as far as A, &&rz, the vortex
spacing rz is the only characteristic length of order-
parameter fluctuations in directions perpendicular to the
vortex axis. Thus this conclusion should be valid even in
the region (near H, 2) where no rigid fiux lattice appears.
In fact, transport and thermodynamic phenomena in
such region of cuprate high-T, superconductors have
been discussed according to infinite-~ fluctuation theory
approaching from higher temperature. The theory has
been confirmed on the quantitative level" by recent mea-
surements ' in the flux-flow and fluctuation regions for
clean crystal samples in a field parallel to the c axis
(B~~c). Furthermore, the independence of the resistivi-
ty in Bi-Sr-Ca-Cu-0 on the in-plane field component is
easily explained according to the theory of Ref. 7 if the
strongly anisotropic limit is taken. Actually, in order to
extend the theory to an arbitrary field configuration (ex-
cept Blc) in this limit, as expected, one has only to re-
place the field strength in the formulas of Ref. 7 by the
out-of-plane component of the field.

Recently, it has been pointed out in Ref. 18 that a Lin-
demann criterion in anisotropic 3D theory, which is
essentially the same as (2.18) of the present paper, ex-
plains well the angular (and field) dependence of observed
dissipation peaks, suggestive of the flux-lattice melting in
untwinned single-crystal Y-Ba-Cu-O. Below, we would
like to give some comments closely related to this
significant experimental result.

In studying the elastic response for 8—:90 —8'%0 in
Sec. II, we neglected the discrete layer structure and as-
sumed an anisotropic 3D model. This approximation
seems to be valid if a few conditions are satisfied. We will
explain below this by taking 90 K Y-Ba-Cu-0 as an ex-
ample. According to Ref. 24, the onset angle 0" of the
intrinsic pinning in this material is extremely small
( -0.5'). Thus the Lindemann criterion given in Sec. II
is expected to be useful at least when 8') O'*. Further-
more, when the strength of the applied field is not so
strong, the resistivity curves for 0'=0 calculated in the
limit of vanishing layer spacing according to the theory
of Ref. 7 are consistent with experimental data in the

E
O

E
Pn

0.1

0
91 92 T (K) 93

FIG. 1. Theoretical resistivity curves in the configuration
B&c of 90 K Y-Ba-Cu-O. They {solid curves) were obtained
within the anisotropic 30 GL model according to the theory of
Ref. 7. The parameters used for calculations are, except the
B=0 transition temperature T,o (arrow) and the extrapolated
normal resistivity (dashed line), the same as in Fig. 3(a) of Ref.
7. I denotes the direction of applied current. In obtaining
them, a result (Ref. 16) quoted in Ref. 7 was used.

flux-flow and fluctuation regions of Refs. 25 where the in-
trinsic pinning has not been observed possibly because of
a small misalignment. We give in Fig. 1 typical theoreti-
cal curves (one can easily extend the theoretical calcula-
tions in Ref. 7 to the present situation, although it is
necessary to use a fact commented in Ref. 16 of the pa-
per). The magnitude of the deviation among the two
curves, as already commented in Sec. 5 of Ref. 7, roughly
agrees with the experimental data (in passing, we find
that the deviation tends to vanish with increasing the an-
isotropy rI ). It suggests that, consistent with the result
in Ref. 18, the fluctuation effects in 90 K Y-Ba-Cu-0 in
the moderate angle and field ranges can be understood
according to the anisotropic 3D model.

At present, it is theoretically unclear whether ' the
melting can be a true phase transition, in other words,
whether the long-ranged translational order is possible in
the mixed state. Even if a true melting (or freezing) tran-
sition is possible, as suggested also in Ref. 26, no remark-
able feature is expected to appear in thermodynamic
quantities near the melting point, since much of the fluc-
tuation entropy has to be spent when crossing over from
the fluctuation regime near T, to the flux-flow regime
where no rigid fiux lattice is still built (note that the fun-
damental model describing the thermodynamics of mixed
state is the GL free energy, but not the elastic free ener-
gy). This seems to be consistent with the experimental
data for cuprate high-T, superconductors and with the
result found in Sec. III. In relation to this, it will be in-
teresting to examine experimentally how the dissipation
peaks reported in Refs. 18 and 28 are reflected in the cor-
responding resistivity curves in the configurations BlI
and especially B~~I. A direct comparison between the
melting curve in Ref. 28 and the in-plane resistivity data
for an untwinned crystal in Ref. 21 suggests that, in con-
trast to the viewpoint in other works, the melting (or
softening) of the 3D flux lattice with weak disorder
occurs in the region where Ohmic resistivity is finite.
The corresponding resistivity data in B~~I, closely related
to the absence of the phase coherence, may be useful in
understanding the meaning of the dissipation peaks.
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Rote added in proof: (a) Recently, we learned of an ex-
perimental work by H. Safar, P. L. Gammel, D. J.
Bishop, J. P. Rice, and D. M. Ginsberg [Phys. Rev. Lett.
69, 824 (1992)], who argued the presence of a 3D first-
order melting transition where the sample disorder starts
to affect the resistivity. In contrast to transport, thermo-
dynamic quantities are not expected to be sensitive to the
melting transition even in real samples. A recent 2D
Monte Carlo simulation by Y. Kato and N. Nagaosa (un-
published) shows that a first-order melting transition is
present but extremely weak. (b) Quite recently, Z. Hao
and J. R. Clem [Phys. Rev. B 46, 5853 (1992)] argued
that the field and angular dependence of fluctuations
characteristic of the 3D GL model is always obtained, as
in the BllZ case, within the lowest LL. As shown in the
present paper and Ref. 23, this is not correct.

tion operation

T x P„(Flrp)=e " P„(FlFp),

(A3)

where

T(ax+by)= exp[aB„+b(B +ix)] . (A4)

In fact, constructing the Bloch condition on the basis of
(A3), one finds q to be defined, for instance, in the region
0&q ~k and 0&q ~2m/k. This condition satisfies the
relation (2.17). Then, by using the Poisson sum formula,
one readily obtains

APPENDIX

Here we will comment on the details of calculation in
GL theory which were not given in the text. As men-
tioned in Sec. II, we represent the order parameter in the
new frame (2.6) and work in the gauge

A, „,= —B(X cos8 —Z sin0)y = By x . —

O ~ "O O " ~0

1 1,2 i
exp ——lF r'l ———(x —x')(y+y') . (A5)

2m 4 2

The right-hand side of (A5) is just the projection operator
into the lowest Landau level Pp(F, F'), which satisfies the
Bargmann identity expressed in the present gauge:

For brevity, we set rz =1 below. The Eilenberger basis
function' in this frame is given by

PpL (F} f d F Pp(F F )PpL (F ) (A6}

P„(rlFp) = k

2"n!Sm'

p = integer

1/2

C exp[i(kp+q, )x ikpq—

—
—,'(y+kp+q, ) ], (Al)

where PpL(r ) is an arbitrary function in the lowest LL in
this gauge. Therefore, the completeness of the basis (Al)
is found in the same way as in the usual orbital represen-
tation, which is used in the translationally invariant situa-
tion. '

Now we explain the derivation of the elastic free ener-
gy. According to I, the order parameter P is expanded
in terms of the basis (Al}:

where q =Fo X z, D+ = —i 8 +y —8 is the raising opera-
X

2tor, S the (normalized) system area in x-y plane, and k
and C~ are n.&3(2m) and exp[i(~/2)p ] (1.0) in the tri-
angular (square) lattice, respectively. The function (Al)
satisfies the orthonormalization

m=0 n q&0

4= it'p+50

g a6 P6 (FlO)+0 ' g g a„~g„(rlrp)e

(A7)

n 0 m 0 ~n m~- (A2)

which is different from that used in I. The basis (Al) is

nothing but the magnetic Bloch state, which, for exam-

ple, in the triangular lattice satisfies the magnetic transla-

As mentioned in Sec. II, it is permitted to calculate the
mean-field solution in ~ =0, and thus the isotropic tri-
angular lattice is trivially obtained in the frame (2.6).
Following the procedures in I, we substitute (A7) into
(2.1) and integrate out the gauge-field fluctuations. As a
result, the fluctuation free energy 56 harmonic in 5g is
written as

5G= fd'«g y„ Ill, 5/i'+/III 51(l'
j=x, Y

dq ~0 (g ' —1)f—,— ', 15j i(q)l'+gl5jz(q)l'+q '7 Helqi 5ji(q)+gqz5jz. (q)l'+ ", , ~Hei [q»j(q)]z I'
(2' ) dHetzp 1+A,H~

+ f d F —a(1 —T/T, )l5$l +2blfpl l5$l + —(gp 5$ +c.c. )
.2 2 (A8)



46 EFFECT OF NONLOCALITY AND ANISOTROPY ON GAUSSIAN. . . 14 849

where 5j;(q) is the Fourier transform of

5j; =5/*II;P +/*II;5$+ c.c. ,

and

+y cos

H = —iBY Y ~

~z = ~~z y sin6'

(A9)

result, i.e., independent of the presence of y field in (2.5).
Accordingly, as noted in Appendix D of I, we can set
V,J=2qr(8 Xs );/go (i =x,y) in (2.5) and substitute the
resulting v field into (2.3). Next, we compare the expres-
sion thus obtained in the London limit with the Fourier
representation of (A8) without the last line. Then we
find that, except the additional magnetization terms, both
of them are equivalent to each other if the fluctuation
amplitudes aoq and a, q

satisfy

As understood in I, we have only to take account of n =0
and 1 modes in order to derive the usual elastic free ener-

gy. The second line in (A8) corresponds to the contribu-
tion arising from the massive gauge-field fluctuations.
The last three terms (without any gauge-invariant deriva-
tive) resulting from the original ~1(~~ (p =2,4) terms are
necessary to making elastic modes massless, and the
shear term arises from the last two terms of (A8). Here-
after, we do not consider the last line of (A8) and focus on
the remaining terms including the (gauge-invariant)
derivatives. One can see a similarity between these terms
and (2.3). In order to derive the tilt and compressional
elastic terms from (A8), it is convenient to make use of
the fact that the elastic free energy is a gauge-invariant

aOSq = —raaoq

-L L
01q —

~— (syq tszq ),~ 2r~

s"" =s (k=L or T)

(A10)

[see (2.8)]. However, this is a natural extension of the
definition of the displacement fields in 8=0 case of I to
840 case, since the order-parameter field in 840 recov-
ers its isotropy in the new frame (2.6). As a result, we ob-
tain (2.7) as the GL result. Its nonlocal-elastic terms
coincide with those in (2.4) except for the difference in
the definition of the penetration depth.
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