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We study the possibility of describing superconductivity in the transition-metal series within the mod-
el of hole superconductivity. The band structures for transition metals are obtained within a tight-
binding scheme using the parameters calculated by Papaconstantopoulos, and a rigid-band interpolation
scheme is used to describe alloys. bcc, hcp, and fcc structures are considered. Under the assumption that
superconductivity originates in the band with closest holelike character to the carriers at the Fermi sur-
face, we obtain parameters in the model that reproduce the experimental values for T, . The absence of
superconductivity at the beginning of the transition-metal series is naturally explained within this model.
The possible effect of interband coupling within the model of Suhl et al. is also considered. Finally, the
nature of the superconducting state and various observable properties are discussed.

I. INTRODUCTION

A, =N(0) V, (2)

with V the effective electron-phonon interaction and
(fico) the average phonon frequency. Posterior work by
McMillan and others analyzed in more detail the
electron-phonon interaction that enters into V. The di-
mensionless electron-phonon coupling constant [Eq. (2)]
was written as

N(0)( J )
M(co ) M(co )

with (J ) an average over the Fermi surface of the
square of a matrix element of the electronic wave func-
tion with the gradient of the crystal potential, (co ) an
averaged squared phonon frequency, and M the ionic

The explanation of the variations of the superconduct-
ing T, in the transition-metal series is a long-standing
problem. Matthias' formulated his well-known "rules"
many years ago, which postulated that certain values of
electron-per-atom ( e /a ) ratios were particularly favor-
able for superconductivity. Posterior extensive work '

on a range of alloys of transition metals in different
columns and rows in the periodic table established a rath-
er simple and well-defined behavior of T, vs e/a essen-
tially identical in a11 three transition-metal series: two
bell-shaped curves, peaked approximately at e/a values
of 4.7 and 6.5 and width of approximately 1.5 and 2 in
e/a values, respectively.

There have been several theoretical attempts to explain
this behavior within the generally accepted electron-
phonon mechanism of superconductivity. In the early
work by Pines, it was argued that the variation in the
density of states at the Fermi level N(0) was chiefly re-
sponsible for the observed variation of T, with e/a,
through the relation

T, =1.13(trito)e

mass. It was argued empirically by McMillan that the
numerator in Eq. (3), il, is nearly constant in transition
metals and that T, is determined by the denominator in
Eq. (3), which gives the "stifFness" of the lattice. Posteri-
or theoretical work by Hopfield attempted to justify this
assumption theoretically by calculating g in terms of
atomic properties. It should be noted also that in the
McMillan equation for T„which is a modified form of
Eq. (1) that is obtained within Eliashberg theory, the
Coulomb pseudopotential p* appears, which is difficult to
calculate theoretically and is often used as an adjustable
parameter.

There have been a number of attempts to compute k
from first principles ' for transition as well as other
metals. In addition, other theoretical work estimated k
from some observable property, e.g. , resistivity, using a
first-principles calculation of the plasma frequency. "
Generally these works conclude that their predictions for
T, agree with observations. ' However, there are excep-
tions, for example, the case of Li. ' Additionally, as re-
viewed by Gladstone et al. ' for the transition-metal
series, no simple theoretical explanation exists for the ab-
sence of superconductivity both at the beginning (Sc,Y)
and the end (Pd, Pt) of the series. Also, even using only
measured quantities there are sometimes problems in
correlating observations with the conventional theory: for
example, both in Nb (Ref. 15) as well as in BaPbBiO (Ref.
16), it has been pointed out that the value of A, inferred
from the phonon structure in the tunneling density of
states is too low to account for the observed T, . Further-
more, the existence of high-temperature superconductivi-
ty in certain oxides' is so far unaccounted for within the
conventional electron-phonon mechanism. Finally, the
empirical observation' that a strong correlation exists
between the existence of superconductivity in metals and
alloys and a positive value of their Hall coefficient, does
not have an explanation within the conventional theory
at the present time.

One may dismiss the above-mentioned instances as
minor exceptions within a theoretical framework that
has, for the most part, been overwhelmingly successful.
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Alternatively, one may decide that these anomalies, even
if not widely recognized as important, ' warrant explora-
tion of other theoretical approaches to the problem. We
adopt the latter point of view in this paper and attempt to
describe superconductivity in the transition-metal series
within the model of hole superconductivity.

In the model of hole superconductivity, pairing origi-
nates in an electron-electron interaction term that breaks
electron-hole symmetry. This interaction gives rise to su-
perconductivity when the Fermi level is close to the top
of a band. Electron-phonon interactions are assumed to
be of secondary importance (together with electron-
exciton, -plasmon, and other second-order processes) and
are neglected in this paper. In Sec. II we give a brief re-
view of this model, and describe the calculational pro-
cedure used to obtain the band structures in the
transition-metal series. In Sec. III we compute parame-
ters in the model that can reproduce the observed T,
values, and in Sec. IV we evaluate various observables in
the superconducting state within our model. We con-
clude in Sec. V with a summary of results and discussion
of their possible relevance to the real materials.

II. THE MODEL AND CALCULATIONAL DETAILS

~k ~0 ~k ~0
Vkk =U —E +

D/2 D/2

~0

D/2
&o

(4)

for a single band. Assuming only nearest neighbor in-
teractions, 8'=zV with V the nearest neighbor Coulomb
repulsion and z the number of nearest neighbors, and
E =2zht, with ht the hopping interaction whose physi-
cal origin is discussed in Ref. 21. U is the on-site
Coulomb repulsion, D is the bandwidth, and co is the
center of the band, defined by

1
eo XEu

k
(5)

with N the number of unit cells. Quite generally, one ex-
pects U)& V) ht. The critical temperature is deter-
mined by the equation

1+UIo+ WI2+2KI, —(K WU)(IoI2 I ) ) =—0, —

with

(6)

1I,=—gN

'I
ek —

Eo 1 —2f (&k —v)
D /2 2(E„—p)

(7)

The basic assumption of the model of hole supercon-
ductivity is that Coulomb interactions between carriers in
a band cause the effective mass of the carriers to increase
as the band filling increases. Then, for the Fermi level
close to the top of the band, hole carriers can dynamical-
ly lower their effective mass by pairing, as pairing of
holes "locally" reduces the band filling. Reduction of
effective mass is advantageous at low temperatures due to
the resulting gain in kinetic energy.

The pairing interaction in this model is given by

and p the chemical potential. Below T„ the gap function
1s

&k ~0 +c
D/2

(8)

with 6 and c determined by Eq. (6) and

c = K(—I2+cI, ) —U(I&+cIo),

with (sk —p) in Eq. (7) replaced by

(9)

(10)

For a given number of N „h, which is the number of k
points along the symmetry axes, 5c is estimated as the
following:

5k — 2m.

Nmesha

A' (5k)
5c.—

2me

27K

mesh

f2

(12)

r

277
in rydberg .

mesh

Here a is the lattice constant and m, is the electron
mass. By estimating 5c. in this way, we can avoid unphys-
ical peaks in the density of states caused by too fine ener-
gy resolution.

For bcc materials, we diagonalize 9X9 Hamiltonian
matrix for a uniform mesh of 45 526 k points (with
N „„=100)in the irreducible 1/48th of the Brillouin
zone. For fcc materials, we diagonalize 9X9 Hamiltoni-
an matrix for a uniform mesh of 89076 k points (with
N „&=100) in the irreducible 1/48th of the Brillouin
zone. For hcp materials, which have two atoms per unit
cell, we diagonalize 18 X 18 Hamiltonian matrix for a uni-
form mesh of 18 081 k points (with N „h = 80) in the ir-
reducible 1/24th of the hexagonal Brillouin zone.

Since the experimental results use the number of
valence electrons as a parameter instead of Fermi energy,
we calculate the number of electron/atom at Fermi level
E,F as the following:

We use the Slater-Koster Linear Combination of
Atomic Orbitals method (SK-LCAO) to calculate the
band structures. The SK-LCAO parameters for
nonorthogonal s, p, and d orbitals are tight-binding fits by
Papaconstantopoulos " to first-principles-band structures.
The two-center approximation was used and interactions
up to the second nearest neighbors were included. The
underlying band structure calculations do not include
spin-orbit coupling.

To calculate the densities of states, we diagonalize the
Hamiltonian for a large number of k points and calculate
the densities of states D(E) by a histogram technique
directly from the eigenvalues,

D(E)=— g 1 /5e .
1

c—5c/2 &
ok & c, +5c/2
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n= —g g 1.=2
a11 k, ~k —EF

bands

To give a quantitative description of whether or not the
Fermi level is at the top of a band, we define the number
of unoccupied states of ith band as

nh(i)=1 —— g 1 .1
(15)

ith band

(14)

n ( A„B, „)=xN, ( A)+(1 x)N, (B)—, (16)

with N, ( A) and N, (B) the number of valence electrons in

The crystal structure of transition metals in group 5
and group 6 of the periodic table are mostly bcc, those in
the adjoining groups 3,4 and 6,7 are mostly hcp, and
those in groups 9 and 10 are fcc. It is established by ex-
periments that the bcc region extends from 4.2 up to 6.5
electrons per atom. Elements in the same column have
similar band structures and properties except for the
magnetic metals in the 3d series. Since elements in the 4d
series are lighter than those in the Sd series and their
band structures are relatively well studied, we choose the
4d series as the focus of our investigation. Solid solutions
of neighboring transition metals are believed to be well
described by the band structure corresponding to the
component with the same lattice structure as the alloy,
and the Fermi level determined by the alloy concentra-
tion, i.e., the value of e la = n in—alloy A„B, „ is

atoms A and B.
For the bcc region in the 4d series, Nb and Mo are two

pure elements with bcc structure. We use molybdenum's
band structure as the rigid band for the entire bcc region.
For alloys with the hcp structure we use zirconium's
band structure for n between 3 and 4.2, and technetium's
band structure for n between 6.5 to 8.3. For n in the
neighborhood of 9 (fcc structure) we use rhodium's band
structure as the rigid band.

The total density of states across the 4d transition-
metal series is shown in Fig. 1 for 3~n &10. We also
show the measured transition temperatures. ' Although
some correlation exists between the two peaks in T, and
peaks in the density of states, the fact that superconduc-
tivity does not exist at the beginning and the end of the
series cannot be correlated with the behavior of the densi-
ty of states.

III. CALCULATION OF TRANSITION TEMPERATURES

We divide our study into three sections corresponding
to the dift'erent lattice structures indicated in Fig. 1.

A. bcc region, 4.2 & n & 6.5

We consider for definiteness the band structure of
molybdenum, n =6. Figure 2 shows the partial densities
of states in each band as a function of n. It also indicates
the boundaries of the bcc region, as well as the positions
of Nb and Mo. It can be seen that the Fermi level of Nb
lies near the top of the band labeled 2, while the Fermi
level of Mo is approaching the top of the band labeled 3.
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FIG. 17. Dependence of gap parameters on electron concen-
tration in the bcc region from the second band in the bcc struc-
ture. (a) 6 /(D/2)% vs n. (b) c vs n.

magnetic instability, ' as evidenced by the large value of
its magnetic susceptibility. If we use the same values of V
and ht as in band 4 but increase the value of U from 4.79
to 5.2 eV, no superconductivity is found for Pd (nor else-
where in band 5) within our model.

determines the point at which the gap function changes
sign: as n decreases, this point moves to higher energies
while the chemical potential decreases; when this point
coincides with the chemical potential, T, goes to zero.

The parameter b [Fig. 17(a)] gives the slope of the

gap function. As discussed in Ref. 31, the quantity

IV. THE SUPERCONDUCTING STATE

In this section we examine some properties of the su-
perconducting state within this model in the region of the
first peak in T, vs n, within the bcc structure. The be-
havior in the region of the second peak is expected to be
very similar. Because the system is in the weak-coupling
regime, only small deviations from "conventional" BCS
behavior can occur.

The gap obtained from Eq. (8) is isotropic, i.e., con-
stant over the Fermi surface, because pairing arises from
a kinetic process in this model. To our knowledge, mea-
sured gaps in these systems are generally found to be re-
markably isotropic. Although this is usually explained
as arising from the averaging effect of disorder, our mod-
el provides an alternative explanation for this observa-
tion.

The behavior of the parameters 6 and c in the gap
function [Eq. (8)] versus n is shown in Fig. 17, and Fig. 18
shows the gap function versus energy for several n values.
The fact that the gap function changes sign for energies
near the bottom of the band allows for the existence of
superconductivity with purely repulsive interactions, as
discussed in Ref. 20: the larger repulsive interaction in
the energy region of negative gap function results in a net
attraction at low energies. The parameter c [Fig. 17(b)]
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~k(sk=1 )
60= +1+[b, /(D/2)]

(17)

[2b, /(D/2)] gives the fractional asymmetry in tunnel-
ing characteristics, i.e., the excess tunneling current in a
negatively versus a positively biased sample. Unfor-
tunately, as seen in Fig. 17, its magnitude is rather small
in this case (maximum 0.2%) and thus difficult to detect
experimentally.

The quasiparticle gap in this model is given by

0.6

bO

O
a5
Q
N 0 4
O

4

I I I
I

I I I

The gap ratio 2b,o/kent T, is found to be given by the BCS
value 3.53 except for a very small increase for large
values of n (the largest deviation from the BCS value
found, as T, approaches zero in the upper part of the
peak, is approximately 0.19o). This is in contrast to the
behavior found in the parameter regime appropriate to
high-T, oxides, where the gap ratio can take values sub-
stantially larger than the BCS value near the top of the
T, vs n curve.

We compute the coherence length (o from the average
size of the pair wave function

(R 2)1 /2 (18a)

O

o 028
C)

0 0

I y/

I

I'

2 4 6 8
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FIG. 19. Average velocity at Fermi energy [Eq. (20)] for each
band in the bcc structure vs electron concentration.

(R') = y, If(R)I'R'

X& If «)I'

f (R)=—g [1—2f (ek )]e'1 k

N 2Ek

Equation (18b) can be written as

(18b)

(18c)

while the Fermi velocity for carriers in the second band is
0.41 X 10 cm/sec. While both estimates yield too large a
value for the coherence length, the estimate from band 2
is somewhat closer to the expected value. The actual
coherence length obtained in our model from Eq. (18) is
shown in Fig. 20 as a function of n. For Nb the value
obtained is 190 lattice spacings, which is similar to the es-

(R') =

IdE D(E)l
(19)

800 I I I I
l

I I I I
l

I I I I

with D (s) the density of states and

D2(s) =—g I

V'krak

I
5(E—

Et, ),
k

(20)
600—

the average velocity. Within weak-coupling BCS theory,
go=IIlvF/mb„with vF the Fermi velocity and b the ener-

gy gap.
Figure 19 shows the average velocities versus n for the

different bands. Consistent with the calculation of T„we
will only use the carriers in the second band for the cal-
culation of the coherence length. Note that in the upper
region of the first T, peak (n ~ 5), the Fermi velocity in

the second band is substantially smaller than in the third
band. Thus our model predicts smaller "intrinsic" coher-
ence lengths in this region than a BCS model that uses
the average Fermi velocity in all bands.

The estimated coherence length in Nb is approxi-
rnately 430 A. This rather small value of the coherence
length results in Nb being a type-II rather than a type-I
superconductor (H, 2=0.4 T, H, =0.2 T). The inferred
Fermi velocity in weak-coupling BCS (using 6=1.44
meV) is vF=0. 30X10 cm/sec. The average Fermi ve-

locity from Fig. 19 for n =5 is vF=0. 54X10 cm/sec,

0
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400—
0

200—

I I I I I I I I I I I I I I

4.5 5
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FIG. 20. Dependence of coherence length on the electron
concentration in the bcc region from the second band in the bcc
structure. The parameters are from Fig. 6, U= 4.590 eV,
htI =0.594 eV, V=1.875 eV.



46 SUPERCONDUCTIVITY IN THE TRANSITION-METAL SERIES 14 711

timate given by the BCS expression. Thus, while our re-
sult is better than that which would be obtained with the
average Fermi velocity in all bands, it is still somewhat
too large, for reasons unclear to us.

The coherence length shown in Fig. 20 qualitatively
follows the behavior of the inverse critical temperature
(as in conventional BCS theory), unlike the behavior
found in the parameter regime of high-T, oxides, where g
was found to monotonically decrease with increasing n.
This is because the parameter regime in this paper corre-
sponds to a weak-coupling regime. For comparison with

experiment, it should be kept in mind that the observed
coherence length is affected by the amount of disorder in

the sample.
The mechanism discussed here leads to an apparent

violation of the conductivity sum rule, due to the gain
in kinetic energy that occurs when the system enters the
superconducting state. The contribution to the kinetic
energy from the hopping interaction is given (for a bcc
lattice) by

Ts'= — 6(Ii—+cIO)(I2+cI( ), (21a)

while the kinetic energy from the usual single-particle
hopping process is

Ts =—fdsg(e)(s , so)f—(e p)—1
(21b)

and the degree of violation of the sum rule at low fre-
quencies (i.e., associated with intraband processes) is
given by the ratio of Eqs. (21a) and (21b). Unfortunately,
due to the smallness of the parameter 6 [Fig. 17(a)], we
find that this effect should be less than 0.1% in the pa-
rameter regime discussed here. Nevertheless, it is possi-
ble that either this or the associated resulting change in
high-frequency optical properties could be observable.

V. DISCUSSION

We have explored the possibility of describing super-
conductivity in the transition-metal series within the
model of hole superconductivity. Our findings are sum-
marized as follows.

First, there exist parameters in the model that appear
to be plausible and can reproduce the observed behavior
of T, . It should be stressed that the value of T, in this
model is very sensitive to the magnitude of the parame-
ters and we have no way at this point to estimate these
parameters from first principles to the needed accuracy.
Nevertheless, the model constrains quite strongly the
possible values for T„for example, we have seen that the
first peak in T, can be fitted by several sets of parameters,
but it would not be possible to fit a peak of the same
height and width that was shifted from the position of the
observed one. For all regions where superconductivity
occurs in the transition-metal series it was possible to as-
sociate this fact with the Fermi level being located near
the top of some band, as required by the model, and to fit
T, quantitatively with appropriately chosen parameters.

Furthermore, we have found that no superconductivity
would be expected in our model near the third column in

the periodic table (Sc,Y) due to the fact that the Fermi
level is not located near the top of any band. In the band
closest to being full (band 3 in Fig. 9), the number of
holes in the third column is approximately 0.16, too large
to give rise to superconductivity. It is possible that under
application of pressure, electrons are transferred from
band 4 to band 3, giving rise to a nonzero T, as observed
in Y under pressure.

At the end of the transition-metal series, n = 10
(Pd, Pt), we have seen that the Fermi level approaches the
top of a band but is still rather far from it for n =10
(number of holes is 0.2), consistent with the absence of su-

perconductivity in these metals with plausible values of
interaction parameters. Unfortunately, to explain the ob-
served absence of superconductivity beyond n =10 (e.g.,
in Pd-Ag or Pt-Au alloys ) one has to invoke the ex-
istence of large Coulomb repulsion, as is done in studies
using the electron-phonon interaction. ' Without this ad-
ditional assumption, our model in fact would suggest that
superconductivity should exist beyond n =10 as the
upper d band becomes filled, contrary to observations. It
is interesting to note, however, that the measured Hall
coefficients in both Pd, Pt as well as in Sc and Y are nega-
tive, unlike in the other transition metals.

Note that the fact that the two observed peaks in T, in
the transition-metal series correlate with peaks in the
density of states is accidental within our model. (Also
within the conventional theory, the magnitude of the
coupling constant is believed to dominate T, far more
than a peak in the density of states at the Fermi level. )

For example, in the cubic region we have seen that the
two peaks in T, originate in holes in the second and third
bands in Fig. 2, respectively. Instead, the peaks in the
density of states originate dominantly in the contribu-
tions from bands 3 and 4, respectively. It is seen in Sec.
IV that some evidence in favor of the hypothesis that it is
band 2 rather than 3 that gives rise to superconductivity
in Nb, is the observed smallness of the coherence length

go, which suggests a dominant role for the carriers in

band 2 that have a smaller Fermi velocity.
We have also explored some properties of the super-

conducting state within this model. The slope in the gap
function (Fig. 18) is what allows for the existence of su-
perconductivity with purely repulsive interactions. Un-
fortunately, the slope was found to be so small that it
may be difficult to obtain direct evidence for it in tunnel-
ing experiments. Also, no appreciable deviation from the
weak-coupling BCS gap ratio was found. The predicted
violation of the conductivity sum rule within this model
and associated change in high-frequency optical proper-
ties should similarly give rise to only a very small effect
in this parameter range. Thus it would appear to be
difficult to find direct experimental support for our model
in the parameter regime appropriate to the transition-
metal series, and one may have to look at other systems
such as high-T, oxides or possibly 315's for clearer sig-
natures. It is important to point out, however, that our
model could be easily ruled out in this or any other re-
gime, by finding a superconductor that clearly does not
have hole states at the Fermi energy.

It is also interesting to note that our model may pro-
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vide an alternative explanation to McMillan's observa-
tion that the largest T, 's correspond to smallest values
of the denominator in Eq. (3). As the Fermi level ap-
proaches the top of a band, antibonding states become in-
creasingly occupied and one expects the lattice to become
increasingly unstable, i.e., "soft." This correlation was
pointed out by Varma and Dynes.

We regard the fact that the model discussed here can
reproduce the observed values of T, in the transition-
metal series with plausible parameters as encouraging.
While the present study certainly does not prove that the
model describes superconductivity in the transition-metal

series, we believe it suggests that further studies of this
model are warranted as a possible alternative to the
electron-phonon model.
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