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Effective mass of quasiparticles in a t-J model with electron-phonon interactions

A. Ramsak, ' P. Horsch, and P. Fulde
Max Pla-nck Ins-titut filr Festkorperforschung, D 700-0 Stuttgart 80, Federal Republic of Germany

(Received 12 June 1992)

The change of the spectral properties of the single-particle Green's function due to a coupling to
optical phonons is investigated for strongly correlated electrons. The phonon-induced mass renor-
malization of the carriers that propagate in the t-J model on scale J is much larger than in the
corresponding uncorrelated model, except in the limit of J —+ 0 where the weight of the quasiparti-
cle pole tends to zero. The enhancement is a consequence of the slow coherent motion of the spin
polarons, which makes electron-phonon interactions more efFective. Two scaling laws are determined
which relate the mass renormalization to phonon frequency and coupling constant.

The role of electron-phonon (e-ph) interactions in the
strongly correlated high-T, superconductors (HTSC's) is
still far from clear. On one side there is evidence of sub-
stantial e-ph interactions in a marked change of phonon
frequency renormalization when passing through T„~
that has been successfully described within the frame-
work of strong coupling Migdal-Eliashberg theory. z On
the other side it has been argued that these interactions
are not particularly relevant to explain the high-T, (Ref.
3) nor the isotope shifts. 4 The problem is complicated by
the coherent motion of dressed carriers on a reduced en-
ergy scale I and with a reduced spectral weight, aI, ( 1,
which emerges from the strong correlations. As a conse-
quence the Fermi energy is small, i.e., almost on the order
of the phonon cutoff, which signals a possible breakdown
of the standard strong coupling theory. In fact it has
been suggested that the inclusion of Migdal-type vertex
corrections may be sufflcient to explain the large T,.s

Our aim here is to study the changes of the quasipar-
ticle properties of a single hole, i.e., relevant for the low
doping regime, when a coupling to optical phonons is in-
cluded in a generic model for the HTSC's, the t-J model.
A central result is the observation that the relative mass
renormalization due to phonons may be enhanced by an
order of magnitude by the strong correlations, —a con-
sequence of the reduction of the energy scale of coherent
motion of quasiparticles.

The basic Hamiltonian to be studied

+) Msct, c;,(b~~s+b, +s)+0) bib;,
i6s

consists of the usual t-J Hamiltonian, the first two terms,
and coupling of charge carriers to Einstein phonons with
energy O. The fermion operators ci, = ct, (1 —n;;) act
in the space without double occupancy, Ms is the e-ph
coupling matrix element. The t-J part of the Hamil-
tonian may be rewritten in terms of slave fermions and
Schwinger bosons, characterizing charge and spin degrees
of freedom, respectively. It is advantageous to introduce
at the outset the proper collective excitations describing
the spin dynamics by applying linear spin-wave theory.

After Fourier transformation and dropping an irrelevant
constant we obtains s

B = ) hi, hi, (Mk~ai +M~P~) + H.c.

+).(~q~,'~~+ f1~,'4) (2)
q

Here hk, n'l, and Pl are creation operators for spin-
less fermions, antiferromagnetic magnons, and phonons,
respectively. The fermion-magnon coupling is given by

Mq~ =2~2t ~ q(v +1) I —~sgnpq(v —1) I

where p~ = (cosq~ + cosq„)/2, and v~ = (1 —p2 )~Iz.
The magnon dispersion equals to~ = 2Jv~, N is the num-
ber of lattice sites and the lattice constant is a:—1.
The fermion-phonon coupling M~ depends on the initial
choice of the corresponding Ms, and we consider local
and longer-range couplings.

The corresponding Hubbard-Holstein model has been
investigated recently by quantum Monte Carlo methodss
with particular emphasis on superconducting properties.
Yet until now only the nonretarded 0 )) t case could
be studied by these methods. Polaron~o and bipolaron~~
formation was also studied in this model.

In the limit t ~ 0 the bandwidth in the t Jmodel-
scales as tz/ J, hence the hole becomes localized and the
exact solution of (2) can be obtained using the Lang and
Firsov transformation. ~z The ground-state energy of the
system is lowered by the (phonon-) polaron binding en-
ergy eb = IN P M~z/AI. The exact single-particle
Green's function consists of a sequence of poles spaced
by 0 and with weights given by the Poisson distribution.
The strength of the lowest pole equals ao = exp( —eb/0)
and one expects a strongly reduced effective hopping
t exp( —eb/0). 's

In the following we will be interested in the opposite
regime J & t relevant for the copper oxides, which im-
plies strong fermion-magnon coupling. The e-ph coupling
will be considered weak. To clarify the further results
we first briefly resume some large phonon-polaron prop-
erties for the case of usual fermions, i.e., dropping the
single occupancy constraint in Eq. (1) and J = 0, where
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1 1
f7% mp

4mp Mzqs ' tl+ o(p')] (4)
p xq +p mp

Here p = 2mp 0 (( 1 was asumed (i.e., 0 small compared
to bandwidth) and Ap = M~mp/(27rA). The integrand in
Eq. (4) is a sharply peaked function around q p, thus
the coupling matrix element is evaluated at q p and
oo was taken for the upper integration limit. From the
expression 1 + A = 1/(1 —Ap) it is obvious that as long
as the binding energy ey is small in comparison with the
kinetic energy of a hole, the effective mass enhancement
is small, A ~ Ap (( 1, and the problem falls into the
category of large phonon polarons.

The strong correlations in the t-J model (J ) 0)
change the physics significantly. A quasiparticle peak
with dispersion on scale J emerges together with a broad
incoherent background which has considerable spectral
weight. To study the influence of e-ph coupling onto the
QP properties we treat H within the self-consistent Born
approximation (SCBA) for magnon and phonon interac-
tions on the same footing

W

Zk(~) = —) M„'~Gk ~(u) —~~)+M~zGk ~(~—0),
q.

(5)

Gg(~) = [~ —Zk((u)]

Such an approximation amounts to the summation of
noncrossing diagrams to all orders. In the case of the
pure t-J model the validity of this approach is well es-
tablished. Agreement with exact calculation results for
small clusters, is not only qualitative but also quanti-
tative for all relevant ranges of J/t. The success of this
approximation has roots in the vanishing of low-order
magnon interaction vertex corrections as pointed out by
several authors for systems where the hole is coupled to

the hole can freely hop and the corresponding energy
band is t &

———2tpk. In the case of large bandwidth,
8 t && ~b, the hole has suKciently large kinetic energy to
escape the lattice distortion potential and the effect of
phonons is mainly a renormalizaton of the e8ective mass
m = (8 ek/Bk ), where ek is a corresponding quasi-
particle (QP) dispersion. For a single hole the second
derivative has to be evaluated in the band minimum at
k = (0, 0), i.e., for nearest-neighbor hopping. The ratio
between the effective and the bare mass mp = (2t) 1 is
a suitable measure for the e-ph coupling strength and is
denoted with rn/mp —= 1+ A. This definition should be
distinguished however from the A in the theory of super-
conductivity which measures the renormalization of the
mass at kF and of the density of states.

For weak coupling the effective mass of an "unre-
stricted" fermion can be calculated using the lowest-order
perturbation correction to the fermion self-energy,

]. q Mq
k 6k= 2 dg p p4' k k—q

From the second derivative around k = 0 we obtain an
approximate result for m

an antiferromagnetic spin background. Similar ar-
guments show that the lowest-order mixed exchange di-
agram formed by one magnon and one phonon line also
vanishes because of the symmetry of the hole-magnon
coupling. Yet the lowest order Migdal-type vertex formed

by two phonons does not vanish. Thus we expect the
SCBA to be limited to weak e-ph coupling but arbitrary
J/t. In fact our study of the localized limit (t = 0)
has shown a good agreement between the SCBA and the
exact results for coupling strength eg/0 & 2. In this
coupling range the discrepancy in the calculation of the
binding energy is almost completely repaired by the in-

clusion of the lowest-order vertex corrections. However,
in our further study of the QP properties at finite t the
relevant parameter is eq/t ( 1 rather than eq/0 ( 1.

We Grst choose a local Holstein e-ph interaction, thus
Mq—:M. The numerical method used for the full self-

consistent solution of Eqs. (5) is essentially similar to
Refs. 7 and 8. Our main interest was devoted to the
effective QP mass. The corresponding coherent energy
band, ek, was extracted from the numerical result as ek =
Zk(ek). A high k-space resolution corresponding to a
unit cell with 64x64 lattice sites was required to obtain
convergent results. To calculate Zk(cu) we used ~+irj in

Eqs. (5) with a broadening parameter rl/t = 0.01.
In order to exhibit the general influence of phonons

we present in Fig. 1 for J/t = 0.4 the low energy part
of the spectral function Ak(u) = —-ImGk(u) for wave

vectors k along the principal directions (z, 0) -+ ($, z ) -+

(0, 0) in the Brillouin zone (BZ) for different values of
phonon coupling. For comparison we show the pure t
J result, 7s Fig. 1(a). The average strength of the QP
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FIG. 1. Spectral function Ag(~) for k along (z, 0)

( 2, 2) + (0, 0) in the Brillouin zone for J/t = 0.4, 0/t = 0.1
and different e-ph coupling strengths (a) M = 0, (b) M/t =
0.2, and (c) M/t = 0.4.
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peak is (ag)Bz 0.3. The peak is well separated from
the incoherent part of the spectrum, which appears at
higher energies. The efFective QP band has its mini-
mum at k = (~&, &), the efFective mass tensor is highly
anisotropic with a smaller eigenvalue m~~ in the direction
( z, z ) ~ (0, 0) and a larger m~ in the perpendicular di-
rection ($, z) -+ (z, 0). The spectral weight is largest
along the line (vr, 0) ~ ($, 2), and it is decreasing in the
direction ( &, & ) ~ (0, 0).

Already a weak e-ph interaction introduces some qual-
itative changes, Fig. 1(b). The QP peak remains un-
damped at the bottom of the band but its strength is
reduced, especially near (z, 0) while at energies of the
order of 0 above the pole a new structure in the density
of states appears. It corresponds to the multiphonon ex-
citations found in the localized fermion limit. At higher
phonon coupling strength, Fig. 1(c), these new features
become more pronounced. Away from the bottom of
the band the QP pole is strongly suppressed and broad-
ened due to phonon-induced decay processes. The overall
bandwidth is not significantly changed. But the effective
mass of a single hole measured at the bottom of the band
is strongly enhanced. Results presented in Fig. 1 resem-
ble qualitatively the general situation for the whole inves-
tigated range of the parameters. We have also performed
calculation with different forms of M~ (e.g. , deformation
potential-like~s), but the results do not difFer significantly
provided the same ratio es/t & 1 is used. In the following
we thus present only results for Holstein interaction.

Within the pure t Jmodel th-e mass m~~ is much larger
than the bare mass mc. We focus now on the addi-
tional enhancement of the QP mass as function of the
e-ph coupling strength. In particular we investigate the
QP mass m' along ($, $) ~ (0, 0). The correspond-
ing mass enhancement parameter A* is defined as before,
rn*/m~~ = 1+A'. As important energy scales we expect
the polaron binding energy eg and the QP bandwidth.
We thus calculate A" for different values of the relevant
parameter eb/t„and vary the e-ph coupling M/t and
phonon frequency 0/t independently. The ratio A'/Ae is
shown in Fig. 2(a) for different coupling strengths. The
normalized results are essentially independent of M and
are well described by A' oc J/t, . According to Eq. (4)
a scaling A' oc Mz/(At) is expected in the perturbative
limit for tn'0 « l. In Fig. 2(b) we present the 0/t de-
pendence of the scaled quantity JM /(A'ts), which es-
tablishes the scaling rule A" oc 0/t. We find that the
scaling A" cg eb J/f, , crt =0.75/(1+ 1.5A/t) provides
a valid description of our data also outside the perturba-
tive regime.

Comparing the above results for A' with Ao obtained
for the free fermion case we see that when strong cor-
relations come into play A' becomes up to an order of
magnitude larger than the bare Ac in a large J/t range,
except when J/t ~ 0. This result, at first glance surpris-
ing, may be understood qualitatively within lowest-order
perturbation theory with respect to phonon exchange, us-
ing a simple dominant pole approximation for the fermion
Green's function

Gk(~) = + Gi,"'(~)
4) —6k
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FIG. 2. (a) Phonon-induced mass renormalization A'/Ao
vs J/t for three different M/t values and 0/t = 0.1. Here Ao is
the renormalization for noninteracting fermions. (b) A/t de-
pendence of JM /(A't ) for different sets of parameters M/t
and J/t. The dash-dotted lines indicate the perturbational
results (large J/t) .

where the pole strength ak and the QP band energy eg
are taken from a pure t-J model calculation.

For weak e-ph coupling one can generalize the pertur-
bative expression, Eq. (4), to the case of a QP band ap-
propriate for the f Jmodel with-anisotropic mass tensor.
Performing a similar calculation as in the perturbative
case, Eq. (3), we obtain an expression for the effective
mass which difFers slightly from that for the case without
coupling to spins, Eq. (4),

m//

( 2M'= 1+A' =
I

1 —— agm~~rnz~ A (7)

Here one difference is in the numerical factor due to
the four hole pockets forming the band minima at k =
(+ z, 6 z ) instead of a single one at (0, 0). Another differ-
ence is the appearance of an average pole strength a & 1
in contrast to the uncorrelated fermion case where a—:1.
In fact u is approximately given by a~k ~~ with ~p~ of the
order of (tn~~mg) ~ (20) / and kis at the QP bandmin-
imum. Due to the anisotropy of the mass tensor the bare
fermion mass me is replaced by (m~~mg) ~ . The inco-
herent part of Green's function G&c(ur) at high energies
yields a small correction to Eq. (7) of O[(A/8t)2] and is
neglected.

The numerical results for A' can now be easily ex-
plained for large J/t values. The efFective bandwidth
in this limit is strongly reduced due to correlations. Nev-
ertheless the hole motion can still be considered as co-
herent, and ak 1 within Born approximation (the strict
result for the limit J ~ oo is ak -+ 0.82 according to
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Ref. 17). We meet a situation similar to the free fermion
case. The only difFerence is a strongly reduced kinetic
energy of the hole which is no longer necessarily large in
comparison with the polaron binding energy. Thus the
inHuence of phonons is enhanced. In this regime the tran-
sition from the large to small polaron physics is expected
at correspondingly smaller e-ph coupling strength. ~o The
QP bandwith within t Jm-odel can be approximated by
rn~~ 2t / J and a 1, so A'/Ao = 4 J/& (mz /rn~~ )
This perturbative result is shown in Figs. 2(a) and 2(b)
for m~/m~~ 5 as obtained from the t Jmo-del calcula-
tion for J/t & 2. This estimate for A' is strictly valid
only for larger values of J/t. The reason why it repro-
duces the actual numerical solution so well for the whole
range of J/t is nontrivial.

To explain the results for J & t one has to consider
the details of the QP properties. According to Eq. (7)
it is clear that A' is determined by a subtle interplay of
the masses ( J ~), more precisely m~~

1.5t (J/t) '

and the reduced spectral weights ( J ).7 As the J de-
pendence of ak is strongly k dependent, a precise deter-
mination of a is not easy. We find that the product of the
QP pole strength and the effective mass in Eq. (7) tends
either to zero or to a small constant value for k = (0, 0)
and k = ( z, 2), respectively, and a is between these two
limiting cases. The phonon-induced renormalization is
small in the limit J (( t because the spectral weight of
the QP is small.

To give an estimate pertinent to the copper oxides we
choose a polaron binding energy eb 0.84 eV (Ref. 18) as
determined by Zhong and Schiittler~o for Tl(2:2:1:2)with

t 0.35 eV and 0 50 meV. This yields Aa = eb/4vrt
0.2. Hence for J/t = 0.4 we expect a substantial mass
enhancement A' 0.6 and pronounced satellite structure
in Gg((u).

We summarize by stressing that the mass renormal-
ization due to e-ph coupling may be understood by vi-
sualizing the rapid hole motion (on scale t) hindered by
a linear confining string potential due to the antiferro-
magnetic spin-background. As long as J/t is large, the
hole excursions from the center of the spin polaron are
restricted to a few lattice sites and the bandwidth is on
scale t / J. The slow coherent motion of the polaron en-
hances the effect of the lattice distortion, resulting in a
substantial QP mass enhancement. On the other hand,
for J —+ 0 the string potential becomes weak and the
hole performs large excursions on scale t. The spectral
weight in the coherent (QP) part of the spectrum tends
to zero. The influence of phonons on such a QP becomes
even smaller than Ao for J/t values below J/t ~ 0.1. Two
scaling relations are shown to describe the mass renor-
malization over a wide range of the parameters J, M~,
and A. Further studies for finite-doping concentration
are required to judge possible consequences for quasipar-
ticle interactions and for the Migdal-Eliashberg theory of
superconductivity.
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