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Multilayer helium films have, until recently, been predicted and observed to exhibit a standard form of
structural behavior: one or two solid layers reside adjacent to the substrate and continuous wetting

liquid extends outward thereafter. We report contrary theoretical results in the case of weak-binding

surfaces, the alkali metals and H2 being particularly important examples. Depending on the substrate

potential, the predicted behavior can be either nonwetting or prewetting. The focus is on He, but some

results for He are presented. Compound substrates, helium layer solidification, third sound, superfluid

onset, and possible phase diagrams for T&0 are discussed. The calculations utilize semiempirical
density-functional methods which have proven to be accurate in other applications. Recent experiments
with alkali metals and H2 are discussed in relation to theoretical results.

I. INTRODUCTION

~P=IJ PO s

hp=kTln(p/po) =f(d), (1.2)

where pp and pp correspond to bulk He, k is Boltzmann's
constant, and f (d) is related to the asymptotic substrate

Helium films have been extraordinarily fascinating sub-
jects for more than 50 years. ' Originally, their thermal
and mass flow properties attracted interest as manifesta-
tions of He bulk superfluidity. More recently, attention
has been drawn to these films as convenient probes of van
der Waals (VDW) forces, as examples of topological
long-range order7 (exhibiting a vortex-mediated Bose
superfiuid transition), as an example of a quasi-two-
dimensional (2D) magnetic solid or Fermi superfluid, '

and as a system exhibiting liquid-solid layering transi-
tions' '" inter alia. We predict in this paper other kinds
of phase-transition behavior, which we expect for ap-
propriate substrates. Both pure and isotopic mixture
films are discussed.

A "standard model" of He adsorption has been in-
voked traditionally to interpret extant data. We de-
scribe it now and take exception to it below. The model
describes the film's compression in the attractive poten-
tial V(r) provided by the substrate. ' This potential is
deemed sufficient to solidify one or more film layers.
Higher coverage films wet the substrate continuously.
The film thickness d is related to the thermodynamic con-
ditions (pressure p, chemical potential p, and temperature
T), by the relation"' '

potential. In the regime where retardation of the VDW
force can be neglected, '

f(d) = —b,C3/d

where

(1.3)

EC3 C3 C3' . (1.4)

C3 is the coeScient of the (nonretarded) VDW potential
provided by the substrate

V(z)- —C3/z (1.5)

V(r)= g u(r —R;), (1.6)

where one commonly assumes a Lennard-Jones (LJ) pair
potential

and C3' is the coefficient of a hypothetical He "sub-
strate. " Here z is the surface-normal coordinate. Equa-
tion (1.2) has been confirmed in at least one set of experi-
ments over an extended range of d, including retarda-
tion.

This standard model perceives the substrate as a nu-
cleation center for the adsorption process. While not
usually stated explicitly, this view is based on the belief
that He, the most inert and least polarizable gas, will be
preferentially attracted to any material other than itself. '

An explicit calculation that demonstrates this can be
done; the following heuristic discussion is an example.
The most frequently used derivation of the adsorption
potential is based on a sum of two-body interactions' be-
tween the He atom at r and the substrate atoms at R,-
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u(x) =4@[(cr/x )' —(a. /x ) ]

and the combining rules'

@=[HAH,e,„b]',o =(oH, +o.,„b)/2,

(1.7)

(1.8)

40

where the subscripts denote well depths eH, (e,„b) and
hard-core diameters oH, (cr,„b)for the He-He (substrate-
substrate) interatomic potential. Since the adsorption
potential-well depth (D) is typically 5e, and since
es„b& eH„ this analysis yields well depths D ~ SeH, = 50
K. The resulting binding energy Eb greatly exceeds the
cohesive energy ~poly=7. 17 K of liquid He; the film's
compression, solidification, and wetting behaviors follow
as plausible consequences.

The preceding argument has one major flaw, with
qualitative implications for the conclusion: a substantial
error can arise from use of the combining rule (1.8).
When the ionization energies of the interacting atoms
differ by a large factor, the discrepancy in c. can be as
much as a factor of 10.' For alkali-metal-atom —noble-
gas-atom interactions this can be interpreted in terms of
the anomalously large equilibrium separation due to the
weakly bound valence electron. ' As a consequence, the
pair well depth is less than or of order one-half of that of
the noble-gas atom interacting with its own kind. ' ' An
alternative route to the same (qualitative) conclusion is to
derive V(r) from a collective, many-body theory of the
substrate's electronic response to an adatom. ' '" The
well depths that result can be quite shallow', see Fig. 1,
which displays only the small D cases of adsorption. One
observes that D can be comparable to ~po~ in some weak-
binding cases. In such instances, the "standard model"
of adsorption behavior is totally inappropriate. Qualita-

tively distinct phenomena are expected to occur, as de-
scribed below.

The organization of this paper is as follows. Section II
treats He adsorption, using a density-functional mod-
el. ' This leads in some cases to wetting behavior, in-
cluding the possibility of a presetting transition.
Prewetting, a discontinuous jump in coverage, has been
predicted, but not yet observed, for classical gases. ' '

It turns out to be more readily observable for He than for
classical films and in fact may have been observed in re-
cent experiments of Shirron and Mochel ' on He ad-
sorbed on H2. Xonmetting is predicted in other cases; for
the most favorable weak-binding case of He on Cs, our
prediction of nonwetting has been very recently verified
by Nacher and Dupont-Roc, and by Mukherjee, Druist,
and Chan. Other recent work by Ketola, Wang, and
Hallock using third sound shows a large, approximately
ten-layer prewetting jump for He on Cs. This prewet-
ting jump and subsequent wetting are suggested to be in-
duced by Cs surface roughness, a scenario which is con-
sistent with He nonwetting on a smooth Cs substrate.

The primary focus of Sec. III is on the low-temperature
adsorption of He on simple substrates. A number of
other issues are addressed, however. These include He
adsorption on common substrates such as graphite plated
with several layers of alkali metals, estimates of substrate
potential strengths required to solidify either one or two
layers of adsorbed He, third sound, superfluid onset, and
possible phase diagrams for T)0. Finally, comparisons
with available experimental data are given.

Section III examines wetting of He on weak-binding
substrates. The results are less complete in this case, but
show qualitatively similar features. A difFerence for He
is the possibility of a prewetting transition between a 2D
superfluid gas phase and a multilayer liquid.

Section IV summarizes our results. Some aspects of
the present theory have been described previously in
short communications.

30 Mg II. HK FILMS

A. Introduction
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FIG. 1. Phase diagram of "He adsorption on weak-binding
substrates. Each point corresponds to a substrate potential
characterized by well depth D and van der Waals coef5cient C, ;

values are selected from those reported in Ref. 12. Estimated
uncertainties are 30% and 10%, respectively. The solid curve is
the wetting-nonwetting boundary predicted from the nonlocal
density-functional theory. The dashed curve uses the more
simplistic estimate, based on Eqs. (2.1) and (2.3).

In this section we use density-functional theory to cal-
culate the equilibrium properties of zero-temperature He
films adsorbed on weak-binding substrates such as the al-
kali metals and H2. Our quantitative analysis uses a non-
local functional developed by Dupont-Roc et al. and
used in a study of helium mixture films. Qualitatively,
the key physics of wetting versus nonwetting may be un-
derstood from a simple estimate of the energy balance
when a film is deposited on a surface. The gain in energy
per unit area of a thick film due to the attraction of the
substrate is of the order of the integral of p(z) V(z), where
V(z) is the external potential due to the substrate, which
occupies the half space z ~0, and where p(z) is the film
atomic number density. The cost in energy is that due to
the creation of two interfaces in the film and is of the or-
der of twice the liquid-vapor surface tension 0.

~,. Hence,
an approximate criterion for nonwetting is

cr„~—,
'
po f V(—z)dz, (2.1)

min



46 PHASE TRANSITIONS IN MULTILAYER HELIUM FILMS 13 969

where we approximate p(z} by the bulk He density po at
zero temperature and pressure, and z;„is the position of
the minimum of V(z}. For specificity we employ the
Lennard-Jones potential due to a planar substrate

0.6

0.5

4C3 ] C3
V(z) =

27D2 9 3
(2.2)

0.4

where, as above, D is the well depth and C3 the VD%
coefficient. Combination of Eqs. (2.1) and (2.2) yields,
with the appropriate He parameters,

(C3D )' 3.33cri„/po=43 KA

as our approximate condition for nonwetting. This is

plotted as the dashed boundary in Fig. 1; we shall see that
it compares surprisingly well to the results of the full

theory.

0 $0
~O

0.2

0.1

0.0
0.0 0.5 1.0 1.5 2.0 2.5 3.0

B. A simple model

The analysis of Eq. (2.1) can be improved upon by use
of a simple phenomenological model which permits ex-
amination of the prewetting transition sheet emerging
from the wetting-nonwetting boundary. Assume that the
film has thickness I and uniform density p, that the gra-
dient energy due to the presence of surfaces varies ex-
ponentially from zero at l =0 to (I+5)cr~„overa charac-
teristic length g, and that the repulsive core of the poten-
tial limits the approach of the film to a distance g from
the substrate, where g=(2C3/3D)'~ is the position of
the minimum of V(z). Then

FIG. 2. Prediction of the simple model, Eq. (2.5), with P=3
for the dimensionless excess surface tension as a function of film
thickness (measured in units of the adatom equilibrium dis-
tance). From top to bottom, the curves are for values —0.2,—0.120, and 0 of the field h. These correspond to cases of a
wetting film at coexistence, a prewetting transition, and a zero
thickness unsaturated film, respectively, as discussed in the text.

0 8-

cr(l, bp)=o o+cr~„(1+5)(1—e ' ~)

+ f dz p V(z) ply p, — (2.4)

where 0. 0 is the bare substrate surface energy. Inputting
Eq. (2.2), we rewrite Eq. (2.4) in terms of the dimension-
less variables

o (1,b p, ) cr( ~,0)—
x = I /g, P= (/g, and h = +Ay/D as

0. 6-

0. 0-

0. 2-
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W
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5cr(x, h) = —ae ~"+ 3

4(1+x)
I —xh,

16(1+x )

(2.5)

(1+5)o,
„

s»k
(1+5)o,

„

p( —'C3D')' ' (2.6)

The model specified by Eq. (2.5) has phase diagrams in
a-h space which depend in important ways upon p. 39

For p&2. 2 (or g(g/2. 2) the behavior is most similar to
that found in Sec. IIC using the fuH nonlocal density-
functional theory. Large p indicates that the energy
cost of forming film surfaces reaches its limit rather rap-
idly with increasing thickness. We choose P=3 for pur-
poses of illustration.

To examine wetting versus nonwetting we set h =0,
placing us at liquid-gas coexistence, and we search for the
minimum of 5cr(x, 0) as a function of x. Straightforward

5--
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FIG. 3. Predictions of the simple model for P=3: (a) the
phase diagram in a-h space with the prewetting line PR' and
wetting transition point 8', and (b) the film thickness jump Al
(in units of the adatom equilibrium distance) along PW.
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C. Nonlocal density-functional theory

Now we address the physics of He films quantitatively
within the nonlocal density-functional theory of Dupont-
Roc et al. Our treatment is restricted to T=O, and our
substrate is translationally invariant parallel to the
liquid-solid interface; thus we assume any He film to be
completely superQuid. The He functional embodies a
nonlocal generalization of the Skyrme ' formalism intro-
duced in nuclear physics and is similar in spirit to the
work of Tarazona for classical fluids. It has the form

F~ = f dr H„)(p,Vp),

$2
H „&

=
~ VP ~

+ —,
' f dr'[p( r)p(r') VI (

~
r —r'

~
) ]

(2.7)

analysis shows that the minimum occurs at x=0 for
a )—'„'=0.6875 and at x = ~ for a & —'„',so that the condi-
tion a=

—,", determines the wetting-nonwetting boundary.
This condition is precisely the same as that of Eq. (2.3)
with the choice 6=1.0. In the range 0&&x& —'„',wetting
occurs via a prewetting transition, characterized by a
film thickness jump from 1=0 to a thickness 61. Plots of
ficr(x, h} are shown in Fig. 2 for three values of h. These
are h =0 (coexistence), h = —0. 120 (at the prewetting
transition where there are equal minima at 1=0 and at
l=b, 1=1.066(), and h = —0.2 (where the equilibrium
film thickness is zero). Figure 3(a) shows the phase dia-
gram in o,-h space with the prewetting line PR' and the
wetting transition point 8' indicated. The film thickness
jump along I'W is plotted in Fig. 3(b). We shall see that
the predictions of this simple model are qualitatively con-
sistent with those of the next section. Note that the wet-
ting transition terminating the prewetting line is driven
by changes in a, rather than by the temperature.

V(R)=4@I g
T

V, (R)= VI(h)
R

12 6

for R ~h,

forR &h .

(2.9)

(2.10)

where V(z) is given by Eq. (2.2), and A is the surface
area.

The film density profile is determined by the Euler
equation

p=fie/fip(z) . (2. 12)

This equation can be integrated numerically to obtain the
film profile at any chemica1 potential p for any surface
characterized by C3 and D. A further integration gives
the film coverage n per unit area (or a corresponding film
thickness l, in nominal "layers" ) and the surface free en-

ergy o (per unit area),

Finally, P(r) =&p(r), and m is the atomic mass.
The p, in Eq. (2.S) is the "coarse-grained density, "

defined by averaging p(r) over a sphere with radius
h =2.377 A. With the parameters e= 10.22 K, 0 =2.556
A, c = 1.045 54 X 10 K A "+ ', and y =2.8, this model
accurately reproduces the equation of state, surface ten-
sion, and static density-density response function of bulk
liquid He.

It is straightforward to apply the above model to the
problem of thin liquid He films adsorbed on a substrate
surface by including the contribution of the substrate po-
tential V(z) to the total density functional. The energy
per unit area of the film is now

1 E4E=—f dr H(p, Vp) = + f dz p(z}V(z), (2.11)

+—p( )(P ) (2.&)
l —= ,"„=„,f dz p(z), (2.13)

where vI is the standard Lennard-Jones He- He interac-
tion potentia1, screened at distances shorter than a
characteristic length h,

(2.14)

The explicit form of the Euler equation is given by the
integro-differential equation

d (z)
2m

+ [ U„,(z)+ V(z)]$(z) =pP(z),

5 1

6 3

2

z —h oo, , 1 0
U„,(z) =4rreo f + f dz'p(z')

z+h 5 z —z'

z+h, , 8 g+4vreo. dz'p(z') .
z —h 15

1

2 z —z'

'6

4

6 4
z —z t

1

(2.1S)

+ (1+@)f dz' 1—
8h z —h

z —z'
p(z')(p, )~+ —(p, )'+~

~ . (2.16)

In the low-coverage limit the self-consistent mean field

U„i(z) is negligible so that Eq. (2.1S) becomes the
Schrodinger equation for a single He atom in V(z), and
the density profile is proportional to the square of the

I

ground-state wave function of this equation. The cover-
age thus approaches zero in the limit that p~ —eb from
above, where e& is the single-atom binding energy in

V(z).
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—2 TABLE I. Contact angles l9 in degrees, prewetting film thick-
ness jumps (in layers), where relevant, and values of the poten-
tial parameters C, and D for the alkali metals and H~ appearing
in Fig. 2.

—10

—12

4 I I I I I I ~ ~ I I ~ ~ I I I ~ I I I I I i ~ I

6 8

Coverage (layers)
10

Element

Li
Na
K
Rb
Cs
H,

0'
0'

73'
87'
95'
0

0.80
5.25

0.42

C3 (KA )

1360
1070
812
754
673
360

D (K)

17.1

10.4
6.26
4.99
4.41

28

FIG. 7. The chemical potential p(l) at C3=1000 KA for,
from bottom to top, D =22.5, 10.5, and 8.5 K.

osv os'cosO= (2.19)

where o.„,o.,~, and o~„arethe substrate-vapor, substrate-
liquid, and liquid-vapor interfacial tensions, respectively.
The right-hand side of Eq. (2.19) can be calculated readily

2

I

—4

cr(l, b,p, ) has equal minima. [A Maxwell equal-area con-
struction on p(l) is equivalent]. In Fig. 8 we show o (l, O)

for, from top to bottom, a case of nonwetting and two
cases of wetting (which have prewetting transitions at
bp(0) Fo.r large I, cr(t, O) —o(oo, O)=b, C3po~ /2t is
determined by the difference in van der Waals
coefficients.

Key predictions of this work include the wetting be-
havior of He on real weak-binding substrates. Points
corresponding to such substrates, with values of C3 and
D from Refs. 12 and 34, are plotted in Fig. 1. The alkali
metals Cs, Rb, and K are in the nonwetting regime, while
Na is close to the transition line in the wetting regime. In
the nonwetting regime contact angles of He droplets can
be found from Young's equation,

from Eq. (2.14) at coexistence. The results for 8 as well
as prewetting jumps are given in Table I.

Other work on thin super6uid films which is closely re-
lated to ours in terms of methodology and, in part, results
is that of Krotscheck and co-workers and Ji and
Wortis. The latter authors, in fact, explicitly vary their
overall strength A, of the substrate- He potential to pro-
duce a phase diagram in b p —k space possessing a wet-

ting transition with an associated prewetting line rather
like a cut through Fig. 5 at constant C3. The results are
not related to real weak-binding substrates, however.
Wetting and prewetting transitions as a function of po-
tential strength, while implicit in the work of Ref. 45, are
not explored.

D. Compound substrates

The discussions above have illustrated some new and
fascinating phenomena in wetting transitions. One of the
most critical problems here is the availability of the weak
substrates which satisfy the conditions listed above. Un-
fortunately, however, only three alkali-metals are predict-
ed to show He nonwetting. For prewetting, only Na is

close enough to the transition line to have a substantial
prewetting jump, as seen in Table I. Other traditionally
studied substrates such as graphite and other metals have
too large well depths to display nonwetting, and
significant prewetting behavior is preempted by first-layer
solidification phenomena.

One relatively easy way to circumvent this problem is

to preplate alkali-metal layers onto these strong sub-

strates. The resulting "compound substrate" is very like-

ly to have a total substrate potential whose well depth is

close to that of the alkali-metal overlayer (o) while the

long attractive tail (C3) is close to that of the underlying
substrate (s). We write the total potential as a simple sum

of two contributing parts,

V(z) = V„(z)+V, (z), (2.20)

—12

V„(z)=
CHe ~ —CHe o

9 9

(z —d')' z' (2.21}

4 6
coverage (layers)

10

0 3FIG. 8. The surface tension 0.(1) at C3 =1000 K A for, from
bottom to top, D =22.5, 10.5, and 8.5 K.

V, (z)=—CHe —o
3

(z —d')
3 3

z3
(2.22)

where V„and V, are, respectively, the repulsive and at-
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tractive parts of the total potential. Here we have as-
sumed that the overlayer (of thickness d') continuously
occupies the region 0(z ~ d', while the underlying sub-
strate occupies the half space z ~ 0.

The superposition of the potentials in Eq. (2.20)
renders the total potential complicated. The attractive
part, Eq. (2.20), is no longer in the familiar VDW z
form. The "effective C&" of the total potential is no
longer a constant, but a function of the overlayer thick-
ness d'. However, for the region z )&d', we have

V, (z)-—C 3

z3
(2.23)

i.e., the effective C& is dominated by the underlying sub-
strate.

On the other hand, the overlayer is the dominant fac-
tor in the short range (repulsive part) of the potential,
which strongly affects the well depth D. For a relatively
large d', the total short-range potential will be dominated
solely by the alkali-metal overlayer. Therefore one ex-
pects a small well depth (close to that of the alkali-metals)
and He nonwetting in the cases of the heavier alkali met-
als. As d' decreases, the (strong) attractive part and
eventually the repulsive part of the underlying substrate
potential will have its effects in the total potential and
make D increase. At a critical overlayer thickness
D'=d;, the potential well becomes attractive enough for
the He film to wet it. In situations where the overlayer
thickness d' can be continuously controlled in experi-
ments, we expect to see a resulting compound substrate
with continuously variable contact angles in the nonwet-
ting case and continuously variable prewetting jump size
in the wetting case. In Table II we list the values of d, of
commonly available substiates with the alkali metals for
which we predict He nonwetting. We note that the
overall range of d, is only several angstroms, so that only
a few alkali-metal layers need to be preplated before He
no longer wets the substrate. With increasing d', the
contact angle of the "He droplet increases, approaching
the value on the bare alkali metal. We note that the
above model is not expected to be quantitatively accurate,
given its simplicity. In particular, the continuum as-
sumption is not reliable when only a few overlayers are
present. Discrete models are necessary for more accurate
results.

Finally we note that it is an excellent approximation to
continue using the two parameters C& and D to charac-
terize the total potential. Especially for the case of pre-
dicting wetting behaviors, one can use the approximate
C& of Eq. (2.23) and the well depth D of the total poten-
tial and the phase diagram in Fig. 2 to estimate whether
the compound substrate supports wetting by He films.

E. Layer solidification in He films

In this section we look more carefully at the state of a
helium film on a given substrate. The different situations
to expect, as a function of increasing D, are the following:
nonwetting, wetting with prewetting, and solidification of
one or two layers. One of the most important issues in
the wetting and superfluidity of He films is to determine
the substrates on which helium will solidify. It is well
known, for example, that two layers solidify on graphite,
while the state of the third layer, probably fluid, ' is
not quite clear, in the sense that it is inert with respect to
observation of third sound.

The approximation of translational invariance in our
calculations prevents us from answering the question of
solidification directly. However, one can still work out a
criterion allowing us to assign a solid or a liquid charac-
ter to each of the first layers. The criterion is a straight-
forward extension of the approach of Cheng, Ihm, and
Cole to the present model.

We first remark that a layer is a 2D "He system with
chemical potential equal to that of the whole film. Rely-
ing on the equation of state of a 2D He system calculat-
ed in Ref. 43, it appears that solidification in 2D occurs
for a change in chemical potential of about 9K [the
difference between the chemical potential at 2D
solidification, 8.2 K, and that of the liquid at equilibrium,
-0.8 K (Ref 43)].. Hence if, for a given substrate, the
chemical potential changes by more than 9 K during
completion of a layer, then one may consider that this
layer is solid. Actually one should recognize that a layer
may solidify upon the addition of subsequent layers; in
view of our other approximations, we shall neglect this
effect. This leads us to compare the variation of the
chemical potential Ap=p(nf ) —p(n, ) between the cover-
age nf for which a given layer reaches completion and
the coverage n,. for which it starts forming. For EJM

larger than 9 K, solidification is likely to occur. A possi-
ble alternative criterion would be to compare the in-
tegrated density of each layer to the value of the 2D den-
sity at solidification found in Ref. 43, namely 0.0678 A
However, this criterion is diScult to use because a layer
is a true 2D system only for very strongly attractive sub-
strates. For weakly attractive ones, the density between
maxima is not small, implying that helium atoms are able
to move from one layer to the next one. Here the density
criterion would still predict a solid phase because the in-
tegrated density over a layer tends to the bulk value of
0.078 A, which is larger than the 2D solidification den-
sity.

Figure 9 shows the variation of the chemical potential
p as a function of coverage for three different substrates:
graphite, magnesium, and sodium. The case of graphite,

TABLE II. The critical overlayer thickness d, (in A) of alkali metals Cs, Rb, and K on top of vari-
ous substrates.

Cs
Rb
K

NaCl

0.8
0.8
1.4

2.2
2.4
3.4

Graphite

3.0
3.4
4.4

Al

3.6
3.8
5.0

CU

4.0
4.4
5.6

Ag

4.6
5.0
6.4

Au

5.0
5.4
7.0
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where the factor n, (T, }/n, (0)=0.82 is from Ref. 53.
For our thinnest prewetting films (-0.4 layers) the tran-
sition temperature would be approximately 0.5 K. Note
that this estimate is slightly below the transition tempera-
ture of 0.72 K found for 2D He found by Ceperley and
Pollack using path-integral techniques.

This simple picture is rendered more complex in the
presence of substrate potentials with either periodic or
random character parallel to the plane of the interface.
In both situations the superfluid density will be less than
the total density, so that a part of any liquid film will ap-
pear inert in third-sound and torsional oscillator ex-
periments. Further, in both situations it is possible, de-
pending on the interactions, to have nonsuperfluid
phases at T=O. The relevance of these phases to He
films on weak-binding substrates is being explored.

-4
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FIG. 12. Chemical potential and third-sound speed [usiug
0 3

Eq. (2.24)] vs coverage for the values C3 =345 K A and D =28
K appropriate to He on a solid H, substrate.

H. Phase diagrams for T ) 0

It is of considerable interest to explore the temperature
dependence of the wetting-nonwetting phase diagram of
Fig. 5. First of all, we expect the wetting transition line
at coexistence to be shifted to smaller D as thermal exci-
tations lower the film free energy. The transition occurs
when

F. Third-sound oscillations

o,„(T)=o.„(T)+o,„(T).
At low temperature

(2.26)

The oscillatory character of the density shown in Fig. 4
might well be expected to emerge in physical properties
which are sensitive to film thickness. Such, indeed, is the
case for the third sound velocity c3, which is given by (see
the Appendix and Ref. 51),

n, au
C3 =

m Bn
(2.24}

G. Superfluid onset

Our calculations for He films have been restricted to
T=O and have assumed potentials translationally invari-
ant in the plane of the substrate surface. Hence, if we re-
strict our considerations to regions where no
solidification is expected (see Sec. II E), any film will be
superfluid and could in principle be detected by third-
sound experiments. For T)0, the films will undergo
Kosterlitz-Thouless transitions to the normal state at
temperatures governed by the usual relation

n, (T, )mA n, (0)vrR
T, = =0.82 =1.221,

2mk 2mk
(2.25)

where n, is the superfluid density per unit area and of the
film. Using the assumption that n, =n, and noting that
p( n ) is a direct output of the nonlocal theory, c3 is calcu-
lated from Eq. (2.24). For specificity we plot b,p=p —

po
for the parameters appropriate to a solid Hz substrate in

Fig. 12. The density oscillations are clearly reflected in
the oscillations of c3. A detailed study of third sound on
H2-plated graphite and graphite alone will be published
elsewhere.

o,„(T)=crl„(0)—aT" (2.27)

where a=6.5X10 dyn/ctnK i, due to ripplons.
The temperature-dependent corrections to rr,„(T)and

o,i(T) will vary as T due to Rayleigh waves and bulk
phonon reflection at the wall-vapor and wall-liquid in-
terfaces. Consequently, Eq. (2.27) provides the dominant
T dependence of the wetting transition line. A substrate
near this line on the nonwetting side will be wet by He at

T= [5tr /a ]si7= 0.2p,C,'"SD

D 1/3g
(2.28)

a„=o~/T =k g(3)/[2rr(As) ], (2.29)

which is of order 8X 10 dyn/cm k, if we substitute an
estimate of s =2000 m/sec. Hence even at T=1 K, the
thermal contribution of the Rayleigh (and sound) waves
is negligible compared to that of the ripplons, so Eq.
(2.28) should be quite accurate.

Next, we consider the behavior of prewetting for T)0.
For fixed D and C3 we expect a phase diagram like that

where 5' is the T=O excess surface tension of a hy-
pothetical film, i.e., the difference between the right and
left sides of Eq. (2.26). The second part of Eq. (2.28) re-
sults from the use of Eq. (2.3) to estimate the dependence
of 5' on 5D, the distance the substrate is below the wet-
ting line at T=O. This prediction is actually more robust
than the derivation might imply because of the stiffness of
the Rayleigh (and sound) waves relative to the ripplons.
Letting s be the Rayleigh wave speed, the pertinent
coefficient is calculated to be
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of Fig. 13(a). The prewetting transition at T=O (Ref. 25)
will have an Ising-like critical point C, at finite tempera-
ture. For values of D such that the prewetting transition
is similar to the liquid-gas transition in 2D He (for
C3 =1000 KA, this means D )20 K; see Fig. 6), the
critical temperature at C, will be of the order of the T =0
binding energy per particle of 2D He, or 0.8 K. As the
binding energy per particle (relative to its limit at zero
coverage) increases with decreasing D (see Fig. 7), we an-
ticipate that prewetting critical temperatures increase
with decreasing D as well. For a case where there is
nonwetting at T=O but thermally induced wetting at
some T) 0, the phase diagram will look like that of Fig.
13(b). This information, collected in a more global
fashion in T—hp —D space at fixed C3 is sketched in

Fig. 14. In Fig. 14, W, W2 is a line of wetting transitions
at T )0 and Ap=O, W, P is the T=O prewetting line,
and C&C2 is a line of prewetting critical points. P C,
and WCb represent the prewetting lines shown in Figs.
13(a) and 13(b), respectively. The slope dT/dD= oo of
W& Wz at T=O can be deduced from Eq. (2.28), while the
slope dip/dD=0 for W, P at Ap=O emerges from our
T=O computations in both the simple model of Sec. II 8
[see Fig. 3(a)] and the nonlocal density-functional theory.
It seems likely that W& Wz will approach the He liquid-

gas critical point as D is reduced, with a variety of possi-
bilities for the extension of C, Cz (see, e.g. , Ref. 59). Note
that in the context of the global picture given in Fig. 14,
it seems most natural to call both WCb and P C, prewet-

ting lines.
In the above discussion we have ignored the issue of

C

C,

FIG. 14. Phase diagram for fixed C3 in D-T-hp space.
Wl W2 is a line of wetting transitions at T ~ 0 and hp =0, Wl P
is the T=O prewetting line, and CiC, is a line of T&0 prewet-

ting critical points. P,„C,and WCb represent the prewetting
lines shown in Figs. 13(a) and 13(b), respectively.

superfluid onset. However, a plausible scenario is that at
some T )0, the prewet ting film will undergo a
Kosterlitz-Thouless transition at some temperature less
than that of the prewetting critical point. Dashed lines of
Kosterlitz-Thouless transitions in agreement with this
scenario appear in Figs. 13(a) and 13(b). The correspond-
ing sheet of Kosterlitz-Thouless transitions is not shown
in Fig. 14 as it reduces the clarity of the figure. In Fig. 13
the Kosterlitz-Thouless lines do not extend into the thin-
film regions. While such extensions are not in principle
forbidden, further analysis shows that they are not ex-
pected to occur.

A generalization of our density-functional theory to
the T )0 case would provide, in principle, one means of
explicitly calculating phase diagrams such as those
sketched in Fig. 13. Such an approach would require at
least two order parameters to properly account for both
normal and superfluid densities.

P
W Ca I. Comparisons with experiments

C
b

FIG. 13. Schematic phase diagrams for the cases of (a)

prewetting (P ) at T=O, where P C, is a prewetting line ending
in a critical point C„and (b) wetting (W) at T &0, where WCb

is a prewetting line ending in a critical point Cb. In both cases
K-T& is a line of superAuid transitions.

Quite recently experimental work designed to test our
predictions concerning He wetting and nonwetting of
the alkali metals has been performed. ' ' Observations
by Nacher and Dupont-Roc ' of heat flow in He films in

a glass tube, with and without an interior cesium ring,
show that He does not wet cesium, in agreement with
our predictions [see Fig. 1]. Very recent volumetric va-

por pressure isotherm measurements by Mukherjee,
Druist, and Chan indicate a complete absence of He
adsorption on cesium-coated graphite for temperatures
T 2 K. This result is in agreement with our prediction
and with the Nacher and Dupont-Roc ' observations; it
does, however, go farther in that it measures a coverage
consistent with our prediction of zero at T=O. Finally,
measurements, also very recent, of third-sound propaga-
tion in He on Cs-coated glass by Ketola, Wang, and Hal-
lock find that the sound does not propagate when the
He vapor pressure is such that He adsorption on bare

glass is less than nine layers. The sound does propagate
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when this thickness is greater than 11.5 layers, and there
is hysterisis between 9 and 11.5 layers. This result is con-
sistent with our prediction and the results of Ref. 62 if (1)
there were sufficient surface impurities, e.g., oxygen, pro-
moting wetting by increasing the effective well depth D to
just above the wetting-nonwetting line in Fig. 1, or (2) the
Cs surface, having area A„was rather rough, enhancing
its associated surface energies by a factor A, /A, where
A is the area of the (flat) liquid-vapor interface. In the
latter case, the nonwetting region is determined by (as-
suming that the length scales associated with the rough-
ness are large compared to atomic scales),

A
~sl —~sv+

A
~lv '

S

(2.30)

The factor (A /A, ) & 1 allows one to violate the inequali-
ty at smaller D than for the case of no roughness since 0,~

is a decreasing function of D.
Nacher and Dupont-Roc observed wetting on Rb, K,

and Na. Wetting on Rb and K disagrees with our predic-
tions. There are both experimental and theoretical un-
certainties which could resolve the discrepancies. As
noted by the experimentalists, oxides, which were inevit-
ably present to some unknown degree, would favor wet-
ting when it would otherwise not occur. On the other
hand, the detailed theoretical predictions for specific ele-
rnents are subject to uncertainties in the values of the po-
tential parameters employed; see Table I. These are, in
fact, theoretical values, as there exist no experimental
data pertinent to He adsorption on the alkali metals.
Published theoretical values for D differ by as much as
50%, while those for C3 differ by up to 10%.' Under
these circumstances, our quantitative predictions for
specific substrates, but not the qualitative trends, are
necessarily uncertain.

Behavior qualitatively similar to that of He is expect-
ed for the heavier noble gases, but the interaction param-
eters are not well known. Indeed, there are experimental
data which have been interpreted as implying that Xe
and Ar do not wet potassium-coated Ni(100) but do wet
the bare surface. There is evidence that Kr does not ad-
sorb significantly on Na. Finally, recent work indi-
cates that none of the heavier rare gases, Ne through Xe,
wets Li, Na, or K-plated Ru(001), although they do wet
bare Ru.

It is important to assess the observability of prewet-
ting within our theory, given that prewetting transitions
have proven so notoriously di%cult to observe in classical
systems. We find that prewetting typically occurs at
Ap- —1 K. While our calculations are strictly applic-
able only at T=O, we can assume that at low tempera-
tures the phase diagram will be similar to that at T=O,
so that prewetting would occur at a He vapor pressure P
given by the ideal-gas result P=P eoxp(hplT) ~POI2. 7
for T~1 K. Thus, P is expected to be substantially
separated from Po and should be readily observable. A
plot of the magnitude of the prewetting jump b, l (in lay-
ers) is given in Fig. 6 as a function of D for fixed
C3=1000 KA . Note again that A1 is infinite at the

wetting-nonwetting boundary (at D =DO=9.6 K) and ap-
pears to saturate at a value of about 0.4 layer for large D.
Shirron and Mochel ' have recently measured adsorption
isotherrns and third-sound velocities for He adsorbed on
H2. Near P/Pa=0 they observe a rapid rise in coverage
at T=O. 8 K to about 0.5 layers. For Hz at T=O we find
a prewetting jump of 0.43 layers at hp= —3.59 K. Us-
ing the ideal-gas result just quoted at T=0.8 gives
P/Pa=0. 01. Thus both the observed coverage jurnp and
the pressure range over which it occurs appear consistent
with our prewetting predictions for He on H2. A very
recent, more detailed, study by Chen and Mochel of
third sound and heat capacity in the submonolayer region
has indicated the presence of a new phase transition here,
most likely a prewetting transition. If further studies at
very low P/Po confirm this picture, prewetting will have
been seen for the first time since its prediction in 1977.
Recent precision measurements by Greywall and Busch
of the heat capacity of He on a graphite surface in each
of the first three layers indicate the presence of a 2D
liquid (which solidifies with further coverage in the first
two layers but probably not in the third) with a density of
about 0.04 A, essentially identical with our saturation
value at large D of Al in Fig. 6. We interpret the third-
layer 2D liquid-gas transition as the closest analog of
prewet ting in the weak-binding case. The predicted
prewetting jump of 5.25 layers on Na is rather large and
should be readily observable. We expect that the thin
films at prewetting transitions, which have zero thickness
at T=O, will have increasing nonzero thicknesses as a
function of T.

Substrates such as Hz, Ne, and Ar, which are less weak
binding than the alkali metals, have received recent ex-
perimental attention. ' ' ' ' ' The case of a H2 sub-
strate, falling on the wetting side of the wetting-
nonwetting borderline of Fig. 1, is of particular interest.
Recent experiments ' ' ' show that He wets H2. Fur-
ther, the third-sound experiments

' show an oscillatory
structure qualitatively similar to our theoretical one of
Fig. 12. However, we observe a periodicity of one layer,
as opposed to the half-layer periodicity of Ref. 31 ~ As far
as we know, no mechanism has been proposed to explain
half-layer periodicity. Indeed, the third-sound data of
Zimrnerli and Chan for the case of a H2 bilayer on
graphite show oscillations with the expected periodicity.

Experiments on compound substrates would appear to
be a fertile area for future investigation. In particular,
the case of He adsorbed on Cs-preplated graphite (see
Table II), is the case where a crossover from wetting to
nonwetting as a function of increasing Cs thickness can
be confidently predicted.

Similarly of interest are porous media which present
weak-binding surfaces. Relative to the planar case, the
energy balance is altered by the modified potential field
and the possible absence of a liquid-vapor interface, in
the capillary-condensed phase. For instance, the analog
of the left-hand side of Eq. (2.1) in the latter case would
be reduced by a factor of 2 for an idealized plane-parallel
model of the pore. For very small pores the geometry
will also decrease the attractive well depth D.
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III. He

A qualitative understanding of wetting of liquid He
can be obtained through the simple Eq. (2.3), which also
applies here. Introducing the appropriate values for the
surface tension and equilibrium density, the nonwetting
condition becomes

(CqD )' ~23 KA . (3.1)

The lowest value of the left-hand side of this equation,
obtained from the data of Fig. 1, is about 24 K A for Cs,
implying that this case, and only this case, is marginally a
candidate for nonwetting. However, Eq. (3.1) provides
too strong a constraint, because it assumes that the fluid

energy associated with the formation of the interface with
the substrate is the same as for the free surface, ~hereas
it is actually greater. Indeed, the free-surface profile min-
imizes the surface tension, so any perturbation of this
profile, e.g., that produced by the substrate potential, will

cost more energy. Hence the nonwetting line lies certain-
ly above that given by Eq. (3.1), as is seen for the He case
in Fig. 1. The question is now to estimate whether it is
sufficiently far above in order that some of the alkali met-
als lie in the nonwetting region.

A nonlocal functional for pure He can be constructed
along the same line as for He (Ref. 23) or helium mix-
tures. Surface properties using such a functional have
been calculated in Ref. 71, where it was shown that the
actual surface tension is correctly reproduced; a related
approach, starting from the pseudopotential theory of
Pines and co-workers, can be found in Ref. 72. In the fol-

lowing, we investigate wetting of liquid He within the
framework of Ref. 71, which we now briefly recall.

The ground-state wave function is chosen as a Slater
determinant of single-particle states 4;, to be determined
self-consistently. The energy of the fluid is written as

2m *(r) 2m~

p(r)
Pc

2

(3.3c)

where m 3 denotes the bare mass of a He atom.
The functional so defined depends on four parameters,

the values of which are determined by asking that four
properties of the liquid be correctly reproduced, namely
the energy per particle, the compressibility and the densi-
ty at saturation, and the effective mass. The resulting
values are

h3=2. 356 A,
c =1405057 K'+~,

y3=2. 1,
p, =0.0406 A

(3.4a)

(3.4b)

(3.4c)

(3.4d)

d~@(z)

2m *(z) dz

d
dz 2m '(z)

dP(z)
dz

+ k + U„)(z)+ V(z) 4(z) = ek k 4(z) .
2m*(z) z

(3.5)

With these parameters, the equation of state and the den-
sity dependence of the effective mass are accurately
reproduced up to solidification pressure.

The reduction to a planar geometry is done in the same
way as for pure He. The eigenstates are now labeled by
a 2D momentum k parallel to the substrate and a
momentum k, perpendicular to it. Minimizing the ener-

gy of the system under the constraint of normalized wave
functions leads to a set of coupled Hartree-Fock-like
equations,

E=Ek;„+E
„

with

E „=—,
' fp(r) VI(r —r')p(r')dr dr'

C3+ fp(r)l p(r)] dr,
2

(3.2a)

(3.2b)

The Lagrange multipliers eI, A. appear as the single quasi-

particle energies. Their values are imposed by the bulk
liquid far from the substrate. The substrate potential V,„,
is given in Eq. (2.2), and U„,is given by Eq. (2.16) with

the substitutions h ~h3, y~y3, and c~c3. The free en-

ergy associated with the formation of the interface with
the substrate is given by

p(r)= g ~4, (r)~' . (3.2c)
o. =E„;„+E„ot+ fp(z) V(z)dz eF fp(—z)dz, (3.6)

$2E„;„=f ~(r)dr,
2m '(r)

~(r)= g ~VN, (r)~

(3.3a)

(3.3b)

For the long-range part, we take of course the same
Lennard-Jones interatomic potential, screened at dis-
tances shorter than a distance h

&
(different from that used

for He) by the same fourth-power law. The "coarse-
grained" density p(r) entering the density-dependent
component is obtained by averaging the point density
over a sphere of radius h 3.

The kinetic-energy term contains a density-dependent
effective mass m *

where eF is the Fermi energy. Details of the solution of
the set of Eq. (3.5) can be found in Ref. 71.

Figure 15 shows the resulting position of the wetting-
nonwetting line in the (C~, D) plane. As expected, it lies
above the simple estimate of Eq. (3.1). Cesium is the only
substance clearly in the nonwetting region, Rb being
right on the borderline. The Cs value of cr is —0.043

0
K A, corresponding to a contact angle of 68 . The
computation of the wetting-nonwetting line assumes that,
as for He, the wetting transition is from a film of zero
thickness to one of infinite thickness.

For purposes of comparison, we display in Fig. 16 the
infinite film profiles for both He and He on K. As ex-

pected, the Fermi character of He produces more pro-
nounced density oscillations than those obtained for He.
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FIG. 15. Phase diagram for 'He adsorption on weak-binding
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FICr. 16. Density profiles for infinitely thick films of He and
He on K.

An interesting question to consider at this point is that
of prewetting transitions in thin films. A detailed discus-
sion of this point will be given elsewhere, but one can
present here some tentative remarks. In the case of He,
we have seen that the prewetting jump predicted for
moderately attractive substrates reflects the fact that a
strong-binding substrate constrains thin films to a 2D
geometry and that 2D He, in the present approach as in
others, is found to be a liquid. To the contrary, 2D He
is expected to be a gas; this is also found in the present
model and we expect such a behavior in thin films —in
contrast to the case of He. Indeed, its reduction to 2D
gives

which predicts a single gaseous phase.
However, with increasing thickness, the third dimen-

sion begins to play a role, and as more interactions be-
tween atoms can now take place, a liquid phase should be
favored. This suggests the possibility of a transition be-
tween a thin gaseous film and a thicker liquid one. This
transition would appear as a prewetting jump between
two films of different thicknesses. We anticipate that this
transition should disappear at a prewetting critical point
for sufficiently attractive substrates. The determination
of whether this fascinating 2D gas to thick liquid film
transition does occur as well as the thicknesses involved
requires the application of the present model to films.
Work in this direction is in progress.

IV. DISCUSSION

He films have been shown here to exhibit diverse be-
havior, depending on the substrate. In many cases, the
adsorption potential is strongly attractive. As seen in
Figs. 9 and 11, there occurs the formation of one or more
solid layers, followed by complete wetting by liquid He.
Other possible kinds of behavior arise if the well depth D
is small; these include continuous wetting without
solidification or two more interesting possibilities:
nonwetting and prewetting. Until recently the former
had not been observed or predicted for He and the latter
had not been observed for any adsorption system. Exper-
iments ' ' ' ' stimulated in part by our work ' have
shown our predictions to be at least qualitatively reliable.
Certainly further experiments are needed to resolve these
questions.

On the theoretical side, many issues remain to be ad-
dressed. Firstly, reliable potentials are urgently needed;
without these, accurate predictions are not possible. Fur-
ther, more accurate techniques, such as Green's function
and path-integral Monte Carlo, should be brought to
bear, given the fundamental importance of these phenom-
ena. Of particular interest, in our opinion, are questions
about the presence and character of superfluid transitions
for these systems. In principle, the corrugation of the
substrate potential ought to be included because of the
role of epitaxial effects in solid phases. Finally, particular
interest ought to be drawn, both experimentally and
theoretically, to the problem of He- He mixtures. Past
experiments have revealed strong preferential adsorption
of He, because the higher density maximizes its
potential-energy gain. In the weak-binding case studied
here, in contrast, the He may segregate to the substrate
because of its lower surface energy. One of the more in-
triguing possibilities we predict is a He "sandwich"; one
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He monolayer resides near the substrate and another re-
sides at the film-vapor interface. Conceivably, a high-T,
superfluid state may ensue as a result of the coupling be-
tween the layers.

Tote added. After this work was completed we re-
ceived work from P. Taborek and J. E. Rutledge [P. Ta-
borek and J. E. Rutledge, Phys. Rev. Lett. 68, 2184
(1992); J. E. Rutledge and P. Taborek (unpublished). ]
describing experimental results for He on Cs in agree-
ment with the phase diagratn sketched in Fig. 13(b). This
work provides evidence for the observation of conven-
tional prewetting.

BfE = —n, V~~-vs,at

where

(A2)

(A3)

and

n, = p'dz . (A4)

normal to the substrate, and rj~ is the position vector in
the plane of the substrate. %e next integrate Eq. (Al)
over z to obtain
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APPENDIX

Here we give a derivation of the low-temperature limit
of the third-sound velocity which is independent of the
detailed structure of the film. For a conventional deriva-
tion see, e.g. , Ref. 51. %e start with the continuity equa-
tion, which is well-defined microscopically,

Next we recall that the superfluid velocity is related to
the gradient of the phase P of the condensate wave func-
tion by

v, =—V (A5)

~here

p/fi . —
at

(A6)

Note that the assumption that flow is parallel to the sub-
strate is equivalent to the assumption that P depends only
on r~~ and t Combi.ning Eqs. (A5} and (A6} gives

Vs = —V'p/m . (A7)
at

Finally, a combination of Eqs. (A2) and (A7), assuming
that p is a local function of the density only, gives

Bp = —Vgat
(Al)

8n s Bp Vn,
Qt2 m ()n

(A8)

where g is the mass current. Assuming that any normal
fluid is clamped, g =p, U„where v, is the superfluid ve-

locity and p, is the superfluid density. Linearizing and
assuming that any flow is parallel to the substrate allows
us to write g=p, (z)v, (r~~), where p, (z) is the unperturbed
superfluid density depending only on the coordinate z

from which the third-sound velocity c3 emerges as

s Bp
m Bn

(A9)

In the limit of a 2D film, c3 = [n, /n ]' ~ct, where ct is the

speed of longitudinal sound in 2D.
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