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Time-dependent ac susceptibility in spin glasses
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The zero-field ac susceptibility y(co) =g'(co)+iy" (co) of the short-range Ising spin glass

Feo 5Mno &Ti03 has been investigated in the vicinity of the spin-glass temperature Tg in the frequency in-

terval 5 X 10 '—5 X 10' Hz. Because of the influence of aging, y{~) is time dependent. After a tempera-
ture quench to a temperature T T~, y"(co) is found to decrease with time. The decay towards equilibri-

um is logarithmic in time and the corrections to the equilibrium values of y"(co) decrease slowly with in-

creasing frequency. At temperatures T & Tg in the vicinity of the freezing temperature of g(co), a weak

increase of y"(co) with time is found. By use of linear response relations, the observed time dependence
of g"(~) is shown to be consistent with results from time-dependent magnetization measurements. Fur-
thermore, the existence of an overlap length scale in spin glasses has been verified by g"(co) and time-

dependent magnetization experiments.

INTRODUCTION

A spin glass will at experimental time scales be in a
thermodynamic nonequilibrium state close to and below
the spin-glass temperature T . The nonequilibrium char-
acter of the spin-glass material is particularly clear when
at constant temperature, after a temperature quench
from a temperature T) T, a small magnetic field is ap-
plied; the response to the field depends on the waiting
time at constant temperature before applying the field. '
During the waiting time, there are no detectable changes
in the magnetization. Nevertheless, the response of the
spin system to the applied field becomes slower and
slower with increasing waiting time. This implies that
the spin glass is in a nonequilibrium state during the wait-
ing time and only slowly evolves towards equilibrium; the
spin system is said to undergo aging. Despite this none-
quilibrium character of a spin-glass state, experimental
studies have firmly established that linear response rela-
tions hold as long as the magnetic field changes are
suSciently small. The magnetic response function will,
however, depend on the age of the spin system which, in
turn, implies that the spin-glass response is described by a
nonequilibrium response function. Such a response func-
tion has implications for the ac susceptibility. The ac
susceptibility will also depend on the age of the spin sys-
tem and will therefore be time dependent. A time depen-
dence has indeed been observed in experiments on metal-
lic as well as on insulating ' spin-glass compounds. A
typical experimental observation is that both components
of the ac susceptibility decrease in magnitude with the
time spent below the spin-glass temperature. Further-
more, the time-dependent effects are stronger for lower
frequencies. It should be noted that a time dependence of
the ac susceptibility has also been found in experiments
on a two-dimensional spin glass, showing that these
effects are detectable even when there is no finite-

temperature spin-glass transition.
In this paper we present an extended study of the

time-dependent ac susceptibility on the short-range Ising
spin glass Feo 5Mn05Ti03. The objectives of this study
were to (i) get a better understanding of the time-
dependent ac susceptibility in spin glasses and (ii) to in-
vestigate the influence of a time-dependent ac susceptibil-
ity on dynamic scaling analyses.

EXPERIMENT

The measurements were performed on a single crystal
of Feo 5Mno 5Ti03 (Ref. 9) using a SQUID magnetometer.
For the ac susceptibility measurements, y(co) =y'(co)
+iy"(co), a magnetizing coil was wound directly onto the
sample, generating a small oscillating magnetic field
h =hosin(cot) (ho-0. 1G) along the crystallographic c
axis. g(co) was measured in the temperature range
0.9 (T/T ( 1. 1 ( T =20.9 K) and in the frequency in-
terval 5X10 —5X10' Hz (5X10 Hz, 1.7X10 Hz,
5X10 Hz, 5 Hz, 17 Hz, and 55 Hz). Typically, a phase
stability of ~ 0.01' could be maintained for 10 s in the ac
susceptibility measurements.

To compensate for the direct contribution from the ac
field to the measured signal, a second and similar coil was
wound onto the sapphire sample holder. The distance be-
tween the magnetizing and compensating coils was ad-
justed to rnatch the distance between two sections of the
pickup coil (a third-order gradiometer is used as a pickup
coil). In the beginning of the ac susceptibility experi-
ments, the sample holder was inserted into the pickup
coil in such a way that the sample was centered in one of
the pickup coil sections. This procedure minimizes the
influence of displacements of the sample, caused by
thermal expansion of various parts in the experimental
setup, on the measured signal. The distance between the
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magnetizing and compensating coils was, however, not
exactly the same as the distance between two sections of
the pickup coil and the compensating coil was therefore
less well centered. This implies that the measured signal
is more sensitive to displacernents of the compensating
coil. Such displacements will only influence the in-phase
component of the measured ac susceptibility and the
long-time stability of y'(co) was therefore not as good as
for y"(co).

In one type of experiment the sample was stepwise
cooled from a temperature above T and at each temper-
ature the time dependence of the ac susceptibility was
registered for 3 X 10 —10 . For a temperature decrease of
0.2 —1 K, temperature stability was obtained within -10
s. This experimental procedure, which mirnics the pro-
cedure used to collect data for dynamic scaling analyses,
was performed using cooling rates in the interval
2.5X10 ' —5X10 K/s.

In another type of ac susceptibility experiment the
sample was quenched to a temperature T below T and
a time decay of y"(co) was registered for 3X10 s. Then
the sample was subjected to a temperature cycling hT
(the duration of the temperature cycling —10s), and
when T was recovered y"(co}was registered for another
10 s.

In addition to the ac susceptibility measurements,
zero-field-cooled (ZFC) magnetization experiments have
been performed. The sample was quenched in zero field

to T & Tg and it kept a constant temperature for a wait-

ing time t . It was then subjected to a temperature cy-
cling hT, and when T was recovered a small magnetic
field was applied and the relaxation M(t) was recorded.
These measurements were carefully checked to ensure
that the fields used were well within the linear response
regime. All results presented are given in units of the
field-cooled susceptibility, y,q

=M„c/8, where M„c is

the measured field-cooled magnetization.

LINEAR RESPONSE

As mentioned above, even if the spin glass is in a non-

equilibriurn state, results from time-dependent magneti-
zation measurements clearly show that linear response re-
lations hold provided that the field changes are
sufficiently small. This implies that the magnetization
M(t) responds linearly to a magnetic field H(t) applied
after a waiting time t„,

lN(f f )Xe (2)

Assuming that the magnetic response function varies
only little over the time segment t, which for spin
glasses is valid as long as t « t, this equation can be
simplified to

(3)

Most of the results presented in this paper are concerned
with the time dependence of the out-of-phase component
of the ac susceptibility y"(co;t ), which can be written

BMy"(co;t )- —f d ln(t')
0 8 ln(t')

sin(cot'), (4)

where t —t « t is assumed, which implies that the
response function can be set equal to (BM/c}t'), , i.e., the

time derivative of the magnetization for a spin glass of
age t . Furthermore, the lower limit of the integration is

set equal to a microscopic time ~0. Assuming that the re-
laxation rate [c}M/Bin(t')], is a slowly varying function

of ln(t') close to t'=1/co, one finally obtains the follow-

ing approximate relation:
r

BMfy" (co; t ) = —C
8 ln(t') r„,

(5)

The proportionality constant C will be close to ~/2. This
equation, which is valid for t —t « t, tells us that
y"( cot) will decrease with time if the relaxation rate
[BM/Bln(t')], at constant observation time t'=1/co is a

decreasing function of t . If [c}M/c}ln(t'}], instead in-

creases with t, y"(co; t ) is expected to increase with time.

RESULTS AND DISCUSSIONS

ceptibility g(co;t) is measured by applying a small oscil-
lating magnetic field H(t)-e' '. g(co;t) can then be
found by a simple Fourier transform of the magnetization
over a time segment t ( -2'/co) centered around t,

t+(1 /2)r

y(co; t ) = dt "e
t —(1/2)t

The response function g(t, t —t') gives the magnetic
response at time t to a unit magnetic field impulse at time
t —t'. The time t =0 is generally set equal to the instant
of time when the spin glass is quenched to a temperature
below the spin-glass temperature. However, a spin glass
will be out of equilibrium on experimental time scales al-

ready at temperatures above the spin-glass temperature.
'

Therefore, t =0 should be set equal to the instant of time
when the spin glass is quenched to any temperature
where it is in a nonequilibrium state, irrespective of if it is
below or above the spin-glass temperature. The ac sus-

Figure 1 shows the time dependence of y"(co) at
di6'erent temperatures in an experiment where the tem-

perature was stepwise decreased. For each temperature
the time dependence of y"(~), registered for 10 s, is visu-

alized on a logarithmic time scale. The time t =0 has in

these measurements been set equal to the instant of time
when temperature stability was achieved. Close to and
below T [at temperatures below the peak of y"(co) vs T],
there is a decrease with time of y"(co). The decay to-
wards equilibrium is very slow, close to logarithmic in

time. At temperatures T& T, close to the inflection

point temperature of y"(co), there is a tendency for y"(co)
to increase with time. However, the size of this time-
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inflection point temperature of the y"(co) curves and set r
equal to 1/co. In view of the observed time dependence
of y"(co) at temperatures close to the inflection point
temperature (which will be difficult to avoid for very low
frequencies), a better choice will be to use the criterion
lim ~"(co)/y'(co)=cur, „, where r„corresponds to the
average relaxation time. "' If it is difficult to establish
the zero-frequency limit in the ac susceptibility measure-
ments, it might even be advisable to use a criterion
P=y" (co)ly'(co) =cur with P small, typically P ~ 0.01."

Several models have been proposed to describe the
nonequilibrium character of the spin-glass phase. '

The models can be divided into (i) hierarchical phase-
space models where the dynamics below the transition
temperature is coarse grained into a Markov process on a
tree structure' and (ii) real-space "droplet" models
where the fundamental nonequilibrium process is the
growth of spin-glass-ordered domains. ' ' The hierarchi-
cal phase-space picture has been able to reproduce some
of the experimental findings, e.g. , a maximum in the re-
laxation rate at an observation time -t„[cf.Figs. 3 and

5(a)], but give no predictions as to what to expect in
time-dependent ac susceptibility measurements. The
models of Fisher and Huse' (FH) and Koper and
Hilhorst' (KH) have much in common, even though
some differences exist. FH assume thermally activated
dynamics and a logarithmic growth law of the domains
while KH make the assumption that the domains grow
with time according to a power law. Furthermore, to de-
scribe the long-time behavior of the magnetic relaxation,
FH find a power-law relationship between the magnetiza-
tion and the domain size while KH have an exponential
relationship. A power-law relationship is more consistent
with results from time-dependent magnetization measure-
ments' and we will therefore, in the following, focus on
the droplet model by Fisher and Huse. ' In this model,
at fixed temperature below the spin-glass transition tem-
perature, only two pure states exist related by a global
spin reversal. The dominant excitations are large-scale
coherent spin-glass fluctuations, droplets, which occur on
a length scale L. The dynamics of these droplets is
governed by thermal activation over barriers of charac-
teristic magnitude b, ( T)L, where b, ( T) sets the free-
energy scale of the barriers and 4 is the barrier exponent.
After a temperature quench to a temperature below T,
the spin system will be out of equilibrium and the spin
configuration will be divided into spin-glass domains.
The spin system will lower its energy by the growth of
larger and larger domains, a process which is logarith-
mically slow in time, R(t) —[Tln(t/ro)/b(T)]'~ (at
T « T, ~o is a microscopic spin flip time). If the system
is equilibrated for a waiting time t and then probed in a
ZFC magnetization measurement, the response to the
field application can be divided into two different time re-
gimes. At observation times t,b, « t (t,b, =t —t ), the
magnetization grows through the polarization of active
droplets of size

L ( t,b, ) —[ T ln(t, b, /ro) /b ( T) ]'

Since the droplet size in this case is much smaller than
the characteristic domain size R (t, ), the droplet excita-

tions will, apart from a small fraction close to domain
walls, be those of the pure states. In this time regime,
quasiequilibrium dynamics will be probed. For observa-
tion times t,b, &)t, the magnetization cannot grow
through the polarization of droplets, since the droplets
are limited in size by the size of the domains. Instead,
the magnetization will increase with the growth of
domains and the dynamics can be described as nonequili-
brium dynamics. At observation times t,b,

—t„,
L(t,b, )-R(t ), there is a crossover from quasiequilibri-
um to nonequilibrium dynamics. In experiments, this
crossover is visible as a maximum in BM/Bln(t, b, ) [cf.
Figs. 3 and 5(a)].

Results from temperature cycling experiments can, in
the droplet model, be explained using the overlap correla-
tion function (defined as the overlap between the equilib-
rium states at two temperatures T and T+6)

5T (K) =

0.35

0.7,

1.6

2.25

10
I

10 10' 10' 10' t„,(s)

FIG. 3. BM/Bln(t, b, ) vs (t,b, ) at T/Tg =0.91. The sample

has been aged 3 X 10 s at T and afterwards subjected to a tem-

perature cycling AT immediately prior to the field application.
T =20.9 K.

:-(i,j, T, T+b T)=(S,S ) r(S,S ) r+zr,
which will decay with increasing distance r, = ~r,

—r
with the characteristic length scale lzr(T). This correla-
tion function tells us that the positions of large-scale ac-
tive droplets will differ from one temperature to another
and thus that the equilibrium states at temperatures T
and T+ b T will differ at length scales larger than lar( T).
l~r( T) will, of course, decrease with increasing b, T. Fig-
ure 3 shows results from ZFC relaxation experiments,
BM /8 in(t, b, ) vs ln(t, b, ), where the sample has been aged
3 X 10 s and immediately prior to the field application
subjected to a temperature cycling hT. On the one hand,
for b, T sufficiently small, l~r)R(t =3X10 s), the
spin-glass domains continue to grow as if no temperature
cycling has been performed and a maximum in the relax-
ation rate is expected at t,b,

—t . On the other hand, if
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FICx. 4. y"(co) vs t at T/T~ =0.91. The time dependence was
registered for 3X 10 s after which the sample was subjected to a
temperature cycling hT and the time decay was registered for
another 10 s. The different curves have been displaced along
the y axis. Tg =20.9 K. (a) co/2m. =0.017 Hz and (b) co/2m=5
Hz.

l&T (R(t =3X10 s), some domains of size
R (t =3 X 10 s) will break up and continue to grow from
the size l&T. The ZFC relaxation rate is thus expected to
show two maxima, one corresponding to old domains of
size R (t =3 X 10 s) and another corresponding to young
domains. For AT su%ciently large, the spin glass will be
completely reborn in the sense that the spin-glass correla-
tions, established during the waiting time t at T, will be
fully destroyed. From Fig. 3 it is seen that
It, T-R(t =3X10 s) for a temperature cycling AT=1
K. Comparing the relaxation rate curve for ET=0.7 K
with the corresponding curve for AT=0. 35 K, there is a
small shift of the maximum in the relaxation rate curve
for ET=0.7 K to longer-time scales. This effect is not
related to I&T, instead it is an effect of the higher growth
rate for domains at T+hT.

The consequences of an overlap length scale should
also be seen in the time decay of y"(co) [and g'(co)]. In
temperature cycling experiments one would expect an in-
creased magnitude of y"(co) if l&T(R(t }. Figure 4
shows results from measurements of the time dependence
of g"(co) where the sample has been quenched to
T/Ts =0.91 and the decay of g"( co) was registered for
3X10 s. The sample was then subjected to a tempera-
ture cycling and the decay registered for another 10 s.

As expected, the decay of y"(co) remains unaffected for
AT (1 K, while the effect of a finite l&T is clearly seen
for larger hT. For the higher frequency [co/2m =5 Hz,
Fig. 4(b)] there is an indication that the effect of a finite
overlap length is seen already at AT=0. 7 K. We have
also performed temperature cycling experiments at the
temperature T/T =0.985 where T+3 T (for
hT) 0.3K) will correspond to a temperature above Ts.
The naive guess in this case would be that the domains
grown at T/Tg =0.985 will be fully destroyed when in-

creasing the temperature above Tg. Our results indicate
otherwise, however. The spin system is not completely
reborn until ( T+ b, T ) /T ) 1.05.

All of our temperature cycling experiments have been
performed in the vicinity of the spin-glass temperature,
with T+hT~ T or even exceeding the spin-glass tem-
perature. According to the droplet theory, as
T+hT~T the overlap length becomes of order the
critical correlation length g, but never less. However, re-
cent theoretical progress' has revealed a new critical ex-
ponent g, which appears in the scaling laws for lt, T close
to T . The implication of this exponent is that l&T be-
comes smaller than g in the critical region and that quasi-
droplets of size smaller than g will exist close to Tg. Our
temperature cycling experiments seem to support this
view since for the data shown in Fig. 3 there is a gradual
change of the relaxation rate curves with increasing hT
(towards the curve corresponding to a completely reborn
spin-glass state). More extensive temperature cycling ex-
periments are, however, needed in order to gain a better
understanding of the behavior of l&T in the critical re-
gion.

FH also discuss the approach to equilibrium of
y"( cto) in the limit L„((R(t }, where L
—[Tiln(coro)i/b(T)]' is the probing length scale in an
ac susceptibility measurement. Probing length scale
means that the ac susceptibility will be determined by the
dynamics of excitations (droplets) of the length scale L
The approach to equilibrium will be concerned with the
density of frozen-in domain walls since a region of size
L passing through a domain wall will have a reduced
excitation free energy. FH predict that g"( tco) will ap-
proach equilibrium as iln(coro)i/ln(t /7o)~0. Even
though our measurements might not fulfill the condition
L ((R(t ), ' we would like to emphasize the results of
FH; (i) the decay towards equilibrium is logarithmically
slow in time and (ii) the corrections to the equilibrium
values of y"(co) decay slowly with increasing frequency.

It is interesting to investigate whether the observed
waiting time dependence of y"(co) is consistent with re-
sults from time-dependent magnetization measurements.
In time-dependent ZFC magnetization measurements,
the sample is quenched from an equilibrium state at high
temperature to a nonequilibrium state at low tempera-
ture. The sample is then equilibrated for a waiting timet, after which the magnetization is probed by applying a
small magnetic field. As discussed above, y"(co) relates
to the relaxation rate of the ZFC experiment through
g"(co;t ) ~ [c}M/c) ln(t b, )], with t,b, = 1/co. In Fig. 5(a)

the ZFC relaxation rate is shown at T/T =0.95 for
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FIG. 5. aM/a ln(t, b, ) vs (t,b, ) for different waiting times t .
Tg =20.9 K. (a) T/Tg=0. 95 and (b) A, B, and Ccorrespond to
T/Tg = 1.045, 1.035, and 1.025, respectively.

different waiting times. Since in ac susceptibility mea-
surements 1/co & t, this figure can be used to discuss the
expected time dependence of y"(~;t ) for observation
times less than 10 s (co/2m & 1.7 mHz). At a constant ob-
servation time t,b„ the ZFC relaxation rate decreases
with increasing t, in accordance with the observed wait-
ing time dependence of g"(co). Not only qualitatively but
also quantitatively, the agreement is good. When increas-
ing t from 10 to 10 s, the change of [BM/Bln(t, b, )], is

-0.6% y, for t,»=10s (co/2m=17 mHz). This can be
compared to the decay of g"(co) shown in Fig. 4(a) (using
the AT=0. 7 K curve since the decay in this case is
unafFected by the temperature cycling). The magnitude
of this decay is -0.8% peq which is close to what can be
calculated using Eq. (5). Figure 5(b) shows the relaxation
rate at different temperatures above T . At each temper-

ature, the ZFC relaxation has been measured for two
different waiting times. The characteristics of the relaxa-
tion rate curves can be described as follows: At short ob-
servation times, the relaxation rate curve corresponding
to a longer waiting time has a lower relaxation rate. The
two curves cross at an observation time t* close to the
"knee" in the BM/8 1n(t,b, ) vs log, o (t,b, ) curve and for
observation times t,b, ) t', the curve corresponding to
the longer waiting time has a higher relaxation rate;
[BM/81n(t, b, )], increases with increasing t W.hen in-

creasing t from 30 to 10 s, the change of
[BM/Bln(t, b, )], at T/Tg =1.045 is -0.1% y, for

t,b, =30s (co/2n. =5 mHz). To make a quantitative com-
parison with the observed increase of g"(co) with time,
the data shown in Fig. 1(a) will be used. This comparison
is not strictly correct since the results displayed in this
figure were obtained in a measurement where the sample
temperature was stepwise decreased. This implies that
the observed decay of y"(co) at low temperatures will de-
pend on the equilibration of the sample performed at
higher temperatures as well as on the overlap length
l~r(T). However, at T/T =1.045 the thermal history
of the sample is less important since the sample was in an
equilibrium state at the higher temperature. The magni-
tude of the increase of y"(co) with time (measured over
1.5 decade of time) is -0.1%g,q, in reasonable agree-
rnent with the prediction of Eq. (5).

In summary, time-dependent ac susceptibility measure-
ments show that the spin glass is in a nonequilibrium
state at temperatures close to and below the spin-glass
temperature. The corrections to the equilibrium values
of y"(co) [and y'(co)] decay very slowly with time as well
as with frequency, which has implications for dynamic
scaling analyses. Our results clearly show why deviations
from scaling are expected in this temperature range. The
existence of an overlap length scale has also been verified
through time-dependent ac susceptibility measurements.
Using linear response relations, the observed time depen-
dence of y"(~) is shown to be consistent with results
from time-dependent magnetization measurements.
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