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Within the random-phase approximation (RPA) or ring sum, the ground-state correlation energy for a
uniform gas of charged particles with density parameter r, tends as r,— o to (—0.803 Ry) r, 3/, This
limit holds for fermions, as for bosons and distinguishable particles. For electrons, the next term in the
low-density expansion (of order r,”!) cancels the exchange energy. Corrections to RPA must cancel the

r, */* term, and can modify the r,” ' term.

The correlation energy of a many-body system incorp-
orates all effects beyond the Hartree-Fock approxima-
tion. For charged particles with interaction e?/|r'—r|,
the random-phase approximation (RPA) for the correla-
tion energy is of special interest, since its relative error
vanishes in the high-density limit (at least for fermions).!
Here we discuss the opposite limit of low-density or
strong coupling, in which the weaknesses of the RPA
should be most evident. We consider in particular the
ground state of a uniform gas of density n with a neutral-
izing inert background, characterized by the density pa-
rameter

ro=(3/4mnal)"’? , (1)

where a, =#*/me? is the Bohr radius.

Recently, Wang and Perdew? showed that the r,— o
limit of the RPA correlation energy per particle for the
electron (fermion) gas is

eRPA(r,O)=—dBPA(O)r 34 +d ™A (Or T+, )

c

where {=(n;—n)/(n;+n) is the relative spin polar-
ization. From the Misawa spin-scaling relation, which is
exact within the RPA,

d¥PA(1)=d,(0) , 3)

dRPA(1)=21d,(0) . (@)

Rigorously, d (}){PA(O) is positive,2 not zero as had been ex-
pected. From a fit to numerical RPA correlation energies
for r; up to 10%, Perdew and Wang* found d X*4(0)=0.80
Ry and d®PA(0)=0.92 Ry, where 1 Ry = ¢?/2a,.
Unbeknownst to Wang and Perdew, DeWitt®> had
analytically evaluated the ground-state RPA correlation
energy for distinguishable charged particles, with the re-
sult (—0.803 Ry) . 3/*. He also argued that the RPA
part of Foldy’s calculation for charged bosons® gave the
same result. Thus we assert that the low-density limit of
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the RPA correlation energy is independent of particle
statistics. It follows that d&FA(£) for electrons is in-
dependent of §, consistent with Eq. (3).

The second term of Eq. (2) for the electron gas in the
RPA evidently cancels the exchange energy, i.e.,

dRPA(E)=(0.916RY)[(1+5)*3+(1—-£)*31/2 . (9

This assertion agrees with the Perdew-Wang fit* for £=0,
and with Eq. (4). More significantly, it agrees with the
observation of Wang and Perdew? that the RPA correla-
tion hole in the low-density limit screens out the ex-
change hole on the scale of r,a,, with additional struc-
ture on the smaller scale of r}”%a,. Our new observation
that the leading term of Eq. (2) is independent of particle
statistics is consistent with the divergence of the Fermi
wavelength 27m(4/97)'*r.a, on the scale of r}’a, as
ro—> 0.

Finally, we argue that the low-density limit of the RPA
correlation energy, although universal, is spurious: The
term (—0.803 Ry) r, 3/* arising from the ring diagrams
must be cancelled exactly by a similar term from another
class of diagrams. This observation may be useful for the
construction or testing of proposed corrections to the
RPA.

Lieb and Narnhofer’ proved that the electrostatic ener-
gy (electron-electron plus electron-background plus
background-background) of charged particles in a uni-
form neutralizing background is bounded from below.
The electrostatic energy per particle is

e, te.—1.>(—1.80 Ry)r, !, (6)

where €, is the exchange energy and ¢, is the positive
correlation contribution to the kinetic energy. As a re-
sult, the exact (beyond the RPA) correlation energy is
also bounded:

g, >(—1.80 Ry)r, '—¢_, @)
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where —e, =dRXPA(£)r,”! for fermions. [The bound of
Eq. (7) is very close for electrons in the low-density limit,
as demonstrated by results for the Wigner crystal and
from the Green’s-function Monte Carlo results of Ceper-
ley and Alder.*®°] Thus the RPA limit (—0.803 Ry)
r, /% for r,—  must be cancelled by corrections to the
RPA. Since the Lieb-Narnhofer bound is independent of
particle spin and statistics, this cancellation must also be
universal.

An example of the exact cancellation of the RPA is
known for finite temperature 7 in the classical limit
(i—0). In this limit, the RPA gives the Debye-Hiickel
plasma energy €gpa:

erpa/kT=—1/(127nA3)=—T32/V3, (8)

where Ap=[kT/(47ne?)]'’? is the Debye length and
I'=e?/(r,aokT) is the strong-coupling plasma parame-
ter. The RPA energy is rigorous and exact as ' —0 but
is quite wrong as I'> . The Abé nodal expansion'
gives corrections to the Debye result in the form of clus-
ter integrals involving the Debye screened potential,
(e?/r)exp(—r/Ap). It has been shown that, in the
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large-I" limit, each piece of the Abé expansion begins
with a term of order I'*/2, and summation to infinity of
these terms exactly cancels the Debye-Hiickel energy.!!
The remainder after this cancellation is of order I'. The
hypernetted-chain equation (HNC) for the Coulomb po-
tential also accomplishes this cancellation, and in the
large-I' limit gives &/kT=—(9/10)I, the Lieb-
Narnhofer lower bound, for the energy of the classical
strongly coupled Coulomb fluid.!? It is probable that the
quantum form of the Abé nodal expansion would also
cancel the T=0 quantum RPA result in the strong-
coupling limit as in the classical case, but this cancella-
tion has not yet been explicitly demonstrated.
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