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The kinetics of multiparticle coarsening controlled by a long-range elastic interaction is considered.
Without any a priori assumptions concerning the morphology of coarsening particles, it is shown that
translational motion and reverse coarsening are two important mechanisms responsible for the morpho-
logical evolution of initially randomly distributed new phase particles into a regular array in an elastical-
ly anisotropic crystal. The general characteristic of the strain-induced coarsening in a multiparticle sys-
tem is determined by the tendency to form a pseudoperiodical precipitate macrolattice which minimizes
the elastic strain energy. It is consistent with previous thermodynamic analyses for two-phase systems

with a strong long-range elastic interaction.

The classic Liftshitz-Slyozov-Wagner (LSW) theory'
describes the microstructure instability driven by reduc-
tion in interfacial energy, a phenomenon known as Ost-
ward ripening. This is equivalent to assuming that there
are only short-range chemical interactions in the system
and hence, the only morphology-dependent part of total
free energy is the interfacial energy. However, phase
transformations in crystalline solids usually involve crys-
tal lattice rearrangements which result in crystal lattice
mismatch between the precipitate and matrix phases.
This mismatch is accommodated by elastic displacements
which generate strain fields within both phases. Overlap
of these strain fields yields a strain-induced interaction
whose nature is very different from the chemical interac-
tions. It is long range (decaying as 1/r%, where r is the
distance between two interacting particles) and in many
aspects is similar to the dipole-dipole—type interactions
in ferromagnetic or ferroelectric materials. Consequently
the elastic strain energy, unlike the interfacial energy, de-
pends on both the volume and morphology of the two
phases. It makes the bulk free energy a driving force for
morphological transformations. Under such a cir-
cumstance, the coarsening behaviors should be dramati-
cally different from the Ostward ripening and could not
be described by the LSW theory.

The transformation-induced elastic strain effect on mi-
crostructural evolutions has long been recognized.>*® A
subject of particular interest recently is the strain-
induced coarsening in two-phase coherent solids. Some
intriguing phenomena such as strong directional align-
ments and spatial correlations of precipitates,*”’ particle
shape transition including splitting,® ! suppression, and
reversion of coarsening'?>”!°> were observed and predict-
ed. Due to complexity of the analyzed systems, however,
theoretical treetments to date deal with only a limited
number of simplified configurations and most of them are
based on thermodynamic arguments. Coarsening kinetics
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of two spherical particles which takes into account the
coherency strain effect in an elastically anisotropic sys-
tem was recently investigated by Johnson, Abinandanan,
and Voorhees.'® They obtained a diffusional drift of the
two particles towards each other if they are aligned along
the elastically soft direction, accompanied by a reverse
coarsening when their relative size falls into certain range
(the latter effect was previously predicted in Ref. 14).

In this paper we try to formulate the problem in more
general terms which relax all constraints on the number
of particles, particle morphology and its evolution path,
and the diffusion fields around and inside the particles
which were imposed in the earlier works.*® 814716
More specifically, we introduce arbitrary number of par-
ticles with arbitrary distributions. The particles are free
to change their shapes in accordance with the interplay
between the morphological dependent energies during
coarsening. Atomic diffusion is allowed within both
phases as well as along the interfaces. No special interfa-
cial boundary conditions are assumed. The diffusion field
and concentration profiles in the system automatically
follow from the computer simulation. Within this ap-
proach, the dynamics of coarsening resulting in the pseu-
doperiodical arrangement of precipitates from initially
randomly distributed new phase particles in an elastically
anisotropic system is investigated. It will be shown that
particle translational motion and reverse coarsening are
two major underlying mechanisms.

To describe an arbitrary two-phase morphology, it is
convenient to introduce the single-site occupation proba-
bility function, n(r,z), of finding a solute atom at the
crystal lattice site r and at time ¢. We start from an ini-
tial state consisting of small equiaxed (introduction of the
equiaxed shape is not necessary but for convenience and
for the reason that particles usually have equiaxed shapes
when they are very small) particles (nuclei) of the precipi-
tate phase randomly distributed in a parent phase matrix.
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It is described by the function n(r,0) which is equal to ¢,
if a point r is within a particle and ¢, otherwise, where
¢ and ¢, are compositions of the equilibrium precipitate
phase a' and the initial matrix. Growth and coarsening
of the small particles in a combined concentration and
strain field are then described by the relaxation of the
function n(r,t) with time, ¢, through the nonlinear micro-
scopic diffusion equation'’

dn(r,t) _ , SF

i %‘,Lo(r r )Sn(r’,t) , (1)
where L,(r—r') is a matrix of kinetic coefficients charac-
terizing the probability of an elementary diffusional jump
from site r to r’ during a time unit and F is the total free
energy which includes the elastic strain energy. The vari-
ational derivative, 8F /8n(r’,t), forms the total thermo-
dynamic driving force for the relaxation of n(r,?). Equa-
tion (1) allows us to exclude assumptions concerning the
boundary conditions between coexisting phases and the
fixed spherical shapes, which were usually imposed by the
traditional treatments.'® The nonlinearity of the equation
automatically “‘takes care” of all the problems.

Since the focus of the present paper is the strain-
induced coarsening of a multiparticle system, any free-
energy approximation which provides a convex segment
on the free energy versus composition curve correspond-
ing to a miscibility gap would result in the same morpho-
logical transformation sequence. We use the simplest
one, the mean-field free energy

F=23Wr—rn(on(r)

+kgTY {n(r)lnn(r)+[1—n(r)]In[1—n(r)]} ()

where W(r—r')=w(r—r'),+w(r—r'), is a pairwise in-
teraction energy between atoms at lattice sites r and r/,
including the short-range chemical interaction w(r—r'),
and the long-range strain-induced interaction w(r—r'),
(introduction of the long-range elastic interaction and
consideration of low temperatures make the mean-field
model reasonably accurate'®) and kjp is the Boltzmann
constant. The bulk free energy, interfacial energy, and
strain energy defined in conventional thermodynamics
are automatically described by Eq. (2). Its long-wave lim-
it transition yields the Cahn-Hilliard equation.’

The nonlinear diffusion equation (1) was solved numeri-
cally in the reciprocal space. For the sake of computa-
tional simplicity, a two-dimensional (2D) model system is
considered. It is a prototype binary substitutional solid
solution with a square lattice. The computational super-
cell consists of 128X 128 unit cells and periodic boundary
conditions are applied along both dimensions.

The solid solution is a disordered phase at high temper-
atures and a two-phase mixture of a solute-lean disor-
dered phase a and a solute-rich disordered phase o' at
low temperatures. The short-range chemical interaction
is considered up to the second nearest neighbors and the
ratio of the pairwise interchange energies of the first and
second neighbors is chosen to be V2 which provides
equal interfacial energies of {10} and {11} interfaces.
The long-range strain-induced interaction is described by
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utilizing the microscopic elasticity theory.>'* We assume
that the two product phases a and a’ have the same cubic
structure and elastic moduli, but different compositions
and thus different crystal lattice parameters. Then the
Fourier transform of w(r) can be well approximated as

B(e)=~Bl(ele;—1), 3)

where e, and e, are components of the unit vector e
along the x and y axes in the reciprocal space and B is a
material constant that characterizes the elastic properties
and the crystal lattice mismatch. In our simulation, B is
expressed in a reduced form which is defined as

"'=B/IV(0)f—B/8| where V(0), is the value of the
Fourier transform of w(r) s at k=0, where k is the re-
ciprocal lattice vector. B* >0 characterizes systems with
a negative elastic anisotropy.

The above interatomic interactions provide decomposi-
tion when the system is quenched into low temperatures.
The phase diagram, presented in terms of a reduced tem-
perature

kpT

* —
g |V(0),—B/8| ’
is shown in Fig. 1.

The initial morphologies for the computer simulation
are shown in Fig. 2(I)(a) and 2(II)(a). Each of them con-
sists of 56 a’' phase nuclei randomly placed in a homo-
geneous disordered matrix. The nuclei are simulated by
very small equiaxed particles of different sizes. Their
sizes and positions are generated by a random-number
generator. Two types of occupation probabilities,
n(r)=c, inside the nuclei and n(r)=c, outside, are as-
sumed. The value of ¢, is determined by the average al-
loy composition which is chosen to be 0.14. Because only
two types of occupation probabilities are assumed and
the sizes of the particles are commensurable with the
crystal lattice parameter, the nuclei have different shapes
such as square, octagon, et al. at the initial stage. The
selected aging temperature T*=0. 12 is represented by an
open circle right above the spinodal line in the phase dia-
gram. Temporal evolutions of the initial microstructures
during isothermal aging in two different cases, with and

T*

0 0.2 0.4 0.6 0.8 1

FIG. 1. Coherent equilibrium phase diagram of the model
system. The miscibility gap is designated by a solid line and the
dashed line describes the spinodal. The diagram is presented in
terms of a reduced temperature T*=kzT/|V(0);—B /8| [see
text for the definition of ¥(0); and B]. The open circle
represents the alloy composition and ‘“‘aging” temperature
chosen for the computer simulation.
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without the long-range elastic interaction, are presented
in Fig. 2(I)(b)-2(I)(d) and 2(II)(b)-2(II)(d), respectively.
They are described by a dimensionless reduced time,
t*=t/7, where 7 is a typical time of the elementary
diffusion jumps. Only nearest-neighbor diffusional jumps
are allowed in this study. In these figures, completely
dark regions in the simulated microstructures represent a
zero occupation probability n(r,t) for solute atoms, while
completely white regions describe an occupation proba-
bility equal to one. All the intermediate values of n(r,?)
are represented by different shades of grey.

In the absence of the long-range elastic interaction
[Fig. 2()], the nuclei grow into circular particles.
Coarsening of the circular particles simply follows the
LSW mechanism, i.e., large particles grow and smaller
ones shrink, leaving the particle shape and mutual ar-
rangement unaltered. These behaviors are clearly
demonstrated in Fig. 3(I) where 3(I)(a) is the superimposi-
tion of Fig. 2(I)(a) on 2(I)(c) and 3(I)(b) is the superimposi-
tion of Fig. 2(I)(a) on 2(I)(d). The small bright spots
shown in the pictures represent the initial nuclei and the
large light-grey spots describe the coarsening particles at
different stages (shades of grey in this figure do not
represent real scales of the occupation probability func-
tion). From the relative positions of the bright spots with
respect to the light-grey ones, we can see that the centers
of mass of the coarsening particles are almost unchanged.
The slight deviation of some of the bright spots from the
centers of the light-grey ones is caused by the interparti-
cle diffusional interactions, which is consistent with the
computer simulation by Voorhees et al.'® for the stress-
free model.

The strain-induced interaction dramatically changes
the coarsening behaviors [see Fig. 2(II)]. First, the nuclei
grow into equiaxed particles rather than circular ones
and the particles keep changing their shape during
coarsening. This shape change is caused by an uphill
diffusion driven by the strain-induced variation of the
chemical potential along the interface. The solute atoms
diffuse from one site (unfavorable) of the interface to
another (favorable) to equalize the chemical potential.
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FIG. 2. Simulated temporal
isothermal evolutions of ran-
domly distributed small particles
in alloys without (B*=0) and
with (B*=0.35) the long-range
strain-induced interaction. Vari-
ous shades of grey represent
different values of occupation
probability of solute atoms
(completely white represents a
value of one while completely
dark represents a value of zero).
(a)—(d) in both (I) and (II) corre-
spond to reduced transformation
time ¢ * =0, 200, 1000, and 3000.

Second, a significant particle translational motion
(change of center of mass) is observed. It is demonstrated
in Fig. 3(II)(a), the superimposition of Fig. 2(II)(a) on
2(II)(c). Comparison of Fig. 3(II)(a) with 3(I)(a) shows
that during the strain-induced coarsening the initially
randomly distributed particles (bright spots) tend to align
themselves along the elastically soft directions. As a re-
sult, a regular array which looks like a rough precipitate
“macrolattice” is formed [see, e.g., Fig. 2(II)(d)]. This re-
sult is consistent with the thermodynamic analysis pro-
posed by Khachaturyan and Airapetyan® (according to
Ref. 6, if equiaxed new phase precipitates are coherently
embedded in a matrix, a minimum energy state is reached
when the particles form one of the 14 Bravais lattices).

(I) B* = 0.0

(II) B*=0.35

FIG. 3. Superimpositions of Figs. 2(I)(a) and 2(IT)(a) on 2(I)(c)
and 2(I)(c) and 2(I)(a) and 2(II)(a) on 2(I)(d) and 2(II)(d) show-
ing unusual behaviors of train-induced coarsening (II) with
respect to the Ostward ripening (I). The small bright spots
represent initial positions of the particles shown in (a) of Figs.
2(I) and (II) and the large light-grey spots show distributions of
the coarsening particles in different stages. Shades of grey in
these pictures do not represent real scales of the occupation
probability function.
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The pseudoperiodical pattern caused by the strain relaxa-
tion becomes more pronounced at later stages of coarsen-
ing when the surface-to-volume ratio of the particles de-
creases and thus the contribution of the volume depen-
dent elastic energy increases. The macrolattice ““periodi-
city” is determined by the thermodynamic factor (balance
between the strain and interfacial energies) and the
diffusion kinetics.

Another unique feature of the strain-induced coarsen-
ing could be found if, for example, we concentrate on the
coarsening behaviors of the group of particles marked 1,
2, 3, 4, and 5 in Fig. 2(I) and 2(II). The coarsening of
those particles shown in Fig. 2(I) where the strain effects
are not taken into account follows the conventional Ost-
ward ripening mechanism: large particles grow at the ex-
pense of smaller ones. However, if the strain energy is
taken into account [see Fig. 2(II)], the initially smaller
particle (No. 1) grows larger at the expense of the sur-
rounding larger ones (Nos. 2, 3, 4, and 5). This behavior
is just opposite to the Ostward ripening and is called re-
verse coarsening.

It is interesting that the reverse coarsening and particle
translational motion in a multiparticle system predicted
here is quite different from that predicted by Khacha-
turyan and Shatalov'* and by Johnson, Abinandanan,
and Voorhees!® for a two-particle system. For example,
according to Refs. 14 and 16 the reverse coarsening in a
two-particle system is characterized by a tendency of the
particles to equalize their size driven by an attractive
strain-induced interaction when they are aligned along
the elastically soft directions. In our simulation, howev-
er, the reverse coarsening is directed to provide a pseudo-
periodical particle arrangement. As illustrated in Fig.
2(II), the large particles (Nos. 2, 3, 4, and 5) initially lo-
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cated at “interstitial sites” would eventually disappear.
As to the particle translational motion, it was predicted
in Ref. 16 that the two particles tend to migrate towards
each other when they are aligned along the elastically soft
direction and away from each other when they are
aligned along the elastically hard direction. In a mul-
tiparticle system, however, the direction of particle mi-
gration is dominated by their locations with respect to
the ““stable” positions at the “macrolattice sites.” There-
fore, it is clear from our simulation that the strain-
induced coarsening kinetics (e.g., the characters of the
particle growth and shrinkage and the directions of the
translational motion) is mostly determined by the mul-
tiparticle effects and can hardly be interpreted in the
framework of the two-particle model.

The kinetics predicted in this paper provide a clue for
understanding the formation of strongly correlated pre-
cipitate array developed from the initially randomly dis-
tributed small particles in Ni-Al (Ref. 4) and Ni-Cu-Si
(Ref. 5) alloys. It should be mentioned that in our calcu-
lation a homogeneous modulus approximation is used.
As has been shown by Voorhees and Johnson for two
spherical particle coarsening?® and by Kawasaki and
Enomoto for multiple sphere particle coarsening?' in
elastically isotropic systems, and more recently by Onuki
and Nishimori in their 2D computer simulations of spi-
nodal decomposition based on a time-dependent
Ginzburg-Landau model,”? the modulus mismatch be-
tween the two phases may also affect the coarsening ki-
netics.
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(II) B*=0.35

FIG. 2. Simulated temporal
isothermal evolutions of ran-
domly distributed small particles
in alloys without (B*=0) and
with (B*=0.35) the long-range
strain-induced interaction. Vari-
ous shades of grey represent
different values of occupation
probability of solute atoms
(completely white represents a
value of one while completely
dark represents a value of zero).
(a)—(d) in both (I) and (II) corre-
spond to reduced transformation
time ¢ * =0, 200, 1000, and 3000.



(I)B*=0.0 (1I) B* =0.35

FIG. 3. Superimpositions of Figs. 2(I)(a) and 2(II)(a) on 2(I)(c)
and 2(ID)(c) and 2(I)(a) and 2(II)(a) on 2(I)(d) and 2(II)(d) show-
ing unusual behaviors of train-induced coarsening (II) with
respect to the Ostward ripening (I). The small bright spots
represent initial positions of the particles shown in (a) of Figs.
2(I) and (II) and the large light-grey spots show distributions of
the coarsening particles in different stages. Shades of grey in
these pictures do not represent real scales of the occupation
probability function.



