
PHYSICAL REVIEW B VOLUME 46, NUMBER 17 1 NOVEMBER 1992-I

Low-temperature ordered states of RBa2Cu307 5 (R =rare earth)
due to dipole-dipole and exchange interactions
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Low-temperature ordered states of the various RBa2 Cu307 z (R = rare earth) compounds have been

calculated using the Luttinger-Tisza method, taking into account both the dipole-dipole and exchange
interactions among the rare-earth ions. It is found that dipolar interactions alone can explain all the ob-

served orderings of these materials. As for the Ho compound below 0.1 K, its observed ordering can
also be explained with appropriate values of exchange interactions and/or an appropriate g~~ /g, ratio.

I. INTRODUCTION

Recently, an extremely large number of papers have
appeared in the literature, dealing with theoretical and
experimental aspects of the high-T, superconductors of
the type YBa2Cu307 s (hereafter called the Y 1:2:3com-
pound). ' It is generally possible to replace completely
the Y + ion in the Y 1:2:3compound by a rare-earth ion,
R +, to form RBa2Cu307 s (hereafter called the R 1:2:3
compound), without appreciable modification of the su-
perconducting transition temperature, T, . Substitution
of the trivalent Y + ion, in general, has little effect on su-
perconductivity, since the 4f electrons of the R + ions
are effectively isolated from the Cu-0 superconducting
layers, as well as from each other, thereby making dipolar
interactions quite important in these compounds. For
this reason, the rare-earth sublattice generally undergoes
magnetic ordering only at very low temperatures ( & 2 K),
just like "magnetic superconductor" systems. On the
other hand, the tetravalent rare-earth ions Ce +, Pr +,
Tb + in the R 1:2:3 compounds are more strongly cou-
pled to the rest of the electronic system. For the Pr 1:2:3
compounds, the magnetic ordering temperatures are
much higher than those for the trivalent rare-earth ions,
and the superconducting transition temperature is found
to decrease strongly with increasing substitution by these
elements. It should be noted that, in the Pr 1:2:3corn-
pound, there may also be present Pr + ions, being in a
mixed-valent state. Hereafter, for the consideration of
magnetic ordering of Pr 1:2:3, it will be assumed that
there exist Pr + ions.

Pr 1:2:3 is not superconducting; as mell, it has the
highest transition temperature ( —17 K) (Ref. 2) to the
magnetically ordered Pr + sublattice, as compared to
those of the magnetically ordered R + lattices of the
various R 1:2:3compounds. On the other hand, Gd 1:2:3
has the highest transition temperature to the supercon-
ducting state of the various R 1:2:3compounds. ' The Pr
1:2:3system forms the same orthorhombic structure as Y
1:2:3;however, the Pr ion is strongly mixed valent, close

to the tetravalent ionic state. The superconductivity be-
comes increasingly suppressed as the Pr concentration in-
creases, ultimately disappearing for a Pr concentration
greater than 60%. The inelastic-neutron-scattering spec-
trum led to the conclusion that the f electrons in tetra-
valent materials are strongly hybridized, playing an im-
portant role in the electronic properties.

The R 1:2:3compounds with 6.5 & (7—5) & 7.0 all be-
come superconducting at appropriate temperatures with
the exception of R =Ce, Pr, Tb. Their crystal structure
is tetragonal, with a slight orthorhombic distortion. In
these compounds, the Cu + sublattice does not undergo
any magnetic ordering. On the other hand, the R 1:2:3
compounds with 6.0 & (7—5) & 6.5 do not become super-
conducting; they possess tetragonal crystal structure.
The sublattice of Cu + ions in these compounds also un-
dergoes magnetic ordering at low temperatures. Howev-
er, there occurs no interaction between the Cu + sublat-
tice and the sublattice formed by the rare-earth ions,
since the field due to the R + (Cu +) sublattice at the site
of a Cu + (R +

) ion is zero because of symmetry. Final-
ly, there is coexistence of superconductivity and magnetic
ordering in the R 1:2:3compounds at characteristic tem-
peratures. In the R 1:2:3 systems, which are either
tetragonal or nearly tetragonal (orthorhombic distortion),
the unit-cell parameters are such that a -b, c -3a, there
being only one rare-earth ion per chemical unit cell. Be-
cause c ))a,b, the interactions are expected to be much
stronger in the ab plane.

As for the magnetic ordering of the rare-earth sublat-
tice of R 1:2:3compounds, those which order magnetical-
ly at low temperatures have been found to undergo anti-
ferromagnetic orderings, either in the ab plane or along
the c axis. The rare-earth magnetic structure which has
been observed in R 1:2:3(R =Nd, Gd, Dy, and Pr) is ex-
hibited in Fig. 1(a), while that in Er 1:2:3is exhibited in
Fig. 2(a). In R 1:2:3(R =Nd, Gd, Dy, and Pr) systems, a
simple antiferromagnetic structure, as shown in Fig. 1(a),
has been determined. For the Gd 1:2:3 system, a chain-
like structure similar to the Er 1:2:3system has also been
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(a) (b)

(a)

FIG. 1. Predicted low-temperature (lowest-energy) ordered
magnetic structures of R Ba2Cu307 q compounds when the mo-
ments are aligned along the z direction satisfying the condition

g~~
& 1.40g~: (a) corresponding to configuration q(2z), which is

the same as that given in Table I, for R =Nd, Gd, Dy, and Pr;
(b) q(7z). The numbering of the ions generating the eight sub-

lattices by T' translations, as used in the Luttinger-Tisza
method employing permutation groups, is also indicated. Each
arrangement is assumed to be characterized by eight sublattices;
all the dipole moments on a given sublattice are parallel to each
other. The ions belonging to the various sublattices are indicat-
ed in (a), while the orientations of the x,y, z axes are in (b).

determined. The Er 1:2:3structure consists of chains of
moments which are aligned ferromagnetically along the b

axis while adjacent chains are aligned antiparallel to each
other to form an overall antiferromagnetic
configuration. In some samples, however, the spins
along the c axis are found to be parallel, rather than anti-
parallel, forming ferromagnetic sheets of spins. ' (For
more details, see Sec. IV.)

As regards the origin of magnetic ordering in R 1:2:3
compounds, there is no evidence that it is due to a
Ruderman-Kittel-Kasuya- Yosida (RKKY) interaction,
mediated by conduction electrons, since ' Gd Mossbauer
spectroscopy results of Alp et al. " provided direct evi-
dence for an absence of conduction electrons at Gd +

sites in the Gd 1 2 3 compound. Thus, the low-
temperature ordering in R 1:2:3compounds is most likely
due to dipole-dipole interactions between rare-earth ions,
which may be influenced by the superexchange interac-
tion with ligands. To this end, Felsteiner' applied the
Luttinger-Tisza' method to analyze the low-temperature
magnetic ordering in the Gd 1:2:3compound, taking into
account the dipolar interactions between Gd + ions. He
concluded that the observed ordering in this compound
may be explained provided that a certain condition on
relative values of g„and g„„(g„)ag„„; a=1.388 for
tetragonal phase and +=1.400 for orthorhombically dis-
torted tetragonal phase) can be satisfied, with perhaps the
inclusion of a weak superexchange interaction.

It is the purpose of the present paper to investigate
what kind of low-temperature ordered states of the rare-
earth sublattice can be expected in R 1:2:3compounds on
the basis of dipolar and exchange interactions between
R + ions using the Luttinger-Tisza (LT) method. ' A
brief outline of the general LT method, as applicable to
the present study, is provided in Sec. II. The specific ap-

(c)

FIG. 2. Predicted low-temperature (lowest-energy) orderings
for R 1:2:3 compounds in both orthorhombic and tetragonal
phases when the moments are aligned along the x/y direction
satisfying the condition g

~I

& 1.40g, : (a) corresponding to
configuration q(8y), as given in Table I, for R =Er; (b) q(5y);
(c) q(6x); (d) q(3x). The other details are the same as those
given in the caption of Fig. 1. The orientations of the x,y, z axes
are indicated here in (d).

plication to the R 1:2:3 compounds is made in Sec. III.
The results, taking into account experimental data, are
discussed in Sec. IV. Concluding remarks are made in
Sec. V.

II. A BRIEF OUTLINE
OF THE LUTTINGER-TISZA METHOD

USING PERMUTATION GROUPS

The details of the LT method, as applied to the present
study of magnetic ordering of R 1:2:3compounds, are de-
scribed in this section; for more details, see Ref. 14. The
lattice sites occupied by R + ions are divided into eight
sublattices by the application of the double translation
vectors T =2la+2mb+2nc, where a, b, c are unit-cell
vectors (a =b for tetragonal, a(b for orthorhombic
structure) and I, m, n are zero, positive, or negative in-

tegers, to the eight vertices of a parallelepiped which are
situated at pa+qb+rc; p, q, r =0, 1, having chosen the
origin at one of the rare-earth sites. The ferromagnetic
and antiferromagnetic configurations whose energies can
be calculated by the LT method are such that all magnet-
ic moments located on any one of the eight sublattices are
parallel to each other, and the relative directions of the
magnetic moments of the various sublattices render the
entire rare-earth lattice ferromagnetic, antiferromagnetic,
or layered antiferromagnetic. The eigenvectors corre-
sponding to these configurations are expressed as
q(k)Pk(a) (k =1,2, . . . , 8; a=x,y, z). The elements of
the unnormalized eight-dimensional eigen vectors q ( k )
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TABLE I. Unnormalized eigenvectors q(k) of group of per-
mutations P, (t = 1,2, . . . , 8).

q(1) q(2) q(3) q(4) q(5) q(6) q(7) q(8)

1
—1
—1

1
—1

1

1

—1

1

1
—1
—1

1

1
—1

—1

1

1

1

1
—1
—1
—1
—1

1
—1

1
—1

1
—1

1

—1

1

1
—1
—1
—1
—1

1

1

1
—1
—1

1

1
—1
—1

1

1
—1

1
—1
—1

1
—1

1

are listed in Table I, wherein +1 and —1, respectively,
represent parallel and antiparallel directions of the rare-
earth magnetic moments on a sublattice. The energies
and corresponding cosines of the directions in the physi-
cal space along which the spins of these configurations
are oriented are respectively given by the eigenvalues and
the eigenvectors [i/}k(a}; a=x,y, z] of the 3X3 matrix
L&, whose components are given by

16
LP= g Afj'"spi i(k), i =1,2, . . . , 8,

j=1
(2.1)

g J/i for i',
i@Ij IA~-

J/f" for i =j
la Ij I, IAi

(2.2)

In Eq. (2.2), [j ] represents all ions on sublattice j, and

&s'&, "ij5@v 3rjjri.
ij 2 PB giiygvv 5

+Uij ~ij fiPv
~ij

(2.3)

In Eq. (2.3), S is the effective ionic spin [ =—,
' for all cases

considered presently; quantum mechanically
(S ) =S(S+1)],ps is the Bohr magneton, g„„ is the

TABLE II. Eigenvalues, c,p(1,-», of the vector q(k) for the
permutations P(1,) (j = 1,2, . . . , 8).

where spi; ~i are the eigenvalues of q (k) under a permuta-
tion group of eight objects, listed in Table II, and P(i,j )

is the permutation containing the cycle (i,j ) (listed in
Ref. 14). The summation in Eq. (2.1) is independent of
i. ' The matrix elements Ai'", appearing in Eq. (2.1),
represent the dipole-dipole and exchange interactions be-
tween an ion situated on sublattice i, and all ions on sub-
lattice j, as follows:

T

—(4n. /3)((S )/2)nag, a=x,y, z, (2.4)

where no= 1/(abc) is the number of rare-earth ions per
unit volume, and (S ) =S(S+1).

III. APPLICATION OF THE LT METHOD
TO THE LOW-TEMPERATURE

ORDERED STATES OF R 1:2:3COMPOUNDS

A. Lattice sums

The required lattice sums in Eq. (2.3) for the tetragonal
and orthorhombically distorted tetragonal crystal struc-
tures of Gd 1:2:3compound are listed in Table III. (The
same lattice sums will be used for the other R 1:2:3com-
pounds due to close proximity of their unit-cell parame-
ters to those for Gd 1:2:3.) The coordinate system chosen
is such that the z axis is parallel to the c axis and the x
and y axes are coincident with the a and b vectors of the
unit cell.

8. Crystalline electric-Seld parameters and the g factors

The experimental values of the g factors of the various
R + ions in R 1:2:3compounds are generally not avail-
able. They can, however, be calculated from a knowledge
of the crystalline electric-field (CEF) parameters. The
CEF Hamiltonian relevant to R 1:2:3 compounds,
characterized by tetragonal symmetry, can be expressed
as follows

pth diagonal element of the g tensor (assumed to be diag-
onal for the present choice of coordinate axes), r; is the
vector that joins the ionic position i to j with rl' as its pth
component, 5„ is the Kronecker 5 function, U;.

represents the (isotropic) exchange interaction between
the ions i and j, 6, =1 if i and j are nearest or next-
nearest neighbors, 0 otherwise. The factor —,

' in Eq. (2.3)
is introduced so that the energy of interaction is not
counted twice. The first term in Eq. (2.3) describes the
dipolar interaction, while the second term describes the
exchange interaction, the latter being confined presently
to the nearest and next-nearest neighbors.

The eigenvalues corresponding to the various
configurations, represented by q(k}, are those of the 3 X 3
matrices L/,'", given by Eq. (2.1}. The one that corre-
sponds to the lowest of these energies represents the low-
temperature ordered state. In calculating energies, one
should also take into account the demagnetization contri-
bution if the lattice sums are evaluated over a sphere, as
described in Ref. 14, for the case of ferromagnetic order-
ings q, P&(a), a=x, y, z. For the present case of a diago-
nal g tensor, this contribution is given by

P(1,1) P(1,2) P(1,3) (1,4) (1,5) (1,6) (1,7) (1,8)

q(1)
q(2)
q(3)
q(4)
q(5)
q(6)
q(7)
q(8)

1
—1

1

1
—1

1
—1
—1

1
—1
—1

1

1
—1
—1

1

1

1
—1

1
—1
—1

1
—1

1
—1

1
—1

1
—1

1
—1

1

1

1
—1
—1
—1
—1

1

1

1
—1
—1

1

1
—1
—1

1
—1
—1
—1
—1

1

1

1

HCEF =B202+B404+B606+B404 . (3.1)

In Eq. (3.1), the Oi are spin operators as defined by
Abragam and Bleaney. ' For the present case of assumed
isotropic exchange interaction, the CEF determines the
anisotropy.

When the values of CEF parameters Bi in Eq. (3.1) are
known, the g values for the various R + ions in R 1:2:3
compounds can be estimated from the Hund-rule ground
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TABLE III. Lattice sums over a sphere of 500 A for the lattice of Gd + ions in Gd 1:2:3. The vari-

ables r, x, y, and z are the displacements and their components from an origin situated at a given ion in

sublattice 1 to each ion in one of the various sublattices [see, e.g. , numberings in Fig. 1(a) or 2(a) and the
orientations of the x,y, z axes in Fig. 1(b) or 2(d)]. The unit of length is 2 A. All of the required lattice
sums can be obtained from the following listed sums. I,'The z axis is parallel to the c axis, and the x/y
axis is coincident with the a/b vector of the unit cell } It is noted that all

0

gxy/r =gyz/r =gzx/r'=0. The values of unit-cell parameters used are a =3.8397 A,
0

~
0

b =3.8987 A, c =11.703 A for the orthorhombically distorted tetragonal phase and a = b =3.8770 A,
c = 11.810 A for the tetragonal phase (Ref. 3}.

Sublattice

summed

Tetragonal Ortho rhombic

g3z p ~ x
r' r'

—0.107 814
—0.353 638
—0.353 638
—0.236 233

0.047 576
0.047 178
0.047 178
0.046 813

0.000000
0.254 719

—0.254 719
0.000 000
0.000 000
0.000 127

—0.000 127
0.000 000

—0.108 155
—0.361 414
—0.349 689
—0.237 320

0.048 233
0.047 827
0.047 777
0.047 421

0.001 538
0.263 020

—0.249 731
—0.002 522

0.000009
0.000 135

—0.000 136
—0.000009

state. ' The values of B& for the Er 1:2:3 compound
have been estimated by Simizu et al. ' by scaling from
inelastic-neutron-scattering data on Ho 1:2:3 (Refs.
18—20) to be (in K) Bz =0.0328, B4 = —0.0144,
B6=0.00075, B4=0.00211. The value of the largest
parameter B2 here is of the same order of magnitude as
that for ErRh4B4 (=0.07 K), ' whose CEF's have been

used to estimate the g factors of the R + ions in the vari-
ous RRh4B4 compounds, also characterized by tetragonal
symmetry, and listed by Misra and Postma. ' (For more
details, see Ref. 17.) These factors are listed in Table IV
along with the Hund-rule ground state for the various
R + ions. They will be used for the calculation of the
lowest-energy configurations of R 1:2:3 compounds be-
cause of the same symmetry and the same order of mag-
nitude of the CEF parameter B2 as for RRh4B4 com-
pounds.

C. Lowest-lying energies

The same g factors
g~~ ( =g„) and g~ (=g„„=gy~), will

be assumed for both the tetragonal and orthorhombically
distorted tetragonal phases because the orthorhombic
phase exhibits only a very small distortion from tetrago-
nal phase. (The lattice sums employed are, of course,
those calculated using the correct unit-cell dimensions for
the tetragonal and orthorhombically distorted tetragonal
phases. ) The two lowest-lying energies (in units of K) and
the corresponding configurations q(ka) of the various R
1:2:3 compounds, where q(ka) stand for the relative
directions of moments of the various sublattices given by

q (k) (listed in Table I) with the moments oriented in the
a ( =x,y, z) direction, as calculated using the LT method
employing permutation groups, are given by Eqs. (3.2)
and (3.3) below.

Tetragonal R 1:2:3compounds:

q (7z): EL = —0.010610g~~ —4u„+4u„„,

q(2z): EL ~
= —0.010608g~~ —4v„+4v„„,

q z: NL= 00 g

q (3x)=q (Sy) =q (6x) =q (8y}:

(3.2)

ENL = 0.018 1 1 lg g +4vn +4vnn

Orthorhombically distorted tetragonal R 1:2:3 com-
pounds:

q (7z): El = —0.010 681g
~(

—2u„—2v„.+4u„„,

q (2z): EL „=—0.010 678g~~
—2u„.—2u„„+4v„„,

q(5z}: ENt = —0.004138g
~

—2u„+2u -—4v„„,

q(3z): ENL„= —0.003 455g1 +2u„,—2u„„—4u„„,
(3.3)

q (3x)=q (6x): EL, = —0.020 927gtz+2u„—2v„—4v„„,

q(5y)=q(8y): EL = —0.020229g', —2v„+2v„—4v„„,

q(lx)=q(4x):

ENL = —0.018 763g i +2v„+2vn-+ 4vnn,

q ( ly ) =q (4y ):

ENL = 0.017 685g~ +2vn~+ 2vn~ +4v

In Eqs. (3.2), when the moments are oriented along the z

direction, the subscripts (L ', I.") and NL stand for the
lowest (there are two which are not exactly equal in ener-

gy, but extremely close to each other) and the next-lowest
energies; on the other hand, when the moments are
oriented along the x/y direction, the subscripts L and
NL stand for the lowest and next-lowest energies. It is

EL = —0.020444g~ —4v„„,

q ( lx) =q ( ly) =q (4x) =q (4y):
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noted that the degeneracies for the tetragonal phase, as
given by Eqs. (3.2), of the groups of configurations
Iq(3z), q(5z) I, Iq(3x), q(5y), q(6x), q(8y)J, and
Iq(»), q(ly), q(4x), q(4y)I, whose energies are denoted
as ENL, EL, and EN„, respectively, are (partially) lifted
when the symmetry is reduced to the orthorhombically
distorted tetragonal phase, according to Eqs. (3.3), as fol-
lows: Iq(5z)I, [q(3z)I, I(3x),q(6x)I, (q(5y), q(8y)I,
Iq(lx), q(4x)J, and Iq(ly), q(4y)I; these energies are
denoted as ENL. , ENL-, EL,, Er-, ENt, and ENt-. [It is
noted that, in Eqs. (3.2) and (3.3), the energies of the fer-
romagnetic configurations q ( lx) and q ( ly) are extremely
slightly lower than those of the antiferromagnetic
configurations q (4x) and q (4y), respectively (of the order
of 1 part in 20 000).]

In Eqs. (3.2), for the case of tetragonal phase, U„and

v„„represent the exchange interactions of ion 1 with the
four nearest-neighbor ions, which lie on sublattices 2 and
3, and four next-nearest ions, which lie on sublattice 4,
respectively. On the other hand, in Eqs. (3.3), for the
case of orthorhombically distorted tetragonal phase, u„,
v„-, and u„„represent the exchange interactions of ion 1

with the two nearest-neighbor ions which lie on sublattice
2, two next-nearest-neighbor ions which lie on sublattice
3, and four next-next-nearest-neighbor ions which lie on
sublattice 4, respectively. Because of the close proximity
of nearest and next-nearest ions for the orthorhombically
distorted tetragonal phase v„-v„-; for this reason, for
the orthorhombically distorted tetragonal phase and the
next-next-nearest-neighbor interaction, v„„,has also been
included. It should be noted, upon taking into account
the distances of nearest neighbors in the tetragonal and

TABLE IV. Calculated values of gII and g~ factors (the same as for RRh4B4 compounds) as well as
the (only) reported measured values of gII and g~ for Dy + and Er +, Hund-rule ground state for the
various R '+ ions, predicted low-temperature orderings (more details in Sec. III) on the basis of dipolar
interactions, and experimentally observed orderings for the various R 1:2:3compounds. AF and NS
stand, respectively, for antiferromagnetic and nonsuperconducting. (If nothing is indicated, it means
that the compound becomes superconducting at a characteristic temperature. )

R +

Hund-rule
ground state

2S+ 1L
gll

Predicted
ordering

Observed
ordering

„Ce'+(4f')
Pr3+(4f 2)

60Nd +(4f')
„Pm"(4f')
6~Sm +(4f')

E 3+(4f6)

Gd +(4f')
Tb'+(4f')

66Dy" (4f')

Ho +(4f' )

Er3+(4f 11)

Tm +(4f '
)

Yb3+(4f '3)

2
Fs/2
H4

4
I9/2

'I4
6
H5/2
Fp

s
S7/2
F

9
Hs/2

Is
4
I15/2

H6

2
F7/2

4.28
4.80
6.51
0
0.286
0

14.0
18.0
20.0

7 lh

20.0
0.937
4 5h

1.318"

1.142

0.126
0
0.073
0
0.857
0
0
0
0

(0.9,0.6)h

0
9.219
8 0h

0k

4.571

z axis AF
z axis AF
z axis AF

x,y axis AF

z axis AF
z axis AF
z axis AF

z axis AF
x,y axis AF

z axis AF

x,y axis AF

NS»b

z axis AF', NS
z axis AF
b

AFd e

z axis AF
NSb

z axis AF~

z axis AF'

x,y axis AF'

No ordering
(above 0.5 K)'
AFC, m

'The experimental ordering has not been determined.
The particular rare-earth ion does not form an R 1:2:3compound.

'Reference 6.
K. N. Yang, J. M. Ferreira, B. W. Lee, M. B. Maple, W. H. Li, J. W. Lynn, and R. W. Erwin, Phys.

Rev. B 40, 10963 (1989); P. Fischer, B. Schmid, P. Briiesch, F. Stucki, and P. Unternahrer, Z. Phys. B
74, 183 (1989).
'The direction of ordering has not been determined.
'H. A. Mook, D. McK. Paul, B. C. Sales, L. A. Boatner, and L. Cussen, Phys. Rev. B 38, 12008 (1988);
see also, Ref. 8.
A. I. Goldman, B.X. Yang, J. Tranquada, J. E. Crow, and C.-S. Jee, Phys. Rev. B 36, 7234 (1987).

"Experimental g factors as determined (i) for Dy'+ by Allenspach et al. (Ref. 22); the g~ column con-
tains (g„,g» ) values, respectively, and (ii) for Er + by Hodges et al. (Ref. 23).
Ordering changes to x,y axis AF below 0.1 K; see P. Birrer, F. N. Gygax, B. Hitti, E. Lippelt, A.
Schenck, M. Weber, S. Barth, F. Hulliger, and H. R. Ott, Phys. Rev. B 39, 11449 (1989).
'References 9 and 10.
"The doublet that lies just above the lowest-lying singlet has been used for the calculation of g factors.
'J. M. Ferreira, B. W. Lee, Y. Dalichaouch, M. S. Torikachvilli, K. N. Yang, and M. B. Maple, Phys.
Rev. B 37, 1580 (1988);S. H. Liu, ibid. 37, 7470 (1988).
J. A. Hodges, P. Imbert, and G. Jehanno, Solid State Commun. 64, 1209 (1987).
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TABLE V. The predicted ground-state energies EL(z) and
EL (xy), in units of K, for the orderings in the z and x/y direc-
tions, respectively, as calculated on the basis of dipolar interac-
tions alone for the tetragonal phase, and the magnetic ordering
temperatures T& {as listed by Lynn in Ref. 1) for the various R
1:2:3compounds.

Ce
Pr
Nd
Pm
Sm
Eu
Gd
Tb
Dy

Ho
Er

Tm
Yb

TN

17
0.52, 1.5

0.6

2.2,2.24,2.6

0.8,0.95

0.15
0.6,0.87

0.35

EL(z)

—0.1943
—0.2445
—0.4497

—0.0009

—2.0796
—3.4377
—4.2441
—0.5349'
—4.2441
—0.0093
—0.2149'
—0.0184
—0.0138

EL(xy)

—0.0003
0.0000

—0.0001

—0.0150

0.0000
0.0000
0.0000

—0.0115'
0.0000

—1.7375
—1.3084'

0.0000
—0.4272

'Calculated using the experimental g factors as referred to in
footnote (h) of Table IV.
For g~ the average value of g„„and g~y has been used here.

antiferromagnetic [q (Sy), Fig. 2(a)] in the z direction; the
exchange-interaction contribution, being the same for
these four states, does not remove their degeneracy in en-
ergy. The degeneracy of these four configurations for the
x/y orientation of moments for the tetragonal phase is
partially lifted to yield two doublets when the symmetry
is reduced to that of the orthorhombically distorted
tetragonal phase, such that the doublet [q(3x),q(6x)]
lies somewhat lower in energy than the doublet
Iq(5y), q(Sy)], as seen from Eqs. (3.3). Finally, when
only the dipolar interactions are taken into account, the
lowest-energy configuration with the moments oriented in
the z direction will be favored, as long as

g~~
& ag~, where

a = 1.3883 and 1.3999 for the tetragonal and
orthorhombically distorted tetragonal phases, respective-
ly. However, this condition will be somewhat modified
when the exchange interactions are taken into account,
according to Eqs. (3.2) and (3.3).

To summarize, the ordering will be of the q(2z) or
q(7z) type if

g~~
) 1.40g~, while it will be q(3x), q(5y),

q(6x), q(Sy) [or, perhaps q(lx), q(ly), q(4x), q(4y)] if
g~~

&1.40gj. The exchange interactions cannot distin-
guish between choices within each group', however, they
could play a decisive role for the case

g~~
—1.40gJ.

orthorhombically distorted tetragonal phases, that
v„-v„-v„-. The values of these exchange constants
have not been experimentally determined and it is rather
diScult to estimate them theoretically.

Equations (3.2) and (3.3) are so close to each other that,
within experimental error, they predict the same low-
temperature ordering independent of the structure.
From Eqs. (3.2) and (3.3), it is clear that, for both the
tetragonal and orthorhombically distorted tetragonal
phases, when the moments orient in the z direction
(parallel to the c axis), the dipolar interactions alone lead
to two states, q (2z) and q (7z), which possess the lowest
energies (i.e., their energies are extremely close to each
other), the lower one of these, e.g. , q (7z) [Fig. 1(b)], cor-
responds to antiferromagnetic ordering in the x (parallel
to the a axis) and y (parallel to the b axis) directions, with
ferromagnetic ordering along the z direction, while the
higher one of these, i.e., q(2z) [Fig. 1(a)], has the same
configuration of moments in the x and y directions but
antiferromagnetic ordering of moments in the z direction.
The exchange-interaction contribution, being the same
for these two states, does not alter their relative order in
energy. On the other hand, when the moments are point-
ed in the x/y direction, it is seen from Eqs. (3.2) that the
four configurations for the tetragonal phase, which pos-
sess the lowest energy, are such that when the moments
point in the x direction the ordering is ferromagnetic in
the x direction, antiferromagnetic in the y direction, and
either ferromagnetic [q(3x), Fig. 2(d)] or antiferromag-
netic [q(6x), Fig. 2(c)] in the z direction, and when the
moments point in the y direction the ordering is antifer-
romagnetic in the x direction, ferromagnetic in the y
direction, and either ferromagnetic [q(5y), Fig. 2(b)] or

IV. DISCUSSION OF PREDICTED ORDERINGS
AND EXPERIMENTAL RESULTS

In Table IV are listed the Hund-rule ground states of
the various rare-earth ions and the calculated

g~~
and g„

values using CEF parameters as discussed in Sec. III,
along with the theoretically predicted orderings on the
basis of dipolar interactions alone, as well as the experi-
mentally observed orderings. (For Dy 1:2:3,the g„„,g
and g„ factors have been determined by Allenspach,
Furrer, and Hulliger to be 0.9, 0.6, and 7.1, respective-
ly, while for Er 1:2:3 the values are g„=4.5,

gyy 8 0 as reported by Hodges et al. ; these ex-
perimentally determined g values satisfy the same condi-
tions for the g~~/g~ ratios as those by the theoretically
calculated g values for the magnetic orderings, discussed
in Sec. III.) An inspection of Table IV reveals that, for R
1:2:3compounds with R =Fr, Nd, Gd, Dy, Ho ( T)0. 1

K), and Er, there is complete agreement of the prediction
with the experiment. On the other hand, for R =Srn and
Yb, the predicted and observed orderings are both anti-
ferromagnetic; however, the precise directions of mo-
ments have not been experimentally determined. The
compound Tm 1:2:3 is not found to order magnetically
down to 0.5 K. Further, the compounds with R =Ce
and Pm cannot be produced experimentally. On the oth-
er hand, Eu 1:2:3can be produced, but it is not interest-
ing, since Eu + is a nonmagnetic ion. Finally, it should
be pointed out that the experimentally observed order-
ings are, in most cases, as those given in Figs. 1(a) and
2(a) for the various cases. These do not cover the four
theoretically predicted configurations given in Figs. 1(b)
and 2(b) —2(d). However, there have been published some
reports of observing all the theoretically predicted order-
ings, as those given in Table IV.
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The only disagreement between the theoretically pre-
dicted and experimentally observed ordering' ' is for
the Ho 1:2:3 compound below 0.1 K. The two may be
brought into agreement if, either the values of exchange
interactions below 0.1 K become suSciently strong, or
the relative strength of the

g~~
and g~ values changes, as

dictated by Eqs. (3.2) and (3.3).
Finally, we note that there does not appear to be any

correlation between the ground-state energies (EL ) and
the ordering temperatures (Ttt), as listed in Table V; of
course, these energies are computed, in most cases, using
theoretically calculated g values rather than experimen-
tally determined ones. The only noteworthy point is the
rather large value of Ttt for Pr 1:2:3 ( —17 K) as com-
pared to those of the other R 1:2:3compounds, which are
much smaller.

V. CONCLUDING REMARKS

The present investigation indicates that it is possible to
account for the observed orderings of the R 1:2:3 com-
pounds on the basis of purely dipolar interactions. For
the case of the Ho 1:2:3compound, the observed ordering
below 0.1 K can also be explained with appropriate
values of exchange interactions between the Ho + ions
and/or with an appropriate gi /gt ratio.
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