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Fluctuations in the Bardeen-Cooper-SchrieSer Hamiltonian induced by finite particle number
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The fluctuations properties of the BCS Hamiltonian which are induced in finite systems are explored.
It is shown that for very large particle numbers the static-path approximation is an excellent approxima-
tion, while for small particle numbers, the random-phase-approximation corrections should be taken
into account, especially for particle numbers small enough to cause the normal- to superconducting-
phase transition. A correlated mean field containing quantal fluctuations is introduced and compared
with the Hartree-Bogoliubov mean field.

I. INTRODUCTION

Phase transitions in many-body systems appear in the
thermodynamic limit of infinite particle number, or
equivalently for infinite volume. For finite systems, no
singularity occurs in the partition function or in the ther-
modynamic response of the system.

An interesting question about the singular behavior of
many-body systems is to what extent effects due to a finite
number of particles still display a thermodynamic
response which is reminiscent of a phase transition. On
general grounds, one expects that, for large particle num-
bers, the singularities of the free energy will be smoothed.
For small particle numbers, one expects that the fluctua-
tions induced by the correction to the standard Hartree
lor Hartree+ random-phase-approximation (RPA)
corrections] approximation, will be so strong as virtually
to wipe out any signature of the phase transition of the
large-X limit. We wish to study this question in interact-
ing fermionic systems.

In previous works (Ref. 1), the Lipkin model (Ref. 2)
and pairing Hamiltonian in a single energy shell were
studied in the case of relatively small particle numbers.
A comparison between the Hartree mean field and exact
calculations showed no remnant of the second-order
phase transition.

In the limit of large particle numbers, that is, in the
limit of infinite degeneracy, the models of Ref. 1 do
display second-order phase transitions since their static
action, in the functional-integral representation for the
partition function, is proportional to N; that is, these
models admit a 1/1V expansion around the mean field
(Ref. 3).

Small-amplitude quantal corrections (that is,
imaginary-time-dependent Gaussian Auctuations), if well
behaved, do not appreciably contribute for large systems
since their relative weight to the static action goes to 0 in
the large-X limit as 1/X. The remaining large-amplitude
quantal fluctuations, which are associated with the tun-
neling between the stable Hartree phases (Ref. 1), cancel
the singularity caused by small quantal fluctuations
which diverge (much in the same way of the standard
Gaussian model) for some energy below the barrier
height. In other words, large quantal fluctuations associ-

II. THE RPA-SPA FORMULATION

Let us consider the BCS Hamiltonian

H =HO —G g akaka(aI,
k, 1)0

(2.l)

where the labels k, l, k, h refer to single-electron states and
to their time reversal. The single-particle Hamiltonian is
defined as

a, =+E,a,'a, . (2.2)

In what follows we retain the symbols i,j for any single-

ated with the imaginary-time axis are strong enough to
destroy the phase transition caused by the Gaussian fluc-
tuations in the imaginary-time order parameter. Since we
know that the specific heat of the pairing Hamiltonian
shows only the discontinuity associated with the static
gap, we are led to the conclusion (although we have no
rigorous proof) that this might be a general feature of
quantal fluctuations for I /N theories. That is that quan-
tal fluctuations (which are one dimensional and with
nearest-neighbor coupling given by the time derivative)
always cancel singular behavior caused by tunneling be-
tween the potential barrier in the mean-field therrno-
dynamic response. Of course, quantal fluctuations have
no effect on the phase transition in the static order pa-
rameter.

The inclusion of the fluctuations in Ref. 1 was also car-
ried out within the framework of the RPA-SPA (static-
path approximation), where static fluctuations, at any or-
der, and Gaussian quantal fluctuations were included.
The effect of these fluctuations, for the particle numbers
considered, was, as expected, to cancel the signature of a
phase transition on the thermal response for those mod-
els.

In the past, static fluctuations have also been studied in
Ref. 4 in the BCS Hamiltonian for finite particles in the
framework of the SPA. However, no quantal fluctuations
around the static approximation of the BCS Hamiltonian
were considered. The goal of this paper is to include the
quantal fluctuations within the framework of the RPA-
SPA.
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Jy= —(P—P )=QJy'"',
k

i (g 1) yJ(k)
k

From the above definition it follows that

(2.3)

particle state, while the symbols k, l will refer to a single-

particle state in the interval [sF—coD, EF+coD], where coD

is the Debye cutoff frequency and cF is the Fermi energy.
In terms of the pairing operators Pk =akak and

Pk =akak, the interaction can be rewritten as

—6 g PkPI= G—P P .
k, I )0

Define the quasispin operators as

J = '(P+—P )=gJ'"'
k

Z(P, a)= f dr)„drive
G —pG(ri„+q ) pg'Tr e

I shall first derive the SPA expression for the partition
function by neglecting M'(t) and then the RPA-SPA ex-
pression by performing second-order perturbation theory
on the thermodynamic potential inside the functional in-
tegral. Because of the very special form of the Hamil-
tonian (2.1), the static-path approximation to the parti-
tion function will be of the 1/N type, that is, the thermo-
dynamic potential in the SPA will be proportional to the
particle number; in the RPA-SPA, the quantal correc-
tions, instead, will not be proportional to the particle
number (they tend to a constant as N~ ~) and thus in
the thermodynamic limit they will not contribute.

Neglecting the effect of the perturbation (2.10) in (2.8},
one obtains the SPA expression for the partition function,
1.e.,

P'P =J'+J'+J, , (2.4) (2.1 1)

Z(P, a) =
n=1

which is the form most suited for a functional integral.
The grand-canonical partition function is given by

M

f g (dP„„dP,„)

The Hamiltonian & can readily be diagonalized by rota-
tions in the quasispin space. Define for convenience
Gk =G and GJ =0 for jAk. The Hamiltonian & can be
rewritten as

M
Xexp ——g (P„„+P~„)

n=1
M

XTrVexp( —e g %„) .
n=1

(2.5)

In the above, T is the imaginary-time ordering operator,
M is the number of time slices, and e=p/M; the limit as
M goes to 00 is understood in the above. The Hamiltoni-
an in (2.5) is given by

&=At 60—2+ R,J, A,
J

where the quasienergies R are given by

R =Qq. +G ( ri„+r) )

with

q, =G /2+p —e, .

A is the rotation operator in the quasispin space

(2.12)

(2.13)

&„=&0—GJ, —2G (J„P„„+Jy Py„) pA', —(2.6) A =exp ig 8J,'J' exp ig PJ
J'J' (2.14)

l NPfP„„=ri„+ g r)„e
p (%0)

I coP/

P~„=ri~+ g r) e
p (&0)

(2.7)

where co =2m. /P, and consider the eigenvalue problem

where p is the chemical potential. Equation (2.5) is exact.
To define the approximations used in this work, let us use
the Fourier transform of the fields P„„and P„„defined as
(Ref. 1)

The rotation angles are defined by the relations

Gg =hcos8,

Gg =6 sin8,

q =R cosP

h=R sing

Rl = '1/ q +b

The constant @0 is

(2.15)

[a, +%+m'(r)]g„, (r) =@„,g„,(r) . (2.8) 80=+(e, —p) .
J

(2.16)

The label p and p refer to the quasispin and the time, re-
spectively. The static Hamiltonian in (2.8} is given by

&=80—GJ, —2G(ri„J„+riyJy) pA'—(2.9)

The eigenvalues of &0 are therefore

8[m. ]=eo—2+R m. ,
J

(2.17)

and the perturbation is

MAt)= 2G g (g J +gyqJY)e
p (&0)

(2.10)
where the m's are the eigenvalues of J, and are denoted
collectively by p in Eq. (2.8). The SPA expression for the
partition function now becomes
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Z(P, a)= f db, bexp ——b, —PA'o+P+R +2+in[1+exp( —PR )]P
J

(2.18)

(see also Ref. 4). In order to understand the physical
meaning of the SPA expression (2.18), note first that the
extrema of the integrand are obtained in correspondence
of the familiar Hartree-Bogoliubov gap. In fact, the ex-
trema of the argument of the exponential in (2.18) satisfy
the condition

Z(P, a)=Z&„„ fdb. b exp
~gs

(2.19}

The action X in (2.19) is approximately size independent
and is given by

coD

X = —b, —coD+2 f R (E)d E
0

with

+4f dE[ln(1+e ~ ")—ln(1+e ~')]
0

(2.20)

R(c.)}/(g5/2 —s) +b, (2.21)

guantal corrections can be included by expanding the
thermodynamic potential inside the functional integral
up to second order in the perturbation in (2.8). The per-
turbation expansion is carried out in the basis defined by
the time-dependent eigenstates of

pRk
tanh

k k

Moreover, deviations from self-consistent 6 are included
in (2.18) each weighted according to their free energy. A
limitation of (2.18) is that quantal RPA corrections are
not included in (2.18). Such corrections are, however, in-
cluded in the RPA-SPA, as the name suggests. The pair-
ing coupling constant is 6 =g5, where 5 is the single-
particle level spacing at the Fermi surface. For 5 small
enough, the sums can be approximated by integrals and
one the contribution from the interaction isolated from
the free part. The final expression is

Since the Hamiltonian (2.12) and the perturbation (2.10)
are sums of independent Hamiltonians, each j term, in
(2.17) is modified and, after some algebra, one finds that
the corrections to Rk are of the type RkDk, where

Dk=
p (&0)

(cos ykIF ~I +IF', I

4Rk+co P

2 cosfk
R

(Fzp Fy p Fx p Fyp )

x
4R 2+~2p2

(2.24)

PRk +2 1n[1+e {—PRk ) ]=e

Xe 13Rk Dk
—2Fk PRk Dk (2.25)

where the fermionic occupation numbers are given by

1
Fk

k

one has, after performing the Gaussian integral over the
variables g„p and gyp,

Z(P, a)=Zf„, f db, 5 exp —X. C . (2.26)
~gs

The quantal correction factor in (2.26) is given by

The variables F, and F have the following expression:

F~p g~p cosO + gyp sin 8

Fyp Q zp sin 0+gyp c0s0

Finally, making use of the expansion

PRk(N —1)(1+Dk )Tr'T exp —e g &„=g g ~ e
n=1 k N=O

[a, +Ff]g„.(r) =e„.g„.(t), (2.22)

which, as before, are labeled by the eigenvalues of the ro-
tated spin and by a time label associated with the time
variable in (2.21),

m (&0)
1 —g Ak 1 —QBk + QCk

k k k

(2.27}

4„=6„0+iCOP,

with eigenstates

g„,(r)=g„oe' &',

where @„oand g„o are the eigenvalues and eigenvectors of
(2.9). The first-order correction to the quasienergies Rk
is zero since the time average of the perturbation (2.10) is
zero. The second-order correction gives

(pOI5&Ivn)(vnI &fIp0)

where the various factors are

2q„G tanh(PR„/2)

4R +co m

tanh(PRk /2)
Bkm =2Rk G

4Rk+a) m

2Gqk comtanh(PRk /2)
Ck

Rk 4R 2+~2m 2

(2.28)

{vn) I'W(}MO)] Equations (2.26) —(2.28) define the RPA-SPA approxima-
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tion to the partition fu
il th t'ai

dent s' ce fo small 1

(2.2. 7) b 1 db
a evel spacin 1

f h f h e system (i.e., from g). Tm . That is,

COg)

(E,m) 1 — de 8e8(E,m)
m ()0)

f de C(s, m)

2[q(e)] g tanh[pR(s)/2]
4[R (s) ] +co m

8(e m)=2R ( )8 g [R(s)] +co m

(2.29)

(2.30)

2gq(e, ) wm tanh[PR( )/2]
R e

E, 2
(&) 4[R(e)] +co m
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ature in the RPA-SPA is roughly constant in the 5 region
where the superconducting phase exists and that the
disappearance of the phase transition is due to the de-
creasing gap. In other words, quantal fluctuations, in-
duced by finite particle number, affect the gap rather than
the critical temperature itself. It should, however, be
pointed out that these effects disappear for large systems.

The fact that the maximum of the integrand in the
RPA-SPA expression (2.26) is reached for a value of b,
different from the Hartree value can be understood with
the following argument. In the RPA-SPA, the effective
action to be maximized as a function of 6 is

S,s= —X+1nC,

30

20

: & = o 000'

SPA .......

RPA-SPA—

while X is not very sensitive to the structure of the un-
perturbed single-particle levels, C is; depending on the
structure of single-particle spectrum, 8 can be a strongly
picked function of 5 for 6=0 or have a more complex
behavior. In the case of large single-particle level spac-
ing, the static action does not dominate and the max-
imum of the effective action is reached for 6=0, that is,
this "correlated"' mean field is totally dominated by the
RPA corrections about the normal phase. For smaller
level spacing, the static action tends to dominate and the
correlated mean field does not differ from the standard
Hartree-Bogoliubov mean field since, as pointed out
above, the RPA corrections are roughly independent
from the particle number.

In order to display the rather strong dependence of the
correlated mean-field from the single-particle spectrum, it
is interesting to consider the special case where all levels
are degenerate and coupled by the pairing potential. It is
easy to show that, at low temperatures, the correlated
mean field is smaller than the Hartree-Bogoliubov mean
field, but as the temperature is increased, the correlated
mean field becomes larger and disappears at a critical
temperature slightly higher than the one given by the un-
correlated mean field. The persistency of this effect for
large particle numbers on model Hamiltonians which
display second-order phase transitions is still under inves-
tigation.

As mentioned in the Introduction, quantal fluctuation
becomes large at temperatures lower than the critical
temperature and eventually the Gaussian quantal correc-
tions to the static path become unstable and higher-order
corrections must be taken into account. Physically this
represents the onset of tunneling between the normal and
the superconducting phases. Thus, the Gaussian quantal

I0

T(K)

FIG. 3. Specific heat multiplied by 2cF in both the SPA and
RPA-SPA for several 5 values. For small 5 the two approaches
give the same results.

corrections included in the RPA-SPA scheme are expect-
ed to be stronger around the normal unstable phase. This
is in agreement with the disappearance of the gap at low
temperatures as shown in Fig. 2.

In Fig. 3 is shown the behavior of the specific heat
(multiplied by 2eF ) as a function of the temperature for
different 5. Note that fluctuations, both static and quan-

tal, destroy the signature of the phase transition for
5 (0.1 K. For the specific heat, no appreciable contribu-
tion comes from the quantal fluctuations for the values of
5 where the existence of the phase transition can be in-
ferred. Note also that the effect of the quantal fluctua-
tions is to decrease the specific heat, again this is a conse-
quence of the single-particle spectrum which was taken in
the calculation.
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