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The zero-field splitting of S-state ions is studied in the intermediate-field coupling scheme by taking
the crystal-field and the electrostatic interactions as the unperturbed Hamiltonian and the spin-orbit in-
teraction as a perturbation. This perturbation process shows a very good convergence and provides a
comprehensive approach to the derivation of both the rank-2 b& and the rank-4 b4 zero-field splitting pa-
rameters, which are shown to come predominantly from the first nonzero perturbation terms. Cubic and
tetragonal symmetries are considered and the zero-field splitting parameters D (-b&), a (-b4), and F
( —b4 ) are investigated in detail as functions of the cubic Dq and the tetragonal crystal-field (CF) param-
eters B&0 and B40. It is found that the tetragonal CF components B&0 and B40 contribute, to the cubic
zero-field splitting parameter a, a value a„which is non-negligible. The ratio a, /F is found to be insensi-
tive to CF parameters and to lie in the range —0.2 to —0.5. Both parameters a, and F depend mainly
on B&0, whereas D depends mainly on B40. The results of earlier perturbation procedures are also calcu-
lated and compared with the present ones. The present theory deals with the zero-field splitting parame-
ters bz (k =2 and 4) by regarding the crystal-field parameters B«(k =2 and 4) as freely adjustable phe-
nomenological parameters, thus avoiding problems arising from the application of a specific crystal-field
model to the evaluation of B«. Following this idea, numerical calculations are carried out for the pa-
rameters a, D, and F for Mn + and Fe + ions in cubic and tetragonal Auoroperovskites. The results are
in good agreement with experimental data. This work presents examples where the crystal-field theory
allows a successful interpretation of the zero-field splitting of S-state ions.

I. INTRODUCTION

The microscopic theory of the spin Hamiltonian (SH)
of S-state ions has received a great amount of interest in
recent years (see, e.g. , Refs. 1 —3). Since the orbital angu-
lar momentum of the ground state is zero, it is necessary
to take into account higher-lying rnultiplets, which in-
volves tedious calculations. It has been established that
the combined effect of the spin-orbit and crystal-field
(CF) interactions accounts for the experimentally ob-
served zero-field splitting (ZFS) of S-state ions in many
ionic crystals. ' On the other hand, the role of other
effects, in particular overlap' and relativistic CF
(Refs. 21 —23) effects, has been indicated. However, to
date there has been no work in the literature that takes
into account all of the mechanisms and that yields good
agreement between calculated and experimental results.

The ZFS parameters for symmetries lower than cubic
cannot be calculated by diagonalizing the fu11 energy ma-
trices within the whole d configuration, including the
CF and spin-orbit potentials, to give "accurate" values
contributed by these two interactions, since there are
three or more independent ZFS parameters, but only
three Kramers energy levels in the ground S state. As-
sumptions have to be made when deducing the ZFS pa-
rameters from the energy splittings of S state obtained

by diagonalization in order to produce an approximate
result. A commonly used approximation is to omit in the
spin Hamiltonian calculations rank-4 ZFS terms and to
consider only the rank-2 axial term D (or bz ) for tetrago-
nal (first kind; see Ref. 24) and trigonal symmetries. A
plausible justification is that the former terms are much
smaller in magnitude than the rank-2 terms for crystals
strongly distorted from cubic. " ' It seems, however,
that there are no similar assumptions and approximations
allowing a calculation of the rank-4 ZFS parameters.

Perturbation calculations have been useful in the study
of the ZFS of S-state ions. ' ' ' Three alterna-
tive perturbation procedures have been suggested for the
calculation of the rank-2 ZFS parameters of S-state ions
(see, e.g., Ref. 3). In addition to the well-known pro-
cedure proposed by Blume and Orbach (BO), ' the one
proposed by Watanabe has been extended and exten-
sively adopted recently. The perturbation procedure
suggested by Macfarlane and Zdansky 9 (MZ) for
A~(d /d ) and Az(d /d ) ions has been also applied

to the S-state ions. ' ' All the three procedures regard
the spin-orbit coupling and low-symmetry CF component
as a perturbation term. In addition, the perturbation
Harniltonian also includes the cubic CF part in the
%atanabe procedure and off-diagonal part of the electro-
static interaction in the MZ procedure (see, e.g. , Ref. 3).
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Cubic, ' tetragonal, ' ' ' trigonal, ' orthorhombic, '

and even monoclinic symmetries have been dealt with.
Most of these works, ' ' ' ' however, are limit-
ed to the lowest orders of perturbation, and that casts
doubt on the convergency of the perturbation procedure
(see, e.g., Ref. 30). Checking the convergency of the pro-
posed perturbation procedures requires extensive calcula-
tions.

Most of the earlier works were limited to rank-2 ZFS
parameters such as D and E, since they are much easier
to deal with than the rank-4 terms. Recently, the
significance of including the rank-4 ZFS parameters in
the study of the microscopic SH theory of S-state ions
has been pointed out. The rank-4 ZFS parameters
themselves, in particular the cubic parameter u, play an
important role in S-state splitting and are interrelated
with the rank-2 ZFS parameters. However, the calcula-
tion of the rank-4 ZFS parameters is much more compli-
cated since they arise from fourth- and higher-order
effects of spin-orbit and CF interactions. An analytical
formula for the cubic ZFS parameter ~ and a subsequent
semiempirical expression for u have been derived. This
enables one to explain the observed static and stressed
electron paramagnetic resonance (EPR) data for Fe +

and Mn + ions in several octahedral crystals. A pertur-
bation calculation recently has been carried out for
tetragonal symmetry using the MZ technique.
Separating the cubic ZFS term ~ into two parts, i.e., a,
arising from a cubic CF and u, (denoted as u' in Ref. 9)
due to the tetragonal CF components, Yu has found that
a, is related closely to the rank-4 axial term I' by the ra-
tio ~, /F—= —

—,'. The validity of this relationship needs

further confirmation because the calculations have been
made only in the lowest-order perturbation.

Considering the combined effect of the CF and spin-
orbit interactions within the d configuration as the ori-
gin of the ZFS of S-state ions, we obtain that each of the
ZFS parameters bg is related with all of the CF parame-
ters Bk . The experimental values of the latter parame-
ters for 3d ions are rather scarce. In past works, in
which only rank-2 ZFS terms were considered, one has
resorted to various CF models which relate CF parame-
ters Bk and the crystallographic parameters to get an
idea of the values of Bk . Additional problems thus arise,
namely, the intrinsic problems inherent in a given CF
model itself (e.g., assumptions, approximations, etc.), as
we11 as doubts as to the accuracy of the crystallographic
data used, which reduce the reliability of the final ZFS re-
sults even further. Moreover, usually the changes in the
local host structure due to dilute impurities doped in the
crystal are neglected. We need to separate the micro-
scopic SH theory from these problems in order to avoid
the difhculties induced by the application of specific CF
models. As matter of fact, there has been no CF model
which could reasonably we11 explain the optical spectra of
3d ions. So it should not be expected that a CF model
can produce reliable values of CF parameters 8«, allow-
ing calculation of the ZFS parameters bg, which in turn
are very sensitive to 8«.

Since for given symmetry case the number of the CF

parameters Bkq is identical to that of the ZFS parameters
bg, the possibility arises of adjusting Bk~ to fit bg (k =2
and 4) without application of a specific CF model. This
paper presents an attempt to achieve this goal. The
spin-orbit coupling is treated as the only perturbation
term, whereas the electrostatic and CF interactions are
taken as the unperturbed Hamiltonian. Our calculations
are carried out in the intermediate CF coupling scheme
and take into account all the 252 states within the d
configuration, as described in Sec. II. As the spin-orbit
energy is considerably smaller than the energies of excit-
ed quartets and doublets, measured from the ground S
state, the convergency is excellent. Microscopic deriva-
tions are consequently carried out for rank-2 as well as
rank-4 ZFS parameters in cubic and tetragonal sym-
metries, in Secs. III and IV, respectively. Calculations
are performed up to the fifth order. We shall show that
the rank-2 terms come predominantly from second- and
third-order perturbations, while the rank-4 terms mainly
from fourth- and fifth-order perturbations. The behavior
of each ZFS parameter —D, u, and F—are investigated
in detail as function of the CF parameters Bkq. Applica-
tions are presented in Sec. V, where we consider Mn +

and Fe + ions located at the cubic and axial (static and
vacancy) sites in fluoroperovskites. The results are in
good agreement with the observed EPR data for D, ~,
and I. Conclusions are given in Sec. VI.

II. THEORY

p a I'
b =—+—,4 2 3

'

b4= —,a .4

(2)

Solving the Hamiltonian (l) within the basis of states
~S =—'„M, ), we obtain the following formulas to be used
in the derivation of the microscopic relations:

b~ =&5W( —,', —
—,
' },

where W(M„M,') denotes (SM, ~&, ~SM,').
We follow the procedure described earlier in Ref. 3 and

consider the Hamiltonian

JYO+&cF+&.. . — (4)

where &o denotes the free-ion Hamiltonian, &cz the CF

Let us consider a spin Hamiltonian in tetragonal sym-
metry ' ' of the first kind (see Ref. 24), i.e., for the point
groups C4„D4, D2d, and D4h,

&,=—,'bzOz+ ~(b404+b40~ },
where Ok(S„,S~,S, ) are Stevens operators and the z
axis is taken to be along the C4 axis. The SH parameters
bg are related to the D, u, and F used conventionally in
the literature by the relations

b =D,2
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potential, and &, , the spin-orbit coupling. The Wy-
bourne notation for the CF potential is adopted:

~cF=B20Co +B4oCo +B44(C4 ' +C'
4 ),

where C' ' are the normalized spherical harmonics. It is
convenient to define the parameters B40 =B4o—( —", )' B44 and Dq=IB4o+( —',~)'~ B44]/42, which de-
scribe the departure from cubic symmetry. The parame-
ters B4o and B2o vanish identically in cubic symmetry,
and thus they measure the tetragonal distortion.

Writing %oz as the sum of cubic V, and low-
symrnetric VLs parts, Blume and Orbach suggested tak-
ing ( Vts+&, , ) as a perturbation to (&o+ V, ) in calcu-
lating the rank-2 SH parameters of S-state ions.
Watanabe has considered the total CF potential,
&c~= V, + VLs, as a perturbation together with the
spin-orbit coupling in the calculation of the cubic a and
axial D parameters for the S-state ions. This Watanabe
procedure was regarded by Sharrna, Orbach, and Das
as an independent mechanism since Watanabe's incom-
plete calculation indicated the dependence D ~(Bzo),
which did not appear in the lowest order of the BO pro-
cedure. In fact, Watanabe and Sharma, Orbach, and
Das dealt with exactly the same problem by using
different perturbation procedures. Complete calculations
using the Watanabe procedure have recently been carried
out up to sixth order ' for cubic, ' tetragonal, ' and tri-
gonal ' symmetries, whereas up to fourth order for or-
thorhombic, ' and triclinic symmetry cases. However,
since V, is usually comparable in magnitude with &o, the
convergency of this procedure has been seriously ques-
tioned. This point has been clarified ' ' for the rank-
2 SH parameters.

It is worth noting that in the calculation of the SH pa-
rameters of d" (n =2, 3, 7, 8) ions, Macfarlane and
Zdansky (MZ) treated V„s, &... and the off-diagonal
part of &o altogether as a perturbation using the strong-
field coupling scheme basis. This perturbation technique
has been successfully developed to calculate D, ~, and F
for S-state ions in cubic and tetragonal ' symmetries.
The resulting analytical expressions are of relatively sim-

I

Ia~aSLry &
= y y C(r, y, r, y, ;ry)

where

X Id aLl lyl &ID aSI,y, &, (6)

Id aLI Iyr& = g C(M;I tyl)Id aLMI &,
Mc

Id aSI,y, &= g C(MS, l, y, )Id 'aSMS& .
M,

(7)

The basis functions in (7) are constructed using the pro-
jection operator technique, while the Clebsch-Gordan
coeKcients in (6) are obtained from the tables. Within
the basis functions (6), the CF matrix elements are diago-
nal with respect to S, I „and y„and the resulting CF
matrices are actually the same as in the irreducible repre-
sentations I I of the normal (single-valued) group G.
Thus the matrices are block diagonal in the representa-
tion I of G, whereas the spin-orbit interaction couples
the blocks. The basic formulas are obtained as follows:
for a CF Hamiltonian (see, e.g., Ref. 34),

pie form, and it turns out that the numerical results agree
well with the diagonalization calculations. ' The fact
that the ground state S is not affected directly by the
crystal field allows us to include here the total CF poten-
tial, %~„=V, + V„s, in the unperturbed Hamiltonian to-
gether with %o. The perturbation Hamiltonian includes,
therefore, the spin-orbit interaction H, , only. Since the
spin-orbit energy is considerably less than the energies of
excited spin quartets and doublets, measured from the
ground state S, the convergency is excellent, as will be
shown below.

The present calculations are carried out in the inter-
mediate CF coupling scheme. ' The basis functions
Id aSLI y & transforming as components y of irreduc-
ible representations I of a double-valued group G' and
constructed as the linear combinations of products of
symmetry-adapted orbital I d aL I I yr & and spin

Id aSl, y, & functions are adopted:

(d aSLMsMI I&c„Id a'S'L'MIMI &

L k L'
&d aSLII U'"'IId a'S'L'&, (8)—ML q ML

and for the spin-orbit coupling,

(d aSLMsML I&, , Id a'S'L'MqML &

q= —1

S 1 S'
—M, —qM,'

L 1 L'
(d aSLI I

V'"'I Id a'S'L' &,—Ml q Ml
(9)
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where ( . ) is the 3j symbol and g is the spin-orbit
coupling constant. The values of reduced matrix ele-
ments

( d aSL~
~

U'"'~ ~d a'S'L' )

and

(d aSL~
~

V""~~d "a'S'L')

have been listed in Ref. 37. The intermediate CF cou-
pling scheme is very suitable for 3d ions for which the
CF potential is stronger than the spin-orbit interaction,
since the nonzero CF matrix elements are grouped in a
block-diagonal form. ' Our present calculations take
into account all states of the d configuration, i.e., total
number of 252 states.

It is easy to show that when the spin-orbit coupling is
regarded as the only perturbation term, the second- and
higher-order perturbations have nonzero contributions to
the rank-2 ZFS parameters b), while fourth and higher
orders affect the rank-4 terms bf. The second-order per-
turbation contribution b)( ' to the rank-2 ZFS parame-
ters b) is proportional to g~. The proportionality factor
Fo(2, q) is defined by b)( '=Fo(2, q)g . In a similar way
we obtain the third-order contribution as
b)' '=F, (2, q)g . The same idea is suitable for the rank-
4 ZFS parameters bf We ob.tain the fourth-order contri-
bution as b) =Fo(4,q)P and the fifth-order contribution
as b) =F((4,q)g . In this way, in fact, we obtain two ex-
pansion series of g for b) and bf We wri. te them one
after the other:

bg
—gb(k) +gb(k +1)+. . .

states. Considering the spin doublets, we find that they
contribute to the ZFS parameters at fourth and higher
orders. Therefore the spin doublets must play a negligi-
ble role for the rank-2 ZFS parameters b f, which results
mainly from the second- and third-order perturbations
[see Eq. (11)]. In other words, the parameters bf arise
predominantly from the second- and third-order e6'ects of
the spin-orbit interaction within the ground S state and
excited spin quartets. This conclusion enables one to
omit the spin doublets in the diagonalization calculation
of b). ' ' However, the spin doublets are non-negligible
in the calculation of rank-4 ZFS terms 8, 9, is, i6, 39—42 al
though they have energies generally higher than the spin
quartets.

Therefore a successful comprehensive approach to the
ZFS parameters bg (k =2 and 4) should include all the
252 states within d configuration and be carried out up
to the fifth or higher orders. This is achieved in a numer-
ical way in a FORTRAN program developed by us for
tetragonal symmetry. Using the functions (6), the pro-
gram computes the CF Hamiltonian and spin-orbit cou-
pling matrices of I 6 (62 X 62) and 1 7 (64X64) representa-
tions using (8) and (9). The input parameters are B, C, a
(the Trees correction), B20, B40, Dq, and g. The program
outputs the respective contributions to the parameters b z,

b4, and b~, as well as the corresponding ones to the con-
ventional parameters D, F, and u arising from second- up
to fifth-order perturbations. The program is applicable to
cubic symmetry by assuming 82O=B40=0. It takes
about 3 min of CPU time for one set of computations. A
copy of the program can be obtained from one of the au-
thors (Yu) upon request.

=Fo(k, q)g" +F((k,q)g +'+ (10)

This perturbation series are expected to have a good con-
vergence because the matrix elements of %, , are two or-
ders of magnitude smaller than the energy separations be-
tween the ground and excited states. In the following
sections we shall show that the first two terms in (10) con-
tribute most to bg; i.e., we can approximate

bg bg(k)+bg(k+()

The d configuration can be regarded either as five d
electrons or five d holes. ' ' ' This makes the diago-
nal matrix elements of the CF and spin-orbit interactions
zero. It leads to the fact that any physical quantity for a
d ion remains unchanged when the signs of both the
spin-orbit coupling constant g and CF parameters Bk are
inversed: ' '

bg(B C Bk g) bg(B C Bkq g) (12)

This requires that F(),F2, . . . , F2„ in (10) be even func-
tions of B&~ and that F, ,F3, . . . , Fpn+i be odd functions
of B& . ' This feature is very useful in deriving analyti-
cal expressions for the SH parameters of d ions.

The spin quartet T((P) is the only excited state that
couples via &, , with the ground S state. Because of
this, the T, (P) state plays the most important role in
a6'ecting the ZFS of S-state ions among various excited

III. ZERO-FIELD SPLITTING
IN CUBIC SYMMETRY

In cubic symmetry there is only one ZFS parameter u,
which relates to the separation between the I 8 and I 7 en-

ergy levels of the ground S state by 3~=E ( I () )

E(I'7). ' T—hus it can be evaluated by means of diago-
nalization, as has also been done in Refs. 8, 15, 40, and
42. Perturbation calculations have also been performed,
using the Watanabe and MZ (Refs. 28 and 29) pro-
cedures, and analytical expressions have been avail-
able. ' It should be mentioned that Powell, Gabriel,
and Johnston performed a perturbation calculation up
to sixth order in a way similar to the one adopted in this
paper. (Note that Dq in Table I of Ref. 39 should be re-
placed by Dq. ' ) Powell—, Gabriel, and Johnston
found that the spin-spin coupling contributes a negligible
value to u in comparison with the contribution resulting
from the spin-orbit coupling. The spin-orbit and CF in-
teractions within the ground S and excited Ti, T2, and
E states are found to be the major source of the cubic

ZFS.
In previous work we have made diagonalization calcu-

lations, which produce "accurate" values arising from
the CF and spin-orbit interactions within the whole d
configuration for a given set of parameters. It has been
concluded that ~( )=Fog is an even function, whereas
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TABLE I. Cubic zero-field splitting parameter ~ (in 10 cm ') vs Dq for Fe'+ ions, calculated as-
suming B =900, C =3300, and (=400 (in cm ').

Dq (cm ')

1600
1400
1200
1000
800
600
400
200

0
—200
—400
—600
—800

—1000
—1200
—1400
—1600

(4)

130.1
63.0
32.9
17.6
9.3
4.5
1.8
0.43
0
0.43
1.8
4.5
9.3

17.6
32.9
63.0

130.1

24.8
11.4
6.1

3.6
2.2
1.4
0.8
0.37
0

—0.37
—0.8
—1.4
—2.2
—3.6
—6.1

—11.4
—24.8

~ (total)

154.9
74.4
39.0
21.2
11.5
5.9
2.6
0.8
0
0.06
1.0
3.1

7.1

14.0
26.8
51.6

105.3

a (dla. )

155
74.3
39.0
21.2
11.5
5.9
2.6
0.8
0
0.06
1.0
3.1

7.1

14.0
26.8
51.7

105.3

a (MZ)b

118.0
62.3
34.7
19.5
10.8
5.5
2.4
0.6
0
0.3
1.7
4.4
9.0

16.7
29.7
53.3
99.7

'Calculated by direct diagonalization (Ref. 8).
Calculated using the Macfarlane-Zdansky perturbation procedure (Ref. 9).

u' '=F, g is an odd function of Dq and that
a =a '+a' '. Here we present a direct confirmation of
these findings. The results of the calculations carried out
up to fifth order are displayed in Table I. It is indicated
that u' '(Dq)=u' '( Dq)&)a' —'(Dq))0 for Dq)0,
while u' '(Dq)= —u' '( Dq). We —also note that the
value of a' '+a' ' is very close to a evaluated by means
of diagonalization within the accuracy ( 10 cm '

) of
computation. The calculated results are also compared
with those obtained previously using the MZ procedure.
It is seen that the present procedure works well for a
wide range of values of Dq.

a=,+, , (13)

where a, refers to the contribution arising purely from
the cubic CF part. When the symmetry is increased from
tetragonal to cubic, a, vanishes and a equals to a, . Since

IV. ZERO-FIELD SPLITTING
IN TETRAGONAL SYMMETRY

It has been found that the contribution arising from
the tetragonal CF components Bzo and B40 to the cubic
ZFS parameters a is non-negligible. This contribution is
denoted with a, so that

TABLE II. Zero-field splitting parameter b, =D (in 10 cm ') vs Dq for Mn + ions in tetragonal
symmetry, calculated assuming B =911, C =3273, a=65, (=337, B20= —1000, and B40 =1000 (in
cm ').

Dq (cm ') D(2)
Present work

D(4) D D (BO)' D (Watanabe) D (MZ)' D (dia. )

400
500
600
700
800
900

1000
1100
1200
1300
1400
1500

—70
—89

—109
—131
—155
—182
—212
—246
—287
—334
—391
—458

13
13
13
14
15
15
16
17
17
18
20
21

—0.0
—0.0
—0.0
—0.1
—0.1
—0.1
—0.1
—0.1
—0.2
—0.3
—0.4
—0.7

—57
—76
—95

—117
—140
—167
—196
—230
—270
—316
—372
—437

—69
—88

—109
—131
—156
—184
—215
—250
—291
—340
—397
—467

—58
—79

—100
—123
—148
—175
—206
—239
—276
—316
—360
—408

—66
—78

—105
—126
—150
—176
—206
—240
—280
—327
—383
—451

—83
—103
—124
—147
—172
—200
—232
—268
—309
—359
—418
—489

'Lowest-order calculation of the Blume-Orbach procedure (see Refs. 3, 26, and 13).
Two lowest-order (fourth and sixth) calculations of the Watanabe-procedure (see Refs. 3 and 13).

'Lowest-order (third) calculation of the Macfarlane-Zdansky procedure (Refs. 3 and 13).
Calculated by direct diagonalization (omitting the spin doublets) (Ref. 13).
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A. Rank-2 ZFS parameter D

The axial ZFS term D has been extensively studied
during the past decades because of its significance in the
EPR spectra (see Refs. 1 —3). The fact that the axial CF
component B2o does not appear in the lowest (third)
nonzero order of the BO procedure indicates the impor-
tance of B40 in affecting D in tetragonal symmetry. Fig-
ure 1 shows D as functions of B20, B40, and Dq. It is seen
from Fig. 1(a} that D depends quadratically on BM. This

300

100
8

0

g -100

-200

-300

-400

~0
~8

~0
~+

~+
~0

~ rooe~
~0

~0
~O

-500 I I I I I

-1 -0.8 -0.6 -04 -0.2 0 0.2 04 0.6 0.8 1x10

B
2p(cm )

0.3

0.2

0.1

08
4

-0.1

-0.2—

-0.3
-1 -0.8 -0.6 -0.4 -02 0 0.2 0.4 0.6 0.8 1x10

B„'(cm )

0.8 (c)—

u, has been in Sec. III, we shall deal with a, in this sec-
tion together with the axial parameters D and F.

dependence arises partially from the fourth-order pro-
cesses involving B2O in the Watanabe procedure as fol-
lows from the relation derived earlier: '

3g [(B20}+21$B20]
D(B~o)=

70(7B +7C) (17B+5C)
(14)

It is shown by the dot-dashed line in Fig l(a). The term
D ~ (Bzo) in (14}was first given by Watanabe and was
referred to as the "Watanabe mechanism" in the earlier
literature. Figure 1(b) indicates a nearly linear B4o
dependence of D, as expected either from the BO or from
the Watanabe procedure. ' Figure 1(c) shows that the
Watanabe perturbation procedure does not work so well
as the BO one for ~Dq~ ) 1200 cm ' and that D is more
sensitive to B40 than to B20.

In Table II we display the distinct contributions of the
first three (second, third, and fourth) orders of perturba-
tion, together with a comparison with values calculated
by BO, MZ, and Watanabe perturbation procedures. We
note the approximation given by (14), i.e.,
D —=D' '+D' '. The conclusion that the rank-2 ZFS pa-
rameters b) arise predominantly from the combined CF
and spin-orbit interactions among the ground S and spin
quartets is plausible from perturbation processes such as
the ones given by Eqs. (10) and (11). It is also clear that
the spin doublets cannot contribute to D in the second
and third orders, which produce the major part of D.
Table II indicates a consistency among the perturbation
procedures considered.

A great deal of effort has been afforded to evaluate D
(or b2 ) by diagonalization of the full energy ma-

trices. '" ' ' ' ' However, such calculations can only
produce approximate results. In tetragonal symmetry the
three ZFS parameters b2, b4, and b4 cannot be uniquely
deduced from the three energy levels [E(M, =+—,

' ),
E (M, =2—', ), and E (M, =+—,

' )] in the ground S state. A
commonly used approximation is to omit b 4 (or u ) in the
spin Hamiltonian (1},which becomes then diagonal with
respect to the basis

~ S,M, ). This approximation is
reasonable in the case of strong distortion, where
a « ~D~. Thus two relations involving b2 can be derived
in this case:

0.6

0.4

0.2
I

6 0

-0.2

-0.4

-0.6

-0.8

-1
-2000

I I I

-1500 -1000 -500 0 500 1000 1500 2000
Dq(cm )

b2 =
—,'[E(+—,')—E(+—', )]=b2+b4, —

b~ =
—,'[E(k—,')—E( V —,')]=-b2 ,'b4 . ——(15)

Relationships (15) are correct for trigonal symmetry as
well. Further neglecting b 4 in (15), previous
works '" ' ' ' adopted either bz, or bz, or
(bz +bz~ )/2 to approximate b2. The resultant errors are
then in the order of b'1/bz, which would reach 15%%uo, as
can be seen from Table II.

FIG. 1. Axial spin Hamiltonian parameter D for Fe + ions
(B =900, C =3300, and (=400 in cm ') in tetragonal symme-

try, as a function of (a) B2o (Dq =1000 cm ' and B40=0), (b)

B40 (Bpo =0 and Dq = 1000 cm '), and (c) Dq (B2O =B40=7000
cm '). The results calculated using the Watanabe (dot-dashed
lines) and Blume-Orbach (dashed lines) procedures are shown
for comparison.

B.Rank-4 ZFS parameters a and F

There have appeared but a few papers dealing with the
rank-4 ZFS parameters of S-state ions, possibly because
of the considerably tedious calculations. Sato, Rispin,
and Kon considered the contribution of only two excit-
ed states. More recently, a fifth-order perturbation calcu-
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k =b [2/(108 +6C+ 12a —b, )

+2/(158 + 10C+22a —2b, )

+ 1/(6 —C/3) ], (16)

0.8

0.6

p4

0.2

p

-0.2

04
-0.6

-0.8

-1 I I

2000 3000 4000

(a)—

~ ~ ~ ~ ~ ~

I

5000 6000 7000 8000 9000 10000
B (cm')

0.8

0.6

p4

0.2

I

(b)-

-0.2

p4

-0.6

-0.8
I I

-0.8 -0.6
I I I I I I I

-0.4 -0.2 0 0.2 0.4 0.6 0.8 1x10"
B' (cm )

0.8

0.6

0.4

g 0.2

o 0

-0.2

-0.4
SL LL 4K ka bat' ~aalu asm Oa SOP

(c)—

-0.8

400
I

600
I

800
I

1000
Dq(cm )

I

1200
I

1400 1600

FIG. 5. Ratio ~i/'F vs (a) Bzo (b) B40, and (c) Dq. The mean-
ing of the lines used is the same as in Fig. 3.

where a is the Trees correction and b, =~lODq~. For
Mn + ions the values of k are around 2 in weak and in-
termediate CF and may reach 4 or even greater in strong
CF. The values of k are usually greater for Fe + than
for Mn + ions because of the greater CF strength in Fe +

cases. The value of m, however, can then be calculated
using the equation m =kn, where n is defined by
Dq ~ R ", R being the interatomic distance of a given
crystal. As the consequence of the fact that k is a func-
tion of Dq, m depends on the interatomic distance R of
the crystal.

It is seen from Figs. 3(a) and 4(a) that u, and I' are
both sensitive in a nearly linear way to the rank-2 axial

CF parameter 820. On the other hand, we note from
Figs. 3(b) and 4(b) that u, and F are insensitive to the
rank-4 axial CF parameter 840. Figures 3(c) and 4(c) illus-

trate that both a, and F change sign with the change in

sign of Dq. In particular, F seems to be an odd function
of Dq, although not exactly, as indicated in the Table III.
Figure 5 shows the behavior of the ratio ~, /F. As has
been found previously, the ratio ~, /F is insensitive to all
CF parameters Bzo, 8~, and Dq and range from —0.2 to
—0.5. Table III displays the distinct contributions of the
fourth and fifth order to u, and F as well as provides a
comparison with the previous theory. A very good con-
vergency is obtained in the case of both u, and F. The
MZ procedure does not work so well as we expected, as
can be seen from the comparison between the columns u,
and u, (MZ) and between F and F(MZ). In the lowest-
(fifth-} order calculation, the previous work predicted
u, (Dq)= —u, ( Dq) a—nd F(Dq)= F( Dq)—,—implying

a, (Dq =0)=0 and F(Dq =0)=0 T.hese relations hold
indeed quite well in the case of F, i e.,
F(Dq)= I'( —Dq—), bu—t not so well in the case of u, .
This feature can be observed in Figs. 3(c) and 4(c) as well.

V. APPLICATIONS

Numerical calculations in earlier works
concerned either the rank-2 (D) or rank-4 (the cubic a)
ZFS parameters. The theory presented in this paper en-

ables calculation of both the rank-2 and rank-4 parame-
ters comprehensively. This is of significance since the pa-
rameters which are used in the calculation of the rank-2
ZFS parameters must also account for the rank-4 terms
as well, and thus a better correlation can be obtained.

Considering the ZFS of S-state ions as a consequence
of the combined effect of the spin-orbit and CF interac-
tions within the whole d configuration, we obtain that
each ZFS parameter is related to the spin-orbit coupling
constant g and CF parameters Bk~, as well as the electro-
static parameters 8 and C. Thus the ZFS parameters are
intercorrelated. The weak CF effect on the excited states
makes it rather difficult to gain information about the CF
parameters except that on Dq. When the rank-2 or -4
ZFS parameters are studied separately, one has to use a
specific CF model since the number of unknown CF pa-
rameters is more than that of the ZFS parameters. The
theory presented here allows us to calculate all the ZFS
parameters bg (k =2 and 4} by regarding all the CF pa-
rameters Bkv (k =2 and 4) as adjustable phenomenologi-
cal parameters, providing the values of the electrostatic
and spin-orbit parameters are available. This constitutes
the essential idea for the numerical calculations presented
below.

A. Mn + and Fe ions in cubic fiuoroperovskites

The Mn + and Fe + ions in cubic Auoroperovskites,
which are typical regular octahedral lattices, provide
good examples for the examination of the microscopic
SH theory of S-state ions. In cubic symmetry there is
only one CF (Dq) and one ZFS (~) parameter.
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TABLE III. Zero-field splitting parameters ~, and F (in 10 cm ') vs Dq for Fe + ions (B =900
cm ', C =3300 cm ', and /=400 cm ').

Dq (cm ')

—1600
—1400
—1200
—1000
—800
—600
—400
—200

0
200
400
600
800

1000
1200
1400
1600

(4)

58.4
36.1

24. 1

16.8
12.0
8.6
5.9
3.7
1.7

—0.2
—2.3
—4.7
—7.6

—11.6
—16.2
—21.8
—24.4

(5)

—1.0
—0.9
—0.8
—0.7
—0.6
—0.5
—0.5
—0.4
—0.4
—0.5
—0.4
—0.5
—0.4
—0.3

0.1

1.5
6.8

57.4
35.2
23.3
16.1
11.4
8.1

5.4
3.3
1.3

—0.7
—2.7
—5.2
—8.0

—11.6
—16.1
—20.3
—17.6

a, (MZ)

33.5
16.9
9.7
5.9
3.8
2.4
1.4
0.7
0

—0.7
—1.4
—2.4
—3.8
—5.9
—9.7

—16.9
—33.5

F(4)

—158.6
—96.3
—63.1

—43.0
—29.7
—20.3
—13.0
—7.0
—1.5

4.1

10.2
17.7
27.6
41.8
64.1

102.9
180.1

F(5)

5.3
3.6
2.7
2.1

1.8
1.6
1.4
1.4
1.3
1.4
1.5
1.7
1.9
2.4
3.1

4.4
7.0

—153.3
—92.7
—60.4
—40.9
—27.9
—18.7
—11.6
—5.6
—0.2

5.5
11.7
19.4
29.5
44.2
67.2

107.3
187.1

F (MZ)'

—86.1
—43.5
—24.8
—15.2
—9.7
—6.1
—3.6
—1.7

0
1.7
3.6
6.1

9.7
15.2
24.8
43.5
86.1

'Lowest-order (fifth) calculation of the MZ procedure (Ref. 9).

Let us first consider Mn +:KZnF3. It has been report-
ed that Dq =822 cm ', B =830 cm ', C =3122 cm
and a=76 crn ' from a least-squares fitting to the
optical-absorption peaks and that u=(6. 3+1)X10
cm ' from EPR experiments. Only the values of the
spin-orbit coupling constant g was unknown for Mn +

ions in this compound, and we treat it as an adjustable
parameter fitting the observed ZFS value. We obtain
(=324 cm ', which compares well with the calculated '

free-ion value of 333 cm
In order to evaluate the ZFS of Mn + ions in other

fiuoroperovskites, for which optical measurements are
not available, we assume that they have values of B, C, a,
and g identical to those of Mn +:KZnF3. Later, we will

assume that all the cubic and tetragonal fluoroperovskites
under investigation have the same that values of B, C, a,
and g when they are doped with Mn +. This assumption
seems to be quite reasonable in our case, because of sirni-
lar crystalline structure in all Auoroperovskites under
consideration. For example, it has been reported that
B =825 cm ' and C =3136 crn ' for Mn +:RbCdF3, as
compared with B =830 crn ' and C =3122 cm ' found
for Mn +:KZnF3. The slight difference in the values of

these parameters for the lattices under consideration will
make the calculated results somewhat different, but will
not cause a change in the final conclusions. We then ad-
just Dq to fit the observed ZFS parameter u. The calcu-
lated and observed ' ' results are listed in Table IV.
The deduced value of Dq =730 crn ' is in good agree-
ment with Dq =715 crn ' obtained from optical data.
Thus we expect that other Dq values deduced in this way
will also be reasonable.

The case of Fe + ions is somewhat complicated be-
cause of a lack of detailed optical data. Since a predom-
inant amount of Fe ions in Fe:KZnF3 crystals appears to
be the 2+ state when Fe ions replace Zn + ions in this
crystal, it is di%cult to observe optical lines due to Fe +.
Fortunately, in the large-Fe-concentration samples of
KZn„Fe, F3, five sharp absorption lines around 25 800
cm ' have been found and attributed to the transitions
from A, to the degenerate states A, ( G) and F. ( G).
Another band centered around 29000 cm ' has been at-
tributed to the transitions from A

&
to T2z( D). This

feature is very similar to that seen in Li3Na3FezF, 2 crys-
tals, where for the Fe + ions the values B =877.5 cm
C =3146 cm ', and a=64. 5 cm ' have been obtained.

TABLE IV. Zero-field splitting parameter ~ for Mn + ions in cubic sites of fluoroperovskites; 8 =830, C =3122, a=76, and
(=324 (in cm ') for all the compounds as well as the Dq values listed in the first row are assumed.

Dq (cm ')
n' ' (10 cm '}
u' ' (10 cm ')
a (total) (10 cm ')
~ (expt. ) (10 cm ')
Ref. for ~ (expt. )

Mn +:RbCaF3

693
3.4
0.7
4.1

4.1(2)
53

Mn +:TlCdF3

723
3.8
0.8
4.6
4.6(2)

53

Mn2+ -KCdF3

743
4.0
0.9
4.9
4.9(3)

53

Mn +.RbCdF3

730
3.9
0.8
4.7
4.7(2)

53

Mn +.KMgF

833
5.5
1.0
6.5
6.5(5)

52

Mn +:KZnF3

822
5.3
1.0
6.3
6.3(1)

50
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TABLE V. Zero-field splitting parameters for Fe + ions in cubic sites of Quoroperovskites; B =877.5, C =3146.5, a=64.5, and
/=371 (in cm ') for all the compounds as well as the Dq values listed in the first row are assumed.

Dq (cm ')
~' ' (10 cm ')
u"' (10 cm ')
~ (total) (10 cm ')
a (expt. ) (10 cm ')
Ref. for u (expt. )

Fe +:T1CdF3

1295
37.6
6.6

44.2
44.1(2)
56

Fe + RbCdF3

1297
37.9
6.6

44.5
44.5(2)
56

Fe +.KCdF3

1350
45.2
7.8

53.0
53(2)

52

Fe'+:KZnF,

1348
44.8
7.8

52.6
52.7(2)
50

Fe + KMgF3

1340
43.6
7.6

51.2
51.2(5)
52

Fe'+:RbCaF3

1254
32.9
5.8

38.7
38.7(3)
46

We assume that Fe + ions in KZnF3 as well as in all
fluoroperovskites have values of B, C, or g close to those
for Li3Na3Fe2F, 2 crystals.

Recently, photoluminescence lines have been observed
for Fe + ions in KMgF3 crystals at 14 309, 14 288,
14260, and 14239 (in cm '), due to T, (sg)» A,s
transitions. We thus obtain Dq = 1340 cm ' for
Fe +:KMgF3. The calculated results are as follows:
14270 cm ' for T&g, 19890 cm ' for T2g, 25 800 cm
for A&g and Eg, and 28560 cm ' for Tzg, as measured
from A

&
. We thus obtain B =877.5, C =3146.5,

a=64. 5, and Dq =1340 (in cm ') for Fe +:KMgF&. Ad-
justing g to fit the observed value of u, we obtain
(=371 cm ', which is much less than the calculated '

free-ion value of 486 cm '. Assuming that Fe + ions in
all fluoroperovskites have the same value of B, C, g, and

a, we are able to calculate the ZFS parameter u by re-
garding Dq as an adjustable parameter to fit the observed
values ' ' ' as we did in the Mn + case. The results
are shown in Table V. It is noted that a strong Jahn-
Teller effect occurs within the T

&g multiplet of
Fe3+:KMgF&. The spin-orbit energies of Ti (P) have
been calculated by us as 13971, 14133, 14267, and
14337 (in cm '). The spacing of the splitting is 365
cm '. However, the four energy levels of T,s(P) have
been found experimentally to be 14239, 14260, 14288,
and 14309 (in cm ') with a splitting spacing of 70 cm

B. Mn + and Fe + ions at tetragonal centers
in fluoroperovskites

In tetragonal symmetry there are three CF parameters
B20, B40, and Dq and three ZFS parameters D, u, and F.

TABLE VI. Zero-field splitting parameters for Mn + ions in tetragonal centers of fluoroperovskites;
B =830, C =3122, a=76, and /=324 (in cm ') for all the compounds as well as values of the CF pa-
rameters listed in the first three rows are assumed.

Rb2CdF4 K2CdF4 Rb2MgF4 Rb2ZnF4 K~MgF4 K2ZnF4

B2p (cm '
)

B4p (cm ')

Dq (cm ')

D (10 cm '): second
third
fourth
fifth
total
expt.

—1500

—280

730

36.5
24.3

—2.3
0.1

60.6
60.2(7)

—1280 50 150

743 833 822

114.7 —19.3
—92.1 —33.4

0.6 0.3
—0.3 —0.1

22.9 —52.5
21.2(10) —53.2(5)

—41.9
—40.7

0.4
—0.1

—82.3
—81.4(8)

6000 2000 2450 7500

833

227.3
—119.3

0.9
—0.5
108.4
107.0(2)

1400

—360

822

58.7
22.7
0.2

—0.1

36.1
36.0(2)

F (10 cm '):

a (10 cm '):

a (10 cm ')

fourth
fifth
total
expt.

fourth
fifth
total
expt.

—1.9
0.0

—1.9
—0.7(20)

4.6
0.8
5.4
6.1(9)

+0.7

7.1
—0.1

7.0
6.5(18)

1.0
0.9
1.9
1.6(8)

—3.0

3.0
0.0
3.0
1.8(15)

4.3
1.1
5.4
5.3(5)

3.6
0.0
3.6
3.5(30)

3.9
1.0
4.9
3.2(15)

—1.4

10.8
—0.2
10.6
11.0(2)

0.7
1.1
1.8
2.0(1)

—4.7

2.1
—0.0

2.1

1.9(6)

4.5
1.0
5.5
5.6(2)

—0.8

Ref. for D, F, a (expt. ) 57 57 57 19 18
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It is easy to make a comprehensive calculation of all the
ZFS parameters by regarding the CF parameters as ad-
justable parameters under the assumption that the Mn +

or Fe + ions in all the fluoroperovskites have the same
value for the electrostatic as well as the spin-orbit cou-
pling parameter for either ion.

We consider at first the Mn + ions in the tetragonal
(D4h ) (Iuoroperovskites K2MgF4, K2ZnF4, Rb2CdF4,
K2CdF4, Rb2MgF4, and RbzZnF4 for which the electron-
nuclear double-resonance (ENDOR) and EPR experi-
mental data are available. ' ' ' The ZFS of Mn + ions
in K2MgF4 and K2ZnF4 crystals has recently been calcu-
lated by Yu using the MZ perturbation procedure,
which does not work very well for F and ~„as has been
pointed out in Sec. III. In deriving the CF parameters
used in these calculations, the superposition model of
crystal fields has been applied and crystallographic data
derived from the experimental data of superhyperfine
constants were adopted. The agreement obtained be-
tween the calculated and observed results is reasonable,
but also not quite satisfactory.

In our present calculation we assume that Rb2CdF4
and RbCdF3 (Dq =730 cm '), KzCdF4, and KCdF3
(Dq =743 cm ), Rb2MgF4, K2MgF4, and KMgF3
(Dq =833 cm '), and RbzZnF4, KzZnF4, and KZnF3
(Dq =822 cm ') have the same Dq values (given in the
parentheses above) as deduced in the Table IV. The elec-
trostatic parameters and spin-orbit coupling constant are

assumed to be the same as those for Mn +:KZnF3, i.e.,
8 =830, C =3122, a=76, and /=324 (in cm ') (Ref. 49
and Sec. V A). Thus we have two CF parameters Bzo and
B40 left as adjustable parameters. The fittings were
worked out noting that D is sensitive to B40, while u, and
F are also sensitive to B20. However, the extensive FoR-
TRAN program used in the calculation does not allow
efficient least-squares fitting. Table VI presents a set of
B20 and B40, which produces D, F, and u, agreeing well
with the observed data.

A similar procedure was performed for Fe + ions at
the vacancy centers of RbCdF3, CsCdF3, and KZnF3
(Ref. 61) and the substitutional tetragonal center of
R12CdF4. We have assumed that the vacancy centers
have the same value of Dq as the cubic centers. The re-
sults are shown in Table VII. The experimental errors
are small, and the agreement between the calculated and
observed results is very good.

It follows from the Tables VI and VII that the contri-
butions to D from fourth- and fifth-order perturbations
are negligible. The third-order perturbation plays a very
important role, especially in the case of Mn + ions, where
it contributes to D between 50% and 250% of the contri-
bution resulting from the second-order perturbation. The
fifth-order contribution to F is always negligible in the
present cases. Tables VI and VII list also the calculated
values of u, . Its significance is obvious —the effect of the
tetragonal field components on the cubic ZFS is non-

TABLE VII. Zero-field splitting parameters for Fe'+ ions in tetragonal centers of Auoroperovskites;
B = 877.5, C =3146.5, a =64.5, and (=371 (in cm ') for all the compounds as well as values of the CF
parameters listed in the first three rows are assumed.

KZnF3 Rb~CdF4 CsCdF3-Li CsCdF3-Vcd RbCdF3-Li+ RbCdF3-Vcd

B„(crn ')

B40 (cm ')

Dq (cm ')

D (10 crn ') second
third
fourth
fifth
total
expt.

4100

1020

1348

—615.8
—155.7

5.4
—1.1

—767.2
—759.0(5)

2700

530

1297

—286.6
—95.9

2.9
—0.6

—380.2
—369.3(2)

1060

1297

—628.2
—176.5

5.5
—1.2

—800.4
—800.9(1)

2850

850

1297

—442.2
—103.5

3.3
—0.7

—543.1
—547.7(1)

4100

1297

—462.9
—144.6

4.5
—1.0

—604.0
—603.6(1)

2600

640

1297

—335.9
—93.4

2.9
—0.6

—427.0
—421.7(1)

F (10 cm ') fourth
fifth
total
expt.

31.5
0.4

31.9
31.0(5)

18.4
0.2

18.6
20.9(3)

33.5
0.3

33.8
35.3(2)

19.2
0.2

19.4
19.5(2)

27.7
0.2

27.9
30.0(2)

17.6
0.2

17.8
18.0(2)

u(10 4cm ') fourth
fifth
total
expt.

33.4
7.8

41.2
39.0(5)

31.0
6.6

37.6
40.5(3)

25.6
6.6

32.2
34.3(2)

30.9
6.6

37.5
37.0(2)

27.6
6.6

34.2
36.0(2)

31.5
6.6

37.9
38.2(2)

, (10-' cm-') —11.4 —6.9 —12.3 —7.0 —10.3 —6.6

Ref. for D, F, ~ (expt. ) 61 62 60 60 60 60
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negligible. In particular, for Mn +:K2CdF4 and
Mn +:K2MgF4 crystals, the values of ~, are even greater
in magnitude than the observed cubic ZFS parameter u.

VI. CONCLUSIONS

We have studied in detail the rank-2 and -4 zero-field
splitting parameters of S-state ions in cubic and tetrago-
nal symmetries. The crystal field and electrostatic in-
teractions have been taken as the unperturbed Hamiltoni-
an, whereas the spin-orbit coupling has been taken as a
perturbation. Since the derivation of analytical formulas
in high orders of perturbation is too tedious, a FORTRAN

program has been developed to calculate numerically the
zero-field splitting parameters D, ~, and F up to the fifth
order within the whole d configuration (252 states). Us-
ing this program, we have studied the cubic parameter u
as well as the tetragonal parameters D, ~, and F in a wide
range of values of the crystal-field parameter Dq. The
perturbation process shows a very good convergency as
follows from comparison with the diagonalization results.
The zero-field splitting parameters have also been studied
as a function of the tetragonal crystal-field parameters
B20 and B4O. It has been found that the parameters B20
and B40 contribute to the zero-field splitting parameter a,
a value of a, which is non-negligible for the cases under

consideration. The parameters ~, and F are sensitive to
the crystal-field parameter B2O, whereas D is sensitive to
B40. The present theory has been applied to calculate the
zero-field splitting parameters for Fe + and Mn + ions at
the cubic (u) and tetragonal (~, F, and D) symmetries in
Auoroperovskites. Since for the tetragonal symmetry the
number of zero-field splitting parameters equals that of
the crystal-field parameters, we have been able to regard
the crystal-field parameters as adjustable phenomenologi-
cal parameters. In this way we have avoided problems
arising from application of a specific crystal-field model.
The present results are in good agreement with the exper-
imental EPR and ENDOR data. Our present study re-
veals that crystal-field theory provides a reasonable inter-
pretation of the microscopic origin of the zero-field split-
ting of S-state ions.
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