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X-ray photons propagating in a crystal close to the Bragg-diffraction directions have an effective index
of refraction that may be larger than 1. Electrons moving rapidly in crystals may therefore emit x rays.
This process, the dynamical Cerenkov radiation (DCR) of x rays, is studied with use of a theory that is
closely analogous to the quantum theory of the Cerenkov effect in homogeneous media. Features of the
DCR process that are calculated include the spectral width due to x-ray absorption, the systematic devi-
ations of the photon energy from Bragg’s law, the influence of the orientation of the crystal surface, etc.
Extensions of the theory to cover many-beam diffraction cases or more detailed calculations of the small
recoil effects are straightforward to carry out. The photons are emitted at the far tails of the diffraction
region, they are overwhelmingly in the “diffracted” plane-wave component, and, in the two-beam case
there is no anomalous Borrmann absorption. DCR is a particularly efficient emission process for hard x
rays (several tens of keV) with extremely high spectral density (within small angular regions). The emis-
sion rate is highest at the energy #io=v%w, (w, is the plasma frequency), but, because of absorption, the
number of photons that actually emerge from the crystal will peak at appreciably higher energies. The
production of photons of a given energy is optimized by using lattice planes with the lowest possible
Miller indices and by asymmetrically cutting the crystal surface. The use of DCR for a tunable source of
hard x rays should therefore be seriously considered.
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I. INTRODUCTION

The Cerenkov emission of photons by fast electrons
moving in a homogeneous dielectric medium occurs
whenever the velocity of the electrons exceeds the phase
velocity of the photons. Cerenkov x rays may therefore
be emitted only in the very narrow spectral regions of
anomalous dispersion; otherwise, the index of refraction
is less than 1 and the process is forbidden. In a periodic
medium, however, the situation changes. According to
classical theories originally developed by Garlbyan and
Yang' and also by Baryshevsky and Feranchuk,? when a
charged particle moves rapidly through a crystal, intense
and sharp x ray beams are emitted in the close vicinity of
the Bragg directions. This emission was originally inter-
preted as being due to the diffraction of the electromag-
netic field associated to the electron, but later it was real-
ized that it could be due to a kind of Cerenkov effect.® In
fact, according to the dynamical theory of x-ray
diffraction (DTXD),* x-ray photons propagatmg in a
crystal close to the Bragg directions experience an
effective index of refraction, n;, =ck /o (where #k is the
crystal momentum) which may indeed be larger than one.
A quantum theory of this dynamical Cerenkov radiation
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(DCR), which is also known under various other names
such as dynamic radiation, parametric x rays, and quasi-
Cerenkov radiation, has been given by Baryshevsky and
Feranchuk’ for the special case in which the electrons are
normally incident to the crystal surface.

The classical theory of this phenomenon was more re-
cently extended® to include situations of oblique electron
incidence and also to include situations where the Bragg
angle 0 may be close to /2 for which some of the usual
approximations are known to fail.”® More importantly,
it was shown that, very close to the DCR beam, there is
another beam which tends (for electron energies of a few
hundred MeV) to be less intense and much broader both
angularly and spectrally than the DCR beam. It is this
beam which is to be interpreted as being due to the
dynamical diffraction of the electromagnetic field associ-
ated to the electron and was dubbed the “‘transition-
diffracted”” beam (TDR).

In the last few years a number of the broader features
of these phenomena seem to have been experimentally
confirmed®~!* but detailed verifications have not yet been
carried out. In this paper a quantum theory of the
dynamical Cerenkov emission of x rays in a crystal is
developed in which the formal similarity to the optical
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Cerenkov effect in homogeneous media is preserved and
exploited. The quantum theory of the Cerenkov emission
of optical photons is normally developed within the con-
text of a phenomenological quantum electrodynamics!* in
which the medium is described by a linear (possibly an-
isotropic) uniform dielectric susceptibility Y. The present
work is based on an extension of such a phenomenologi-
cal quantum electrodynamics to x rays!’ for which a
nonuniform periodic susceptibility y(r) must be used.

A very important difference between our approach and
that of Baryshevsky and Feranchuk® lies in their use of
photon-wave fields which involve asymptotically incom-
ing spherical waves and outgoing plane waves to take
into account the finite crystal size as well as dynamical
diffraction and absorption effects. Such wave fields are
necessarily complicated. In contrast, we find that one is
not required to simultaneously include the effects of x-ray
absorption and of the finite crystal size from the very
start. They can be correctly included after the main
features of DCR process in an infinite nonabsorbing crys-
tal have been elucidated. This procedure has the advan-
tage of making the physics more transparent. One can
clearly separate the DCR features that are inherent to the
DCR process itself, from those due to absorption, and
from those which are traceable to the existence and
orientation of the boundaries. Among other things, we
may calculate the effects of the recoil of the electron, the
deviation of the photon energy from a naive Bragg’s-law
prediction, the effect of non-normal electron incidence on
an asymmetrically cut crystal surface, and the intrinsic
spectral width of this emission process.

In Sec. II we review the description of the x-ray photon
according to the two-beam approximation of the DTXD.
The basic DCR emission process in an unbounded nonab-
sorbing crystal is studied in Sec. III. The effects of ab-
sorption and of possibly asymmetrically cut crystal sur-
faces are then included in Sec. IV. Then, in Sec. V, expli-
cit numerical calculations for a diamond crystal are
given. In Sec. VI we summarize our conclusions.

II. THE X-RAY PHOTON

In the dynamical theory of x-ray diffraction,* the crys-
tal is described by a periodic dielectric susceptibility,

x(r)= Y xyexpliH-r) , (2.1)
H

where H are the reciprocal-lattice vectors, and the x-ray
photons are described by Bloch waves

Af(r,)= 3 Afexpli(—wt+ky-1)], (2.2)
H

where 7k is the crystal momentum and k; =k+H. The
scalar potential 4° is small, of order ¥, and may be
neglected.'® This is in accordance with the main approx-
imation of the DTXD of neglecting terms of O(x?) in
phases and terms of O() in the amplitudes.

It is convenient to define the so-called resonance de-
fects £, and &£ by

K=K X1+ x,+2&,) 2.3
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and

kL =KX 1+x,+2&,) , (2.4)

where K =w/c. Thus, the effective index of refraction
ng, which is given by

ck Xo
=Z=1+224¢,,
ng o 2 8o

(2.5)
contains a contribution Y,/2 which is usually negative
and a dynamical diffraction contribution &;, which, in sit-
uations where DCR occurs, is positive and dominant (see
Fig. 1).

In the two-beam case, the two wave vectors k and k,
are constrained to lie on the dispersion surface shown in
Fig. 1 and given by

x2

§0§H=T , (2.6)

where x =()(H)(,HP2)“2 and P, the polarization factor,
is either 1 or cos(20) (where 6 is the angle between k and
H) depending on whether we deal with a ¢ or a 0 polar-
ization ( A, perpendicular or parallel to the plane defined
by k and H), respectively.

The amplitude ratio R = A, / A, is given by

(a)

/450",

kz

FIG. 1. The dispersion surface for x-rays in a two-beam case
showing how the dynamical contribution &, in Eq. (2.5) may
lead to Bloch photon states lying outside the vacuum lightcone.
These photons, for which n,; > 1, are the ones emitted in the
DCR process. Shown are projections of the dispersion surface
into (a) the w-k, plane and (b) the w=const and k, =const sur-
face represented by the dashed line in (a). The splittings of the
dispersion surface are small, proportional to x =(xyx_ P2
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Ay 28, _Pxn 2.7)

Ay Px_p 2y

In Fig. 1 we notice that the condition for DCR emis-
sion is only satisfied at the tails of the diffraction region.
It is easy to see that this follows from the generally valid
relation |x,| > |xy|. This feature of DCR has a number
of interesting implications. For example, the amplitude
ratio R of the emitted photons tends to be rather large*
and the photons are therefore mostly in the diffracted
wave. Also, the DCR photons should not appreciably ex-
hibit those dynamical diffraction effects such as the
Borrmann effect which depend on the interference be-
tween the primary and the diffracted beams because the
two beams are of quite different amplitudes. This will be
discussed further later.

Normally the experimental setup is such that it is con-
venient to express &, in terms of the fixed frequency and
angle of incidence of an externally generated incident
beam. In the present situation one is interested in x rays
generated inside the crystal and it turns out to be more
convenient to express &, in terms of the wave vector k.
Then'®

If

R

go=§[ —YH(Y24+1)172], (2.8)
where + refer to the two branches of the dispersion sur-
face and where

. 2
yo 2kH+H®

e (2.9)
X

The diffraction region is centered around Y ~0. It is easy
to see that the DCR photons lie in the branch of the
dispersion surface corresponding to the + sign in Eq.
(2.8).

In the absence of absorption one may always choose
the origin so that, for a given single family of planes H,
one may write ¥ _y=Xpg. For centrosymmetric crystals
this can be done for all H simultaneously even in the
presence of absorption. In what follows we will therefore
take X-a=X H-

In the Coulomb gauge, V- A=0, the amplitudes Ay,
may be normalized to one photon #iw; per volume V ac-
cording to'’

Sk Ay A=k (2.10)
2 HAH AT Ty .
This implies that, in the two-beam approximation,
172
fic? 1
~ _ R (2.11)
" |20V 1+|R|?

which, for R =0 reduces to the conventional vacuum nor-
malization.
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III. DYNAMICAL CERENKOV RADIATION
IN AN UNBOUNDED, NONABSORBING CRYSTAL

A. General expression for the emission rate

Let us consider an electron which is moving sufficiently
fast (y =E /mc? of the order of 10% or more) in a crystal
of sufficiently light atoms (say, carbon or silicon). It is a
reasonably good approximation to neglect the multiple
scatterings of the electron and to use the plane-wave solu-
tions of the free Dirac equation to describe its motion.
Then the rate of photon emission in an unbounded
nonabsorbing crystal is calculated in a straightforward
way using the golden rule. After averaging over the ini-
tial spins and summing over the final spins of the elec-
tron,'” the result for the number of photons of a given
polarization emitted per unit time into a given region %
of photon states by an electron of momentum p is

dN 2me?
TR
keH

> 8(E —Ep—#0)Sy(N,+1), 3.1
H

where E =E(p)=(c’p*+m?**)"? and Ep=E(p—#k).
N, is the number of photons already present in mode k,

and (neglecting the scalar potentials, which are of order
X) (Ref. 15)

1 A
SH=1"7%0/E IBAL D>+ Ay-A¥
% Bcﬁk-ﬁ_l Fiw
) E |’

(3.2)

where B=(1—y"2)!"2 and where the caret is used to
denote unit vectors. Neglecting recoil, this takes the sim-
ple form

SHZ]BAH’/NZ .

For very hard x rays, with very small Bragg angles,
k >>0 (H), more than one reciprocal-lattice vector may
simultaneously contribute in the sum over H in Eq. (3.1).
This will doubtless give rise to interesting interference
effects. From now on, however, we will restrict ourselves
to the simpler situation in which only one term in the
sum over H gives a nonzero contribution to the emission
rate. We may then relabel the single contributing com-
ponent A, of the Bloch wave by A,. Then

(3.3)

dN __ 2me?
dr 2

8(E —_Ep—ﬁwk )SO(Nk + 1) .
kEH #

(3.4)

Equation (3.4) is the expression we wanted for the
emission rate. It includes both spontaneous and stimulat-
ed emission. If we put fio=*ick /n and R=0, it reduces
to the quantum Cerenkov emission rate of optical pho-
tons'* and if, furthermore, the recoil terms are neglected
(which is equivalent to taking #—0), the spontaneous
emission rate gives the classical result of Frank and
Tamm. '8
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B. The direction and energy of the emitted photon

The condition that the argument of the & function in
Eq. (3.4) vanishes can be written in the form

1 S oA fick

Ry P 2E

L1, (3.5)
ng

which is precisely the condition for Cerenkov emission
including recoil effects.!® Neglecting recoil, and for a
nondispersive optical index of refraction n, (3.5) is the
equation for the Cerenkov cone. In the x ray case, n, is
highly dispersive and anisotropic and the usual cone
structure is lost.

Since DCR originates in an effective index of refraction
due to dynamical diffraction, the energy #w. of the emit-
ted photon necessarily lies close to that determined by
Bragg’s law. Let

ﬁwczﬁwB(l+EC) , (3.6)
where
#icH
fiwg = , 3.7
“B= 2 cosd 3.7
and cos6=—k-H. To calculate the correction €c, wWe

first calculate the resonance defect £, of the emitted
photon using Egs. (2.5) and (3.5):

_1-pkp _Xo
1—r 2’

where r =#iwy /E introduces a small recoil correction.
The fact that this solution for £ exists independently of
the electron energy means that, in contrast to the optical
Cerenkov effect, there is no sharp energy threshold below
which DCR will not occur. This important feature of the
DCR process is already well known. If one neglects
recoil, £, takes the simple form

500’:%(7’_2—1(0‘“/’2) >

where 9 is the angle between k and p. Substituting into
Egs. (2.7) and (2.8), one obtains expressions for the ampli-
tude ratio R and the auxiliary variable Y:

Soc (3.8)

(3.9

2
C=—§—‘& (3.10)
Px_ g
and
1 X 280c
Ye=7 2eoc . 3.11)

The energy correction €. is then obtained from (2.5) and
(2.9):

1 Yc

€c— )

+Xo+2E0c (3.12)

cos’0

We saw in Sec. II that a number of very interesting
consequences follow from the fact that DCR occurs at
the edge of the diffraction region where |R| tends to be
rather large. A more quantitative argument is as follows:
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DCR cannot occur for ny; <1 and this sets an absolute
minimum value for R. From (2.5) and (2.7) we get

Xo
Pxy

>1.

| min|

Actually, the least values for |Rmin| (obtained for strong
reflections, y, large such as say, diamond 111) give
R, in~—3 and Y~ —5. Since appreciable diffraction
and Borrmann effect occur? for |'Y|? <1, this shows that
emission occurs in the tails of the diffraction region, that
there is negligible anomalous absorption, etc.

We now consider two more implications of this fact.
Neglecting quantities of order |R;?| relative to quanti-
ties of order 1 (at the very worst this is accurate to 10%,
and more typically to a fraction of 1% or less) and using
(3.9), it follows that the already small €. may be approxi-
mated by

7/72“*'1/’2_1’0 .

5 (3.13)
2 cos 0

1 —2_ 42
€c=7 14 v
From this equation one sees, first, that the small correc-
tion €. depends on the electron energy, at least up to
values of y of the order of |y, ~!/%, and second, that pho-
tons of different polarizations emitted at the same k will
have approximately the same energy.

Since the photon is very nearly a plane wave propaga-
ting in the direction of the diffracted beam k,; =k+H, it
is important to determine the direction of kj; relative to
H. Using Eq. (2.9), one finds cosf; to be given by

cosfy =cos (1+xYtan’9) . (3.14)

To summarize our results up to this point: the similar-
ities [i.e., Egs. (3.4) and (3.5)] with the optical Cerenkov
effect can be made explicit and exploited to simplify the
treatment of DCR. This is done by expressing the vari-
ous quantities of interest in terms of the “primary” wave
vector k even though the photon exists mostly in the
“diffracted” component k. It is then a simple matter to
calculate the energy #iw and direction of propagation of
the photon.

C. The spontaneous emission rate

For sufficiently large volume ¥, the sum over k in (3.4)
may be replaced by an integral over d*k =k2dk dQ. The
6 function makes the integration over dk straightforward.
Thus, to leading order in Y and in r [i.e., using (3.3)], the
number of photons of polarization € radiated per unit
time with k within dQ is

DA 2
dN _ a cH [ep] , (3.15)
dtd() 87 cos6 |RC|2

where a=-1-. Substituting (3.9) and (3.10), this may be
written in the simple form

dN _a cH
dtdQ 87 cos’6

(3.16)

&P xy,” |
1+w/y,)? |’

where
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¥, =y 2—x)% . (3.17)

Except for the slowly varying cos >0 factor, the angular
dependence in (3.16) is given by the factor in parentheses.
Roughly, the emission rate is maximum for k in a cone
forming an angle ¥,, with p. Notice that this differs from
the angle 1/y typical of other radiation processes by rela-
tivistic electrons. To be more precise, let us introduce
spherical coordinates (6,¢) with H lying along the z axis,
H=HZE,, and the electron incident along (6,,4,=0):

Pp=sind, e, —cos,¢, ,

k=sin6 cos €, +sinfsing €, —cosf €, , G5.18)
3.18

cosy=sind,sinf cos¢ +cosf,cosf ,

€' P= —sind,cos0 cosd +cosb,sinb ,

and

€, p= —sinf,sing .

Thus, on the plane of incidence ¢=0 the radiation is
purely in the 6 polarization, while if one varies ¢ at con-
stant 6=46,, the radiation is almost purely ¢ polarized.
To be specific let us consider this latter case in more de-
tail. The emission rate is

(3.19)

d’N, | d’Ny
dtdQ | dtdQ

W/, |
1+/y,)? |

peak

This becomes maximum at y=1,,, i.e., at ¢=1),, /sinf,
and the peak value is

d*N,
dtdQ

_ q cHx.?

peak 8T 4 008398

(3.20)

Notice that the peak emission rate depends on the elec-
tron energy through v,,. For fixed 8,, raising y increases
the emission rate and tightens the emission ‘“cone” until
y values of the order of |x,| ~!/? are reached. After that,
saturation occurs and a limiting value is approached.

It is also important to study how the emission rate
varies with the electron angle of incidence 6,. This re-
quires taking into account the dependence of the suscep-
tibility with the photon energy,

#icH

fiwc =fiog = . 3.21
D=0 cos@, 3.21)
For our purposes it is accurate enough to take
2
1)
E—
Xo wzc
and
@,
Xu=——%"F (3.22)
ac

where w, is the plasma frequency of the medium, ry is
the ratio of the structure factors, 7 =Fy /F,. Then
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dsz,
dtdQ

2
Cl)er
cH

2yw,/oc
1+(yo, /oc)?

=

2
e
®

p

peak 8w
(3.23)

This is important: as 6, is increased towards more graz-
ing incidence (thereby increasing the photon energy), the
factor in parenthesis increases towards a maximum. The
energy of the photons which are most efficiently radiated
is given by

fioc =vhw, . (3.24)

As the angle 0, is further increased towards 90°, the emis-
sion rate drops, vanishing linearly in cosf,. Notice that
the apparent singularity cos °@ in Eq. (3.15) has disap-
peared. The maximum value of the peak emission rate is

d2N¢ max— a 2
dtdQ N

rr
cH

i yo, . (3.25)
pea

This is proportional to y. We mentioned earlier that the
emission rate for a fixed 0, saturates as y increases; we
see now that this convergence is nonuniform in 6,. Asy
increases, the maximum peak emission rate occurs for
higher incidence angles and at correspondingly higher
photon energies.

At this point two comments may be made, first on the
influence of the particular family of planes involved in
the diffraction process, and second, on the influence of
the crystal temperature. Notice that, while the photon
energy at which the electron radiates most efficiently, Eq.
(3.24), does not depend on the particular family of planes
considered, the actual emission rate (3.23) depends rather
strongly on H. The emission from lattice planes with low
Miller indices will be stronger both because of the larger
lattice spacing (H =2 /d) and also because of the larger
values of the ratio r;. Since it is the square of these quan-
tities that enters (3.23), their effect is very considerable.
Therefore, to produce photons of a given energy there is
a marked advantage in using planes with the lowest possi-
ble Miller indices at more grazing incidence angles.

The temperature of the crystal affects the DCR process
in two ways: changes in the interplanar spacing produce
shifts of the emitted photon energy which are directly
calculable from Eq. (3.6), and second, the Fourier com-
ponents Y of the susceptibility are altered through the
Debye-Waller factor. To increase the emission rate one
would, again, use planes with the lowest possible Miller
indices, at temperatures well below the Debye tempera-
ture.

IV. THE EFFECTS OF X-RAY ABSORPTION

X-ray absorption has two main effects on the DCR
process: first, not all the emitted photons manage to
leave the crystal, and second, the photons emitted in a
given direction do not have a sharply defined energy but
acquire a Lorentzian line shape. From an experimental
point of view the angle that is directly observable is the
angle 6z which the emitted x rays make with H after
they leave the crystal. It involves small refraction correc-
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tions which are easy to calculate:

A A
_ XOrn-ez
2 cosf

Xo

1+xY tan?6+ 2

cosBg =cosO 4.1)

As remarked earlier, the DCR photons will suffer ab-
sorption in the medium given by the usual, non-
Borrmann, linear absorption coefficient p,. This justifies
the following simple considerations. The total number of
photons which actually reaches the crystal surface is ob-
tained by integrating the emission rate multiplied by the
appropriate absorption factor over the time the electron
takes to traverse the medium. For a crystal slab of thick-
ness / bounded by plane and parallel surfaces, the normal
to which is 1i, one obtains

A
kg

A A
nv

dN ol

_ 1 _dN
dQpg

Loy dtdQ

1—exp

(4.2)

This same expression holds irrespective of whether the
photon beam exits the crystal by the surface through
which the electron entered (Bragg case) or left it (Laue
case). One sees that larger intensities should be observed
if the crystal surface is cut so that the electrons enter
tangentially to it. The reason for this is that most pho-
tons are produced closer to the surface and experience
smaller absorption. For extreme cases of fi-V— 0, howev-
er, Eq. (4.2) ceases to be valid. In this situation neither
the multiple scatterings of the electron nor the reflection
of the photon at the surface should be neglected.

For thick crystals one obtains the following simple ex-
pression:

A
ﬁ'kR

A A
n-v

d*N

dN _ 1-
dtdQ -~

(4.3)

where 1/ug =7 is the photon “lifetime.”

So far, the photons emitted in a given direction have
been considered to be sharply defined in energy with %o,
given by Eq. (3.6). Absorption causes them to have a
finite width W with a Lorentzian distribution

W /2w

— > - (4.4)
(iw— e )+ W= /4

From Egs. (3.6) and (3.13) we see that the presence of ab-
sorption leads to an imaginary part for the photon ener-
gy. This imaginary part translates into the width

#fiw :
W= BXOI — 1 ﬁ )
2cos’0 2cos’O T

(4.5)

The presence of x, in (4.5), without any dynamical
Borrmann corrections, is again a reflection of the fact
that DCR occurs at the very tails of the diffraction re-
gion.

Experimentally one wants the externally measured
d*N /d#iwo dQy instead of d*N /d#%wdQ. In the former
expression, the angle 0y is varied at constant #iw. This
means the wave vector k is constrained to move on the
plane defined by Eq. (3.5). It follows then that
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A ﬁ"k\R
do=~p-k|—— |dby , (4.6)
A\’
so that
d*N kg | gN W /2
d#iwdQg 09 |dQr (ho—fwc ) +W?r/4
4.7)

This expression agrees with the expression derived classi-
cally in Ref. 6. That this is not immediately obvious is
due to differences of notation and to the fact that the
classical expression describes not just DCR but also the
transition-diffracted beam. Notice that the asymmetry
factor |fi-ky /fi-¥| appears squared: one of these factors
is connected to the effective absorption paths while the
other is analogous to the asymmetry factor
b '=1-Kj /ii-K,, familiar from the DTXD.

V. AN EXAMPLE

In this section we calculate the DCR emitted by an
electron as it moves in a diamond crystal. To be specific
we will consider only the (111) diffracting planes. In dia-
mond, these planes are responsible for the most intense
reflections. We will consider the symmetric case with the
crystal surface cut parallel to the (111) planes. These re-
strictions are, of course, not essential. The treatment of
the previous sections is of more general validity.

In Fig. 2 we show the number of photons per steradian
which exits the crystal, given by Eq. (4.3), in the plane of
incidence (¢=0), by an electron of energy ¥ =300 (about
150 MeV) as it moves at an angle of 85° to the (111) direc-
tion. Bragg’s law gives energies for these photons around
35 keV. The factor €-p in the emission rate implies that
these photons are totally polarized in the 6 direction.
One recognizes this emission pattern as a section of the
“cone” of opening angle 2¢,,. The angle ¢,, =~3.51 mrad,

0.7 } 9O polarization %
¥=300, ¢=0 g_bo
£

0.6 F ©e=85°

50-5 F |ro5 0 5

On-0e (mrad)

S -
20.4F |
g |
503}
[oN

0.2t \
0.1 ¢

1 -

0.0 — —
-20 =15 -10 -5 0O 5 10 15 20 25
On—0e (mrad)

FIG. 2. The number of photons per steradian which exits the
crystal as a function of the emission angle, in the plane of in-
cidence (¢=0), emitted by an electron of energy y =300 as it
moves at an angle of 85° to the (111) direction. Inset: the ampli-
tude ratio for the central portion of the emission pattern show-
ing that the relevant values of R, are rather large.
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FIG. 3. The number of photons per steradian which exits the
crystal as a function of the emission direction (68 polarization,
¥ =300, 6, =85°).

is close to, but definitely different from, 1/y =~3.33 mrad.
The peak at higher angles is less intense because of the
slightly longer path the photons traverse before leaving
the crystal. In the inset, the amplitude ratio for the cen-
tral portion of the emission pattern is shown. The large
values of about —50 at the emission peaks indicate, as
mentioned earlier, that the emitted photon is mostly in
the “diffracted” beam.

In Figs. 3 and 4, the number of photons per steradian
emitted under those same conditions is displayed as a
function of 6 and ¢ for the 8 and ¢ polarizations, respec-
tively. It is the sum of these two contributions that
resemble a cone.

Next we consider the dependence on the angle of in-
cidence of the electron, 6,. In Fig. 5, the peak of the ¢
polarization emission rate (photons per steradian per s),
which occurs at the point labeled P, in Fig. 4, is plotted
against 6, for several electron energies. In Fig. 6, the
same peak emission rate is shown plotted against the en-

® polarization

Q.8

photons / st
Q.a

o2

FIG. 4. The number of photons per steradian which exits the
crystal as a function of the emission direction (¢ polarization,
¥ =300, 6, =85°).
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FIG. 5. The peak of the ¢-polarization emission rate (pho-
tons per steradian per s), which occurs at the point P in Fig. 4,
is plotted against the angle of incidence of the electron 6, for
several electron energies.

ergy of the photon emitted at that point as 6, is varied.
Both these figures show how, as y increases, the emission
profile tends to saturate for lower angles or photon ener-
gies. Meanwhile, the maximum emission rate at yfw,
moves towards higher photon energies; for diamond the
plasma energy i, =38.1 eV leads to emission rate maxi-
ma at 7.62, 11.4, 19.0, 26.7, and 34.3 keV for y =200,
300, 500, 700, and 900, respectively. One sees that, as 6,
approaches 90°, the emission rate drops abruptly. As
shown in Sec. III C, this is connected to the rapidly van-
ishing susceptibility.

Similar plots are shown in Figs. 7 and 8 for the peak
number per steradian of ¢-polarized photons which exit
the crystal [this is given by Eq. (4.3) evaluated at Py] as a
function of 6, and of the emitted #iw. These figures are
rather remarkable. Figure 7 clearly shows that, to gen-
erate DCR photons efficiently, high incidence angles are
required but extreme grazing incidence should be avoid-
ed. Many of the experiments performed to date have
looked for DCR photons at angles that are either too
small or too large, which partly explains the rather poor
quality of their results. In Fig. 8 we can see that, al-
though the electron tends to emit most efficiently at the

10M

N W

photons/s sr
Q
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N W

109 k

IR B R A S - R S
10 2
hw (keV) 10
FIG. 6. The same ¢-polarization peak emission rate of Fig. 5
is plotted against the energy of the photon emitted as 6, is

varied.
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FIG. 7. The peak number per steradian of ¢-polarized pho-
tons which exit the crystal [this is given by Eq. (4.3) evaluated at
the point P, in Fig. 4] as a function of 6,.

photon energy y#iw,, because of absorption the actual
maximum of dN /d () is shifted to higher values of #iw (of
several tens of keV). In fact, since dN /d Q) decays rather
slowly with the photon energy, we see that DCR is par-
ticularly efficient as a mechanism to generate very hard x
rays.

The fact that the emission peak occurs at energies #w
appreciably higher than yfiw, implies that the actual
values of the amplitude ratio |R,| selected by energy-
momentum conservation in the region where DCR is
large are appreciably larger than the minimum allowed.
Using Egs. (3.9), (3.10), and (3.17), the amplitude ratio R,
at the point P, (Fig. 4) is

fiw
vhiw,

2
Pry

R.=— |1+ (5.1)

In the region where DCR is large, because of absorption
fiw /yfiw, ~2-4, putting rp=0.36 [diamond (111), a
reasonably large value], we get |R,|~25-90.

Next we turn to the spectral density, given by Eq. (4.7),
for varying electron incidence angle. In Fig. 9 the peak
value of d2N /d#wdQ li.e., Eq. (4.7) evaluated at P, and
at the energy #iw that maximizes the Lorentzian in (4.7)]
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FIG. 8. The same peak number per steradian of ¢-polarized
photons which exit the crystal as in Fig. 7 as a function of the
emitted #w as 6, is varied.

FIG. 9. The peak value of dN /d#iwd(Q [i.e., Eq. (4.7) evalu-
ated at the point P, in Fig. 4 and at the energy fiw that maxim-
izes the Lorentzian] is plotted against the emitted photon ener-
gy as 6, is varied.
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FIG. 10. The relative deviation of the photon energy €. from
the Bragg-law prediction at the point P, as a function of the
electron angle of incidence 6,.

4
3t
2 b
—
>
L 10-2t
< b
g0
z
) 4F
£ 3F
2t
10-3F
C BT i
6 7 15 2 3 4 567 5 2 3
101 102
hw (keV)

FIG. 11. The spectral linewidth W due to x-ray absorption at
the point P, as a function of the photon energy #w as 6, is
varied.



is plotted against the emitted photon energy as 6, is
varied. The most important feature of this graph is the
sheer magnitude of the scale of the ordinate axis. It may
be useful to compare with the synchrotron radiation
spectral density obtainable from, say, a 4-GeV electron
for a bending radius of 10 m: about 0.03 photons per eV
per steradian at 35 keV. Since photon energies are
strongly correlated to their direction of propagation, we
conclude that very high spectral densities are possible
provided the x-ray beam is sufficiently well collimated.

Finally, Figs. 10 and 11 show the systematic relative
deviation of the photon energy €. from the Bragg-law
prediction, and the spectral linewidth W due to x-ray ab-
sorption. Again, both graphs refer to the peak of ¢ po-
larization emission labeled P, in Fig. 4.

VI. CONCLUSIONS AND SOME FINAL COMMENTS

A quantum theory of DCR based on a phenomenologi-
cal quantum electrodynamics has been given which is
very closely related to the quantum theory of the
Cerenkov effect. It can be shown that, in the limit in
which electron recoil effects are neglected, this theory
gives results which are identical to those of the classical
theory.® The theory is simple enough to allow the calcu-
lation of the intrinsic spectral width, and of systematic
deviations of the photon energy from Bragg’s law, and of
other features of the DCR process. Extensions of the
theory to cover many-beam diffraction cases or more de-
tailed calculations of the small recoil effects are straight-
forward to carry out.

The emitted photons have amplitude ratios which tend
to be rather large, that is, the emission occurs at the far
tails of the diffraction region. Thus, Bloch waves are
overwhelmingly in the “diffracted” Ay plane-wave com-
ponent, and, at least in the two-beam case DCR, there is
no anomalous Borrmann absorption.

We have found that DCR is a particularly efficient
emission process for hard x rays (several tens of keV)
with a very high spectral density (within small angular re-
gions). The emission rate is highest at the energy
fio=yfiw, but, because of absorption, the number of
photons which actually emerge from the crystal will peak
at appreciably higher energies. The production of pho-
tons of a given energy is optimized by using lattice planes
with the lowest possible Miller indices at the expense of
having to go to more grazing incidence angles, and by
asymmetrically cutting the crystal surface. This latter
effect is actually to be expected given the existence of
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similar effects in conventional x-ray diffraction.

The use of DCR for a tunable source of x rays should
therefore be seriously considered. One important advan-
tage of this x-ray production mechanism lies in the rela-
tively low energy of the electron beam. This not only

-lowers the cost of the required equipment, but simplifies

its manipulation. In particular, there is greater freedom
in the temporal structure that may be imposed on such
beams. This means that DCR x-ray pulses could, in prin-
ciple, be much shorter than those obtained from storage
rings. Thus, rather than competing with synchrotron ra-
diation sources, DCR has the potential of becoming a
different source, useful both for its efficiency in the harder
part of the spectrum, for its very high spectral density,
and for its possibly different temporal structure.

Further experimental work is necessary. The experi-
ments performed to date have looked for DCR photons
under unfavorable conditions. As mentioned earlier, in
general, electron angles of incidence have been chosen
which are either too small or too large. All of the experi-
ments have had very low angular and spectral resolutions
(none have employed crystal monochromators). Thus,
one of the main features (high spectral density) distin-
guishing the DCR mechanism from other radiation
mechanisms has not so far been fully exploited. Finally,
all experiments have been carried out in the Laue-case
geometry. This has the important drawback that the
photons that reach the crystal surface are emitted by
electrons that have already traversed some distance
within the crystal with increased likelihood of multiple
scatterings. In other words, Laue-case DCR photons are
effectively generated by electron beams of poorer quality.
One should expect that photons generated under Bragg-
case conditions would exhibit the sharp features of the
DCR process in a clearer way.

Finally, it is rather easy to obtain a lower bound for the
threshold current density for stimulated DCR by totally
neglecting stimulated absorption. We find that the
threshold current must be larger than 10° A/cm?, which
is too high; it is very unlikely that an x-ray laser based on
this process might work.
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