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Simple thermodynamic model for the specific heat of the fluorite crystals PbF2, CaF2, and SrC12
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The excess specific heat for SrCl„PbF2, and CaF2 fluorite crystals has been computed by means of sta-
tistical mechanics using a model derived from the Welch and Dienes phenomenological model for phase
transitions. The enthalpy is written in a form that partly takes the long-range interactions into con-
sideration. It is shown that the transition temperature is always attained for low defect concentrations,
as experimentally found by Schroter and Noltig. The calculations are in quantitative agreement with

available experimental data.

THEORETICAL MODEL

We are interested here in the excess specific heat which
presents a diffuse transition for CaF2, PbF2, and SrClz
crystals. Experimental data are now available to specify
these excess properties. ' " Theoretical calculations con-
cern characteristic thermodynamic parameters. ' ' The
Oberschmidt' work is derived from the phenomenologi-
cal Hubermann or Welch and Dienes ' model. In the
work of Oberschmidt, ' as well as in that of Makur and
Ghosh, ' there is a qualitative but no quantitative agree-
ment between calculated and experimental data for ex-
cess specific heat C .

The purpose of the present work is to obtain a quanti-
tative agreement between the calculation and available
experimental data. In the phenomenological model of
Welch and Dienes which is used, the excess enthalpy has
been represented with an exponential dependence on the
defect concentration. Preliminary results have been pub-
lished on specific heat for the SrC12 crystal. The varia-
tion of the excess Gibbs energy may be written
EG =hH —kT ln W —TAS. The AH variation is as-
sumed to be of the form

—an, .EH=E&n;e

where a is a parameter and n; the defect concentration.
By writing AH in the form (1) the exponential depen-
dence with the defect concentration means that long-
range interactions are roughly taken into consideration.
The successive coefficients of the exponential expansion
represent successive long-range interactions with three,
four, and so on defects in interaction. The hS variation
is written following Qberschmidt as

—(y n; )—ln(y n; )—+y ln(y)+m ln(m) .

In Ref. 18, m and y are assumed to vary with the defect
concentration. In the present work, m and y are taken
fixed at m = 1 and y =0.5.

At the thermodynamic equilibrium, the temperature is
defined as

kT=E, e '(1 an; )—
X I A —2Bn, —ln[(n, . )(m —n, ) '(y —n, ) ']]

and hC is finally written as

kT AC =C/D (4)

with

C=E,e '(1 an;)—
D =aE, (an; —2)(kT) 'e

+[2my n, (m+y—)][n;(m n;)(y —n, )] '+28 . —

This is the first model to carry out the specific heat, re-
ferred to as model I. If Eq. (1) is expanded in a Taylor
series up to first order, at the thermodynamic equilibri-
um, the temperature is defined by

results. The lnW part of the configurational entropy is
written'

ln8'= —2n, ln(n; ) —(m —n; )ln(m n; —
)

hS =AS)n, ;
—AS2n; (2) kT=(E& 2n, E~)[ln(—1 —n, )(a—n, )n; +-A —2n;8]

where AS& and ESz are later written as AS&/k = 2 and
ES2/k =8. This form of AS has been chosen because it
allows an easy self-consistent way of calculating hC . AS
representing only a part of the total entropy, it is as-
sumed that writing b,S following (2) rather than with an
exponential dependence will not give drastically different

and the hC expression stands as

kT'AC, =C/a

with
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TABLE I. Parameter values for models I and II.

Model I
a A n;( T, )

Model II
A n;(T, )

SrClz

PbF2
CaFq

1.9
2.67
1.44
3.0

1.67
5.5
3.6

10.4

17.2
22.4
14.0
14.3

32.37
116.95
56.18

143.7

7.8%
2.2%
3.4%
1.6%

2.67 5.5 23.98 154.33 3.6%

C =(E, 2n—;E2)

D= j[2a—n;(I+a)]n; '(I n;)—(a—&;)

+2B—2(kT) 'EqJ .

This second model to calculate the specific heat is re-

ferred to as model II. The following method has been

used to calculate AC&. E, is fixed while the parameters

a, A, and B have to be determined. A trial value is

chosen for a. In Eq. (4) [or (6)], B is a function of b,C,
T, and n, The B value is carried out for the T=T,
value. For this T, value, the corresponding LCD value is

fixed by the experimental data. In Eq. (3) [or (5)] A is a

function of B which has been previously calculated, and

of E„T„and n;. The parameters A and B are calculat-

ed by varying n; stepwise for a couple of a and E, values.

Thus the A and B values are replaced in Eq. (3) [or (5)]
which gives the T value and in Eq. (4) [or (6)] which pro-

vides the AC~ value. The n; value gives again the max-

imum hC value for T=T, . If this n; value does not

correctly reproduce the half-height width, the a value is

changed and the calculation is repeated as far as the coin-

cidence between experimental and calculated values is at-

tained. The comparison with the experimental results is

further made by deducing from the experimental AC

value the part which is linear with the temperature.

APPLICATION TO SrC12, PbF2,
AND CaFg CRYSTALS

stand for diffusion and specific heat while values coming
from conductivity are spread throughout this range. As
the purpose of the present work is to represent the
specific heat, the E& value has been fixed at the value of
Schroter and Noltig, i.e., E, =2.67 eV. Using model I in
a second calculation, the better agreement with the ex-
perimental data occurs for a=5.5. The meaning of this
large value for a is that long-range interactions make a
large contribution to specific-heat data and that the main
factor governing the half-height width is the parameter
a. It is seen from Table I that n; and A values are close
to the values of Schroter and Noltig. By looking at Fig.
1, it is seen that there is a quantitative agreement between
the experimental data and the present calculation.

A third calculation of LCD is made with model II using
the values of E& and a determined above. It is shown in
Table I that for the n; value the better agreement stands
for n; =3.6%, a higher value than in model I. By com-
paring the results of models I and II shown in Fig. 1, it is
seen that without the long-range effects the curve is dis-
placed on the left for all temperatures and that there is no
quantitative agreement with experimental data.

The enthalpy variation has been calculated with model
I using the parameters deduced from the first b C calcu-
lation. The experimental and calculated data of enthal-
py variation are reported in Fig. 2. It is seen that there is
a close enough agreement with the experimental data. As

120

For all calculations, the n;, A, and B values which
have been determined using either model I or model II
are reported in Table I.

The experimental data show for the SrC12 crystal a
peak for the specific heat located close to 1000 K, the
half-height width being 65 K. In previously reported
work, ' ' the calculated corresponding value is 200 and
100 K, respectively. A first calculation is carried out
with model I, using the Oberschmidt values, E& =1.9 eV
and a=1.67. By looking at Table I, it is seen that n,-, A,
and B values have closely related values with the corre-
sponding Oberschmidt parameters. ' All calculated and

experimental hC values are reported in Fig. 1. The cal-
culated half-height width is close to 200 K in agreement
with the previously reported result' but far enough from
the experimental data. The results prove that the varia-
tion of m and y with the defect concentration is not a
fundamental assumption for the SrC12 crystal. It will
likely be the same for PbF2 and CaF2 crystals.

The formation enthalpy of defects in SrC12 is reported
to be in the range 1.6—3.0 eV. ' ' ' ' The higher values
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FIG. 1. SrClz crystal: o, experimental data; 0, first calcula-
tion model I; ~, second calculation model I; ~, third calcula-
tion model II.
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FIG. 2. SrC12 crystal: 0, experimental data; ~, calculation. FIG. 4. CaF2 crystal: 0, experimental data; 8, calculation.

the specific heat and enthalpy variation are in quantita-
tive agreement with experimental results, it will be the
same for the entropy variation which is not reported
here.

For the PbF& compound the experimental data' exhib-
it a Schottky anomaly for the specific heat located at 714
K. The experimental half-height width is 100 K. For
PbF2, the E, formation enthalpy of Frenkel defects is re-
ported to be in the range 0.95—1.45 eV. ' ' ' ' In the
present work, the E, value has been chosen E j

=1.44 eV,
corresponding to specific-heat data. ' The formation en-

tropy for Frenkel defects has been reported to be in the
range (3.5 —15)k. ' ' ' ' As seen from Table I, the A

value is very close to the upper end of the above-defined
range. The n; value is close to the value of Schroter and

80

Noltig. The results of calculated specific-heat and experi-
mental data are reported in Fig. 3 where it is seen that
there is a quantitative agreement.

For the CaF2 crystal the experimental data" exhibit a
Schottky anomaly for the specific heat located at 1425 K
with a half-height width of 30 K. The E& formation
enthalpy of Frenkel defects is reported to be in the range
2.71—3.17 eV. ' ' As there is no defect formation en-

ergy coming from specific-heat measurements, a trial E,
value, E, =3.0 eV, has been assumed, close to ionic con-
ductivity data. The formation entropy for Frenkel de-
fects has been reported to be in the range
(5.5 —13.5)k. ' ' As seen from Table I, the A value is

very close to the upper end of the above-defined range.
The results of calculated specific heat are reported in Fig.
4, together with experimental data. It may be seen from
this figure that there is still a quantitative agreement be-
tween experiment and calculation, but it is not as good as
in the case of SrC12 and PbFz crystals.
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FIG. 3. PbF2 crystal: 0, experimental data; ~, calculation.

It is possible to have a quantitative representation of
the specific heat for three Auorites, even presenting a
sharp Shottky anomaly as in the case of the CaF2 com-

pound. AH is fitted as well when experimental data are
available. The half-height width is closely related to the
strength of collective long-range interactions. The crud-
est approximation of the long-range interaction, depicted

by pair defect interaction, is unable to fit the experimen-
tal data. In all cases, the fit to the experimental data

occurs with very low defect concentration. The values

determined in the present work for PbF2, CaFz, and SrC12

crystals cannot be considered as definitive. Our aim, nev-

ertheless, is that further calculations on these crystals will

not drastically change the present evaluation.
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