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Korringa and phonon nuclear-spin —lattice relaxation in metallic arsenic
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The spin-lattice relaxation time ( T, ) in arsenic ("As nucleus; I =
~ ) has been measured, using pulsed

nuclear-quadrupole-resonance methods, as a function of temperature from 4 to 596 K. The results show
that T& follows the Korringa relation (T&T=const) for temperatures below the Debye temperature
(8D =282 K). Above 8D the data break away from this relation, and the measured T, is shorter than
that predicted by a nucleus-carrier relaxation model. Previous calculations of nucleus-carrier spin-flip
transition probabilities involving a spherical Fermi surface (FS) have been extended to the nonspherical
FS of arsenic. Modified expressions have been derived using a spheroidal approximation to the FS pock-
ets. The carrier wave functions are approximated by free-atom wave functions. These calculations can
account for the magnitude of measured nucleus-carrier interactions at low temperatures, and predict the
usual Korringa law for the temperature dependence. The experimental results above OD can be ac-
counted for using both nucleus-carrier processes ( & T) and nucleus-phonon processes ( & T').

I. INTRODUCTION II. THEORETICAL CONSIDERATIONS

The electronic properties of the rhombohedral
semimetals (arsenic, antimony, and bismuth) have at-
tracted a great deal of interest over the years. ' This in-
terest centers on the intermediate position these materials
occupy between good metals and insulators. The carrier
concentration of the semimetals is typically a few orders
of magnitude lower than that of good metals. In contrast
to semiconductors, the conductivity increases as the tem-
perature decreases. The semimetals are compensated
metals; both electrons and holes are present as current
carriers. The position of the semimetals in group V of
the Periodic Table means that the carriers are likely to
exhibit both s-wave and p-wave properties. The elastic
properties of these materials have also attracted interest.
The existence of optical modes in the vibration spectra is
a common feature to all three semimetals.

Previous measurements of nuclear-spin —lattice re-
laxation efFects in arsenic and antimony have suggested
that nucleus-carrier interactions play an important role.
This is particularly true for temperatures lower than am-
bient. At higher temperatures the data for antimony in-
dicate that another relaxation mechanism becomes im-
portant, and it has been suggested that this is a nucleus-
phonon process.

This paper reports on experimental data for the spin-
lattice relaxation time (T, ) in metallic arsenic for the
temperature range 4—596 K. We present calculations of
the nucleus-carrier transition rates, allowing for the non-
spherical Fermi surface of arsenic, which account for the
observed T& at temperatures below the Debye tempera-
ture, O~. The data above OD are explained by including
a contribution that takes into account the acoustic pho-
nons. The combined model shows excellent agreement
with the experimental data.

A. Quadrupolar Hamiltonian and the rate equation

Rhombohedral arsenic crystallizes in the A7 struc-
ture. This gives rise to an axially symmetric electric-
field gradient (efg) at each nuclear site. The carriers at
the Brillouin-zone boundary and the ionic cores contrib-
ute to the efg. The interaction of the efg with the elec-
tric quadrupole moment of the nucleus may be described
by the axially symmetric quadrupolar Hamiltonian

'eQ (3I2 I2)
4m so 4I(2I 1)—

u =P —P

then the rate equations for the quadrupolar system may
be found. The probabilities of the possible transitions
contributing to relaxation are

WM . =W. j(m'jI. jm)I',
Wg' ~

=
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where etI/4neo is the .efg, Q is the nuclear-quadrupole
moment, I, and I are nuclear-spin angular momentum

operators, I is the nuclear-spin quantum number, and 6p

is the permittivity of the vacuum.
The rate equations describing spin-lattice relaxation

may be derived using the procedure developed by
MacLaughlin, Williamson, and Butterworth. Suppose
that p is the deviation of the mth nuclear-spin level pop-
ulation from equilibrium, and that P =p +p . If u

is defined as
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where the quantity W is a magnetic (b, m =+1) cou-
pling and 8'«, 8'&2 are quadrupolar (b,m =+1,+2) cou-
plings. These quantities contain information on the
spin-lattice interactions. The nuclear quadrupolar spin
system evolves with time according to the matrix
differential equation

du =AU,
dt

subject to the appropriate initial conditions. A is known
as the relaxation matrix, and for an I=

—,
' system is given

by

A = —(68' +24', +128'g2) .

The spin-lattice relaxation time may then be defined as

1 =68' +248'g)+128'g2 .
1

B. Nucleus-carrier interactions

The interaction of the nucleus and the carriers may be
described by the Hamiltonian'

JV~ +&q (6)

where & and & refer, respectively, to magnetic and
quadrupolar interactions, which give rise to spin-lattice
relaxation. The Fermi-surface parameters and carrier
wave functions are important factors in the description of
these effects in the semimetals, and are discussed below.
Nucleus-carrier transition rates are calculated at 77 K for
each of the nucleus-carrier interactions.

Po
y, B, ,4n,

where

1. Magnetic interactions

The Hamiltonian & may be written in terms of the
spherical polar coordinates of the carrier displacement
with respect to the nucleus (r, 8,$)

r0=gPNI, Xyl=gPNIg,

L s (3 cos 8—1) 3 sin8 cos8(s e '&+s e+'&)
+ + +

F 3 F 2F
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8tr+ + + s+ 5(r)

2F F 2F

and

L, = i, L+=—e '~ +i cot8

All of the symbols above have their usual meaning. The terms involving I+ give rise to spin-lattice interactions of
the form

(s, v l, mall' ls„m &= ' psgp„S(r) — ', Qw4~ ' N 3 2F'
4

(8a)

(s,+l, mhll& ls„m &= p gp4 B N
3 sjn2Q~e w 2iP

Wm
2F

(8b)

pz L + 3s,sin8 cosOe *'~
(s„m+1l~ ls„m ) = psgpN +

4 2F

where w =
l ( m+1

l
I+ l

m ) l

=(I+m )(I+ rn + 1 ).

2. Quadrupolar interactions

The Hamiltonian & may also be written in terms of the displacement of the carrier with respect to the nucleus

2

e 4 g Q;V, ,
0 i= —2
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where

HV= 1, Q = ~ (3I I—)
2r 3 2I (2I —1 )

1/2
3=+
2

sinO cosOe+—'~ 1/2
3

Q+) =+
2 2I 2I 1)—( I,I+ +I+I, ),

1/2
3 sjn20&e 2&/

8

1/2
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The above symbols again have their usual meaning. The interaction gives rise to hm =+1 and hm =+2 transitions,
and leaves the carrier spin unchanged. The two transitions are

(.„+1IW l.„ 4I(2I —1)
(10a)

(10b)

where

w
+—'= l (m+1 lI+I, +I,I+ lm )

l
=(2m+1) [I(I+1)—m (m+1)],

wq~ = l(m+2lI+ lm )
l

=(I+m )(I+m+1)(I+m+1)(I+m+2) .

In the next section the effect of Fermi-surface charac-
teristics and choice of carrier wave function on the
nucleus-carrier transition probabilities will be examined.

3. Fermi surface char-acteristics
and the carrier wave function

The Fermi surface (FS) of arsenic has been studied us-

ing theoretical" and experimental' ' approaches. The
electrons and holes are found around the L and T points
of crystal symmetry, respectively, in well-defined pockets,
which may be approximated by ellipsoids. ' The FS pa-
rameters determined by Ih and Langenberg' are
displayed in Table I. The effective-mass data show that
m„=m, && m„, so that the ellipsoids may be approximat-
ed as spheroids. This approximation simplifies the
analysis greatly, and is not expected to have a significant
effect on the results. It employs the relation

m„+m,
m =m=

X Z

gz(r)=uz(r)+ik rv(r), (12)

where u&(r) and v (r) are s- and p-wave radial wave func-
tions. Using this wave function, it is possible to deter-
mine the matrix elements for transitions from a carrier
state k to a carrier state k'

(k'lW, lk) = J q;(r)W, y„(r)d'r . (13)

In order to determine these matrix elements the angu-
lar coordinates are removed by integrating over a sphere.
The following matrix elements are found:

The carrier wave function must reQect the s- and p-
wave nature of the carriers in the semimetals. The
chosen wave function is based on expressions used by
Bardeen, ' Korringa, ' and Mitchell, ' and is written as

(k', s, +1,m+1 l& lk, s„rn ) = —(k' k —3k,'k, )+6 Qw
2

(14a)

(k', s, 1,m 1l& lk, s„m ) = [(k„'k„—kY'k~)+i(k„'kY+k~k„)]Qw
2

(14b)

(k', s„m+ll& lk, s„m ) =—[(k'k, +k,'k )+i(k,'k„—k„'k, )]Qw +3Fs, [(k„'k, +k,'k„)+i (k'k, +k,'k„)]Qw
3

(14c)

(k', s„m+1~gf lk, s„m ) =H[(k„'k, +k,'k„)+i(k'k, +k,'k )]aw —',
(k', s„m+2l& lk, s„m ) =H[(k„'k„—k'k„)+i(k„'k +k'k„)]Qw*

where

(14d)

(14e)
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The probability of a transition from a nuclear spin state m to a nuclear spin state m, with a simultaneous transition
from a lattice state k,s to a lattice state k', s', may be determined as follows:

W z, . &,= g ~(m, k, s~&, ~

m', k', s')
~ 5(Ef; Ef, +—E E)—,

ks

(15)

where the sum is over occupied (k} and unoccupied (k'} carrier momentum states. For a metal this means that only
momentum states within an energy kT of the Fermi energy are involved. The sums are converted to integrals in k-
space in the usual way. ' ' The integrals depend on the shape of the FS pockets, and the details of determining them
for the spheroidal FS approximation are given elsewhere. ' Carrier-carrier interactions were ignored.

4. Calculation of the transition probabilities

The expressions developed in Sec. IIB 3 to describe the various possible nucleus-carrier interactions may be divided
into contact and noncontact interactions. Contact interactions arise from interactions with s-wave carriers, while non-
contact interactions are due to the p-wave carriers. The contact terms involve the probability of finding an s-wave car-
rier at the nucleus, ~uk(0)~, while the noncontact terms depend on the quantity f [~U(r)~ /r]d r. These quantities
were calculated using the free-atom wave functions of Herman and Skillman. ' The contact interactions are magnetic
in origin, but the noncontact terms may arise from both magnetic and quadrupolar interactions.

The quantities W~, W&&, and W&2 may be identified with the coefficients of w, w*', and wq* in the full expressions
for the nucleus-carrier transition probabilities. For instance, the expression for W&& is

Wg)= H g [(k„'k, +k,'k„) +(k'k, +k,'ky) ]5(Ek+E Ek E)—, —
k, k'

where H is defined in Eq. (14). The sum is to be converted to an integral as indicated above.
The magnetic interaction is made up of contact (c) and noncontact (nc) terms

W =W'+ W"'.

(16)

2
Nvo

Ezm„m m~u (k0)) kT,
2 A'

(18)

The contact term for each carrier (electrons or holes) may be found explicitly by considering interpocket scattering.
The expression for each type of carrier is given by

2m Po

6 PagPw

TABLE I. Fermi surface parameters for arsenic determined
using cyclotron resonance techniques and an ellipsoidal approx-
imation (Ref. 14). The effective masses displayed here are in
units of the rest mass of the electron.

Electrons Holes

where N is the number of pockets, and m, m, m, are the
carrier e6ective masses.

The various transition rates have been calculated at 77
K and are tabulated in Table II. The antishielding factor
of Feiock and Johnston was included in the quadrupo-

lar terms. It should be noted that all of the above transi-
tion rates are directly proportional to the absolute tem-
perature.

C. Nucleus-yhonon interactions

The theory outlined in this section is similar to that
given by Abragam, ' which does not take into account
the symmetry of the lattice, and involves only acoustic

TABLE II. Nucleus-carrier transition rates at 77 K. The re-
sults for the quadrupolar contributions include Sternheimer an-
tishielding effects.

m„
my

m,
Q~

EF (eV)

0.121
1.180
0.138

83.6
0.210

0.122
1.040
0.081

38
0.178

electrons
holes

8'
(s ')

0.56
0.98

prnc
m

(10
—7 —1)

3.20
2.96

e'q,
(10 's ')

1.35
10.4

8'g2
(10-' s-')

7.95
3.69
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exp(pA'co) co

[exp(PA'co) —1] coD
(19)

where P= 1/kT, )Lc takes on the values 1 and 2, the quan-
tities F„depend on the lattice symmetry, U is the velocity
of sound in the crystal, and m is the atomic mass of the
sample. The integral may be rewritten in terms of 8D
and the temperature T in order to determine the ternpera-
ture dependence of the quantities 8'&, and W&2 as fol-
lows:

8D/T ~ 6ex
Wgi gp(T) ~ T f dx(e' —1)

(20)

An order-of-magnitude estimate of the nucleus-phonon
transition probabilities is not possible, because the quan-
tities F„are not available for the A7 structure.

phonons. Calculations of nucleus-phonon interactions
have been undertaken for the NaC1 lattice ' and the ZnS
lattice. No calculations for the A~ structure have been
reported.

The dominant term for nucleus-phonon relaxation pro-
cesses is due to the Raman interaction, whereby a pho-
non of frequency co is emitted and a phonon of frequency
co is absorbed. The probability of a transition of a nu-
cleus from a state m to a state m' in the Raman process is
calculated using the Debye approximation to the phonon
density of states. In order to obtain the total transition
probability, the expression for the probability of the
simultaneous transition must be summed over all possible
frequencies of the absorbed phonon. This sum may be
converted to an integral over all phonon frequencies up
to the Debye frequency, co&. Using Planck's Law for the
phonon occupation number, and inserting a quantity ap-
propriate to the symmetry of the lattice, the final expres-
sions for the nucleus-phonon transition rates 8'&& and
8'&2 are given by

2
243m eQF„A

I (2I 1)mu—

computer, before the amplitude of the spin echo was mea-
sured.

Measurements of spin-lattice relaxation were made
over a wide temperature range (4—596 K). Temperature
control was achieved using a helium cryostat over the
range 4—60 K. A germanium thermometer was used at
the lower temperatures in the helium range, while an Ox-
ford Instruments linear temperature sensor was used for
control and measurement at the higher temperatures.
Temperatures were controlled and measured to within
+1 K. Above 60 K various fixed-temperature baths were
used. Temperatures up to 600 K were achieved using a
furnace probe, with a copper-constantan thermocouple
for control and measurement.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

M(r)
1 — =3 exp

Mo T]
(21)

where T& has been defined in Sec. II, M(t) is the spin
echo amplitude a time t after a saturating pulse, Mo is the
equilibrium amplitude of the spin echo, and A is a con-
stant determined by the effect of the saturating pulse
(A =1). T, is extracted from a linear regression analysis
of the relaxation data at each temperature. The results
for T& as a function of temperature are displayed in Fig.
1. The straight line through the data is the result of
fitting the Korringa relation to the low-temperature data
(T ~ 88 K), as indicated below. At higher temperatures
the data show a departure from Korringa behavior,
which suggests that another spin-lattice relaxation mech-
anism becomes important. It is proposed that this mech-
anism is a two-phonon (Raman) process of the type dis-
cussed in Sec. II C. The defining expression for T, in ar-
senic given in Sec. II A may be rewritten as

8D/T 6 x= AT+BT J dx, (22)(e"—1)

The relaxation data are expected to follow a relation of
the form

III. EXPERIMENTAL DETAILS

High-purity (99.9999%%uo) arsenic shot was obtained
from Koch-Light, UK. The samples were crushed to 25
pm, and annealed for 48 h at a temperature of 400'C.
Following annealing, the material was sieved gently to re-
move sintered aggregates. The sample was then sealed in
a Pyrex ampoule under vacuum. This prevented oxida-
tion through contact with the atmosphere, since crushed
arsenic oxidizes readily.

A standard variable-frequency, coherent, pulsed
nuclear-quadrupole-resonance (NQR) spectrometer
operating at a frequency vo in the range 21—24 MHz was
used to make quadrupolar spin-echo measurements. The
frequency source used was a crystal-locked Hewlett
Packard HP3335A synthesizer operating at frequency
—,vo. A Tektronix 468 digital storage oscilloscope with
signal averaging capability was used for data capture.
Baseline corrections and a nine-point smoothing routine
were applied to the data, using a Hewlett Packard micro-

7

pP'p'~

~a /

/
cvr /

6 - ———Carrier contribution

Phonon contribution

4

In T

FIG. 1. Spin-lattice relaxation rate 1/T, (T, in s) as a func-
tion of temperature T(k) for arsenic. The curves shown are the
result of fitting procedures described in the text.

where the temperature dependence of the nucleus-carrier
and nucleus-phonon interactions are derived in Sec. II. It
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is important to recall that the second term in Eq. (22)
takes into account contributions from the acoustic pho-
nons. No attempt to include the optical phonons is made
here. The constants 3 and B are determined by fitting
the relation (22) to the T, —T data using the following
procedure:

A is determined by fitting a straight line to the low-
temperature (T~88 K) data. This value for A is substi-
tuted into Eq. (22) and the value for 8 determined using a
least-squares fitting procedure to all the data points
shown in Fig. 1. The integral in Eq. (22) is determined
numerically for each temperature using Simpson's rule.

The calculated T, values obtained using the above pro-
cedure are plotted together with the experimental data in
Fig. 1. It can be seen that the model provides a plausible
fit to the data.

Jellison and Taylor have measured T& in rhom-
bohedral arsenic in the temperature range 77—300 K.
Our results are in good agreement with their results in
this temperature range, and their measurement at 300 K
shows evidence of deviation from the Korringa relation.
In their data analysis they assumed that all relaxation
was due to the contact magnetic interaction, and did not
consider noncontact carrier processes, or phonon pro-
cesses. %'e have presented a more detailed analysis of the
experimental results, and have used details of the Fermi
surface obtained by other workers. They also found evi-
dence of impurity-dominated relaxation at 4.2 K in their
high-purity sample, but we have not observed a similar
effect. Measurements in high-purity arsenic below 1 K
indicate that the Korringa relation is obeyed down to a
temperature of 150 mK.

Measurements of spin-lattice relaxation effects at low
temperatures in antimony ' indicate that noncontact car-
rier processes may make detectable contributions to re-
laxation in this temperature regime. The band structures
and Fermi surfaces of arsenic and antimony show many
common features, and it is likely that noncontact terms
make important contributions in arsenic. The results of
the calculations described in Sec. II and tabulated in
Table II indicate that these contributions are several or-
ders of magnitude smaller than the contact contribution.
It is possible that the approximate wave function Eq. (12)
may deviate markedly from the crystal wave function,
particularly far away from the nucleus. In order to ob-
tain a quantitative estimate of the effect of using crystal
wave functions on the nucleus-carrier transition rates, the
Knight shift has been calculated for antimony using Eq.
(12). The details of this calculation are presented else-
where. ' A comparison of these results with the results
of Hygh and Das for antimony shows that the Knight
shift due to the p-wave carriers is underestimated by ap-
proximately 10 if the free-atom wave functions are used.
This implies that the noncontact nucleus-carrier interac-
tions may be underestimated by approximately 10, and
brings the calculated values to the same order of magni-
tude as the experimental results for antimony. The same
arguments may apply to arsenic, but we are not aware of
any calculation of the Knight shift for arsenic using good
approximations to the crystal wave functions. Further

work on the noncontact carrier effects should include ap-
proximate crystal wave functions. It is clear that the
contact term plays the dominant role in spin-lattice relax-
ation at low temperatures.

Measurements of spin-lattice relaxation effects at tem-
peratures above OL, in antimony have indicated that Ra-
man nucleus-phonon processes may make significant con-
tributions. The present results indicate that this occurs
in arsenic as well. The measured phonon densities of
states for arsenic and antimony have many common
features. Two peaks are observed, corresponding to
acoustic and optical modes. The Debye frequency vD of
each of these materials lies close to the peak in the optical
branch (vD=5. 9 THz for arsenic and vD =4.4 THz for
antimony). A more precise calculation of the Raman
transition rates would involve using the measured pho-
non density of states and considerations of the lattice
symmetry for the A7 structure. Using a point charge ap-
proach, calculations of this type typically predict relaxa-
tion rates that are within one or two orders of magnitude
of the measured rates. Such a calculation would there-
fore prove a useful comparison for the results of the
fitting procedure described above. The predicted temper-
ature dependence for temperatures above 8& would not,
however, deviate markedly from the results of the simple
model described in Sec. II C.

V. CONCLUSION

The nuclear spin-lattice relaxation time (T&) in metallic
arsenic has been measured over a wide temperature
range. The data obtained using pulsed NQR techniques
have been analyzed in terms of nucleus-carrier and
nucleus-phonon processes, and have been fitted to
theoretical expressions for the temperature dependence of
these processes over the entire measured range.

In addition, we have presented calculations of the
nucleus-carrier transition rates that take into account the
nonspherical Fermi surface. A comparison of the experi-
mental results with the calculated contact and noncon-
tact terms shows that the contact term plays the dom-
inant role in the low-temperature region. The results are
also compared to experimental and theoretical results for
the same processes in antimony. It is suggested that im-
proved estimates of the crystal wave function will reveal
that the noncontact terms may make important contribu-
tions to the measured relaxation rate at low tempera-
tures.

For temperatures above 8D we suggest that nucleus-
phonon Raman processes make significant contributions
to the relaxation rate. Comparison of our results with
previous results for antimony suggests that this behavior
is characteristic of the Group V semimetals. Further in-
vestigations of this effect might focus on calculations of
Raman transition rates for the A7 structure.
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