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Atomic volumes of rare-earth metals under pressures to 40 GPa and above
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High-pressure studies on most of the rare-earth metals using diamond anvil cells and energy-dispersive
x-ray diffraction with either a conventional x-ray source or synchrotron radiation are presented, together
with a systematic comparison of the results on the equations of state. This comparison leads to simple
scaling relations for the regular rare-earth metals and to distinct deviations for the anomalous or "col-
lapsed" phases.

INTRODUCTION

The rare-earth metals (RE) represent a fanuly of ele-
ments with a large group of "regular" members with very
similar properties and a small group consisting of the
three "irregular" members, Ce, Eu, and Yb, which show
some interesting anomalies in most of their physical
properties. Aspects of systematics in the structural phase
transitions for all the regular RE under pressure have
been reviewed just recently. ' As part of such studies, de-
tailed equation of state (EOS) data for all these elements
were also obtained at room temperature in a largely ex-
tended range of pressure ' suitable for a systematic inter-
comparison with previous and recent data obtained
either with isothermal direct volume or x-ray difFraction
techniques or with adiabatic ultrasonic or shock-
wave measurements. Finally, the use of a recently
proposed method for the evaluation of such data
elucidates some correlations between details in EOS data
and changes in the electronic structure within the present
experimental range of pressures.

many examples have been given previously together with
the structural analyses. ' These detailed evaluations
showed that the lattice parameters are determined typi-
cally with a precision of better than 1X 10 even for the
orthorhombic or trigonal structures.

Calibration measurements with NaCl, Ag, and ruby
luminescence sensors for increasing as well as decreasing
pressures indicated that the dominant uncertainties re-
sulted not from these lattice parameter determinations
but from uncertainties in the average pressure due to
pressure gradients between the ruby sensor locations and
the sample. Typically, these uncertainties generated a
scatter of the data around the smoothed EOS curves with
a mean deviation of less than +1 GPa. Nevertheless, a
scatter or systematic deviations of more than 2 GPa
could sometimes be observed just in the upper pressure
range. This scatter as well as comparisons with previous
data are illustrated in Figs. 1 to 15, where the solid
curves represent least-squares fitted EOS curves of the
Murnaghan type ' according to the form

EXPERIMENTAL TECHNIQUE

The present experiments made use of a diamond anvil
cell ' and energy-dispersive x-ray diffraction de-
vice' ' using either a conventional x-ray source
with a conical slit system or synchrotron radiation
with conventional diffraction geometry when higher
resolution was required. Pressures were determined with
the ruby luminescence technique and the nonlinear
ruby pressure scale. Deviatoric stresses and pressure
gradients were minimized by the use of liquid (or solid)
nitrogen as the pressure-transmitting medium. The
sample materials were provided by Gschneidner, together
with detailed chemical analyses, which have been tabulat-
ed previously. ' In short, H and 0 represented the dom-
inant impurities, typically with atomic concentrations be-
tween 200 and 500 ppm but in a few cases (Eu and Tm) at
a level of up to 2600 ppm. Impurity levels from other
metals or other RE elements on the other hand were gen-
erally much below 100 ppm.

EXPERIMENTAL RESULTS

The original spectra, as well as details of the evaluation
of these spectra, have not been reproduced here since

Thereby, p, and V„stand for the pressure and volume at
a fixed reference point and the two adjustable parameters
E„and E„' are usually supposed to represent the bulk
modulus and its pressure derivative at this fixed point.
This interpretation of the parameters E, and E,' requires
however that the EOS data are reproduced in every detail
by such a smooth analytic form.

The detailed comparison with ultrasonic data given on
Table I may cast some doubt on the validity of this inter-
pretation of the parameters E„and E„' in general and
therefore, these parameters should be considered here at
first only as best-fitted values for a specific EOS form.
For ambient pressure phases, the common choice for the
parameters p„and V„ is p, =p0=100 kPa and V, = Vo
which represents than the volume at ambient condition.
For high pressure phases, however, the corresponding
value of Vo is usually not known and therefore either this
value Vo or V„at any other arbitrarily selected value p,
must than be treated as the third adjustable parameter in
the fitting procedure.

For a direct comparison with previous data, the
present results are plotted at first in the usual way as
shown in Figs. 1 to 15. In general, the agreement with
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previous static data for the lower pressure range is
reasonable and, usually, the agreement with the shock-
wave data for the higher pressure range is even better.
Systematic deviations between the present data and the

earlier shock-wave results are noticed, however, for Pr
and Eu, and it is quite likely that the thermal corrections
used in the reduction of the shock-wave data can account
for these discrepancies since also the thermal properties

TABLE I. Intercomparison of adiabatic (S) and isothermal (T) data for Kp and Kp given in the literature (Refs. 3—45) together
with the highest pressures p limiting the pressure range in the various isothermal measurements. The last line for each of the
lanthanide elements gives the "average" values according to Eq. (1) for "normal" trivalent behavior. These "normal" values are
placed in parentheses to indicate anomalous behavior when the experimental values deviate significantly.

Kp
(GPa)

Kp pm
(GPa)

Ref. Kp
(GPa)

Kp p Ref.
(GPa)

Kp
(GPa)

Kp Pm
(GPa)

Ref.

La

Ce

Pr

Nd

Sm

30
28
24
24
25
25
25
22
23

5.0

3.2
2.8
3.9

(2.9)

30
30
29
29
31
26
37
28
30
28
28

4.3

5.2
8.0

1.6
2.1

(2.9)

33
33
32
32
33
31
32
33
28
30

4.4

4.5

3.0
2.7
2.9

38
31

1.5
2.9

38
37
29
27
28
27
31
33

6.0

2.8
2.5
2.9

20
24
20
21

(28) (2.9)

10

5

12
40
20

20

10
5

5

20
20

10

5

40
20

60
20

38
100
20

S 34
S 39

35
T 5

T 34
T 11
T 15
T 3
T av.

S 34
35

T 5

T 34
T RU.

S 34
S 39
S 41
S 43

35
T 5

T 6
T 34
T 12
T 3
T av.

S 34
S 39
S 42
S 43

35
T 5

T 34
T 12
T 3
T RV.

T 22
T RV.

S 34
S 39

35
T 5

T 34
T 3
T 23
T av.

Eu

Dy

Ho

39
39
38
38
36
39
36
34
37
23
35

3.3

6.0

4.8
3.2
2.3
4.3
2.9

1

4

5

21
57

106
20

40
40
39
40
46
40
37
41
38

2.4

2.0

2.7
2.5
2.9

5

3
42
58
20

41
41
41
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34
38
40
39
40

3.2

7.0

5.1

2.8
2.9

1

5
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39
37
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46
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2.8

6.0
5.0
2.2
2.9

4
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13 30 5

12 28 2
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6.0
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20

5
2

20

4
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S
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T
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T

S
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FIG. 1. Isothermal (room-temperature) pressure-volume data
for La from this study compared with previous results (Refs. 5,
7, 15, and 45).

FIG. 4. Isothermal (room-temperature) pressure-volume data
for Sm from this study compared with previous results (Refs. 5
and 45). The more recent data of Ref. 20 extending to higher
pressures are compared with the present data in Fig. 16.
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FIG. 2. Isothermal (room-temperature) pressure-volume data
for Pr from this study compared with previous results (Refs. 5,
17, and 45). The data of Ref. 17 for the phase Pr IV are rescaled
according to the a-U indexing proposed in Refs. 18 and 19.

FIG. 5. Isothermal (room-temperature) pressure-volume data
for Eu from this study compared with previous results (Refs. 6,
45, 59 and 60). Data of McWhan et al. (Ref. 10) to 10 GPa and
Takemura et al. (Ref. 33) to 27 GPa coincide within experimen-
tal accuracy with the present data and are therefore not repro-
duced here.
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FIG. 3. Isothermal (room-temperature) pressure-volume data
for Nd from this study compared with previous results (Refs. 5
and 45).
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FIG. 6. Isothermal (room-temperature) pressure-volume data
for Gd from this study compared with previous results (Refs. 5,
33, and 45). The more recent data of Ref. 21 extending to
higher pressures are compared with the present data in Fig. 16.
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FIG. 7. Isothermal (room-temperature) pressure-volume data
for Tb from this study compared with previous results (Refs. 6,
20, and 45).
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FIG. 10. Isothermal (room-temperature) pressure-volume
data for Er from this study compared with previous results
(Refs. 5, 9, and 45).
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FIG. 8. Isothermal (room-temperature) pressure-volume data
for Dy from this study compared with previous results (Refs. 5
and 45).
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FIG. 9. Isothermal (room-temperature) pressure-volume data
for Ho from this study compared with previous results (Refs. 5,
9, and 45).
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FIG. 12. Isothermal (room-temperature) pressure-volume
data for Yb from this study compared with previous results
(Refs. 5, 32, 33, 45, 59, and 60). Data of Syassen et al. (Ref. 32)
to 29 GPa and Takemura et al. (Ref. 33) to 34 Gpa coincide
within experimental accuracy with the present data and are
therefore not reproduced here.
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FIG. 13. Isothermal (room-temperature) pressure-volume
data for Lu from this study compared with previous results
(Refs. 5, 16, and 44).

FIG. 15. Isothermal (room-temperature) pressure-volume
data for Sc from this study compared with previous results
(Refs. 6 and 45).
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FIG. 14. Isothermal (room-temperature) pressure-volume
data for Y from 'this study compared with previous results
(Refs. 5 and 45).

of Pr and Eu must be considered as anomalous under
high pressure.

Since the different structures in the regular RE se-
quence hcp-(Sm-type)-dhcp-fcc represent only different
polytypes with different stacking sequences of hexagonal
closed packed layers, it is not astonishing that the small
possible volume discontinuities at these (rather sluggish)
phase transitions are not discernible at the present level
of resolution. Therefore, it appears also reasonable to fit
all the EOS data for these "regular" phases with just one
common and smooth analytic form over the full pressure
range marked under p in Table I. This type of a con-
ventional analysis was performed in thesis work of
Grosshans and resulted in the values for Ep and Kp
given in Table I with the reference T 3, where the T
stands for isothermal data and 3 gives the reference num-
ber. This code with S for adiabatic data and —for
unidentified values is also used for the other refer-
ences in Table I to allow for a convenient intercom-
parison. In the comparison of adiabatic, Kp&, and iso-
therma1, KpT, values for the bulk modulus one has to
take into account the difference AE =K+ —KT
=y c„T/V which is typically of the order of 1.5(9)GPa
for all the regular lanthanides at ambient condition and
can be estimated easily by the use of y=1.5(5) for the
Gruneisen parameter and c, =3k for the atomic heat

capacity at ambient temperature T with literature values
for the atomic volume V. An inspection of Table I shows
clearly, that this correction is very small in comparison
to the scatter of the values for KpT. Only with respect to
the "average" isothermal value given in the last line for
each lanthanide with the reference "T av." in Table I,
this correction seems to improve the agreement in most
of the "regular" cases, though not for Tm and Lu. Since
the use of different EOS forms and different pressure
ranges as well as the strong (anti)correlation between the
parameters Ep and Ep in the fitting are responsible for
the large scatter in the isothermal values KpT, a special
procedure was applied to derive the "average" values in
Table I. In fact, it should be noted also that ultrasonic
measurements on La and Pr under pressures up to 8.4
GPa (Ref. 62) do not show the smooth increase in Es(p)
implicitly assumed in all the second-order EOS forms
commonly in use but rather also some slight oscillatory
behavior. Therefore, the fitted EOS parameters, KpT and

Kpz from direct volume or x-ray measurements can
represent the true variation Er(p) only when the actual
EOS is sufficiently smooth and correctly represented by
the analytic form used in the fitting procedure.

To avoid complications inherent in these fitting pro-
cedures, a convenient "linearization" scheme is
directly applied here to all the experimental data in such
a way that the experimental uncertainties as well as the
really significant differences between the various data sets
are immediately evident as shown in Figs. 16 and 17. In
the spirit of a Thomas-Fermi scahng, ' ' ' the
values rj = ln(p /p„o )

—ln(1 —o /oo) are plotted with
respect to the atomic length scale o =(3ZV/4n')'~3 for all
the lanthanides in these figures. Thereby,
p„o =a„o(Z/V) stands for the pressure of a Fermi gas
with the universal parameter a„G=[(3~ ) /5]R /m,
=2.3369 Tpa A and Z/V represents the mean electron
density, when Z is the number of electrons per atom and
V the atomic volume.

At first, one may notice that this scaling results in an
almost common value era=7. 92(3) A for all the regular
lanthanides at ambient pressure and temperature with
small positive deviations for La (7.99 A), Gd (7.69 A),
and Lu (7.94 A), Fig. 16, and negative deviations for Ce
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parameters Po and oo where Po is used to fit the leading
term in the Thomas-Fermi correction to the pressure pFG
of a Fermi gas ' and with the second parameter o.

o is
used to describe the initial value for the "collapsed"
phase of Pr. Within these bounds, the extrapolations of
the EOS data for the regular lanthanides, as well as for
Pr, Ce, Yb, Eu, and La merge into a common curve at
very high compression (o & 5 A). However, the behavior
of Ba, which is often compared with Eu and Yb at
moderate pressures, becomes distinctly different in the in-
termediate pressure range as illustrated by the thin line
for Ba, representing available data from the litera-

66—68

In comparison with the strong increase of g for "regu-
lar" solids such as Pt, the weak increase (or even small in-
itial decrease) of ri for all the regular lanthanides at
moderate compression can be related to the well-known
s-d electron transfer common to all the heavy group-IA,
group-IIA, and early transition metals under pres-
sure. ' The upturn for La and similarly a later upturn
for all the other regular lanthanides at stronger compres-
sion (cr &6 A) corresponds within this picture just to the
completion of this s-d electron rearrangement similar to
the behavior of Ba under strong compression. The spe-
cial softening of Ce and of Pr at low pressures and the
volume collapse transitions observed in both these ele-
ments are commonly related to a sudden increase in fd-
hybridization, and "f-electron delocalization, " "inter-
mediate valence, " and "interconfiguration fluctuation"
represent just other terms commonly used to describe the
same phenomenon. Since similar transitions are as-
sumed to occur in all the other heavier lanthanides but
only under higher pressures, ' ' the corresponding
anomalies may be reduced quite strongly when the ma-

terials are stiffened by the completion of the s-d transfer.
Whether the transitions to low symmetry structures in
Nd and Sm in the upper pressure range of the isothermal
(x-ray diffraction) studies' reflect this more continuous
increase in the f-d hybridization remains, however, an

open question.
Finally, the comparison of Eu and Yb with Ba on the

one hand and with the regular lanthanides on the other
hand seem to indicate that "divalent" Eu and Yb are
both effected already at ambient pressure by some f-
electron contributions which lead to a clear distinction in
the compression behavior with respect to Ba. As the f-d
electron hybridization increases in Eu and Yb under pres-
sure, a behavior similar to Ce and Pr is approached,
and one can speculate, that the extrapolated curves
would follow closely the behavior of the strongly f-d hy-
bridized trivalent lanthanides. Therefore, an almost con-
tinuous transition from a "divalent, " weakly f dhybri--
dized to a "trivalent, " strongly hybridized situation ap-
pears to be conceivable in these two cases.

The final answer to these questions requires, however,

further theoretical as well as experimental studies on

both the regular and the anomalous lanthanides in the

much wider experimental region now accessible with

current experimental effort.
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