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We study the far-infrared optical absorption spectrum of electrons confined in an imperfect parabol-
ic quantum well in a magnetic field tilted with respect to the growth axis. The calculations are carried
out at finite temperature using a self-consistent-field approach both with and without a local
exchange-correlation potential. We choose well parameters to match a real experimental sample and

obtain excellent quantitative agreement over a wide range of magnetic-field strengths. We discuss the
effects of possible asymmetries in the confining potential, and conclude that the infrared spectrum is

dominated by depolarization and finite-temperature effects.

Remotely doped parabolic quantum wells have attract-
ed attention in recent years as systems where an almost
three-dimensional (3D) electron gas can be obtained with

much weaker electron-impurity interactions than are pos-
sible in conventional doped semiconductors. ' ' Experi-
mental work has been done on magnetotransport, on pho-
toluminescence excitation spectroscopy, and on far-
infrared optical absorption in parabolic wells grown in

the Al, Ga~ — As system. It has been shown theoretically
that in the case of perfect parabolic confinement, with an

applied magnetic field in a general direction, long-
wavelength optical perturbations can cause transitions
only at the two frequencies that correspond to exact exci-
tations in the center-of-mass motion of the electron gas.

Recently, optical spectra have been measured for sys-
tems that have been deliberately grown so as to deviate in

various ways from perfect parabolicity. For small de-
viations, one might expect that nonparabolicity would

have two main effects: to shift the excitation energies of
the system slightly, and to redistribute the oscillator
strength so that excitations other than the center-of-mass
modes become visible in far-infrared optical spectra. This
expectation is borne out by experiments with no magnetic
field, and with in-plane " and tilted magnetic fields, and

by calculations of optical spectra for imperfect parabolic
wells at B=0. '

Intersubband optical absorption for quasi-two-dimen-
sional electron systems in tilted magnetic fields has been
studied by Ando, " who used the local density approxima-
tion (LDA) to include exchange and correlation effects
within a self-consistent-field (SCF) framework. Because
fully self-consistent calculations in tilted fields are compu-
tationally demanding, and because the "depolarization"
and "excitonlike" shifts are relatively small in quasi-2D
systems, ' simple approximation schemes have been used
to analyze tilted-field experiments in these systems. ' '
Such approximation schemes are not adequate in parabol-
ic wells, however, where the depolarization shift can be

many times larger than the intersubband spacing. ' '
In this paper, we present self-consistent calculations of

optical spectra for an imperfect parabolic well in a tilted

magnetic field at finite temperature. We concentrate on a
well with abrupt boundaries of the type studied experi-
mentally in Ref. 6, where "overfilling" forces the electron

where m* is the electron effective mass, to„~ and to„, are
eB,,/m c and eB /m c, respectively, and V(z) =V„(z)
+ VH(z)+ Vxc(z) is the sum of the bare confining poten-
tial V, , the Hartree potential VH, and a local exchange-
correlation potential Vxg. ' The eigenfunctions can be
written in the form

i Vx(I~

iit„) (x,y, z)=,I, y„(y —Y,z)I (2)

where l& (eB:/hc) 'I is the effective magnetic length in

the xy plane, and where the eigenvalues [eJ are indepen-
dent of Y. Defining p„,=—2ttl& p& tit„*y(r)IIt„y(r) and tak-
ing the limit L, , we can write the ground-state elec-
tron density as

np(z) = ', g f(e„)p..(z),
2xl~ v

(3)

where f(e) = [exp[(e —p)/kttT]+ 1 j ' is the Fermi func-
tion and g, is the spin degeneracy. The chemical potential

p is fixed by the relation n, = (g., /2trl & )P,f(e,).
Having calculated the self-consistent single-particle

states, we can calculate the absorption spectrum. Because
the radiation in the experiment of Ref. 6 is normally in-

cident, we calculate the yy component' of the modified

gas to feel the strong nonparabolicities at the edges of the
well. We make a detailed comparison with the results of
Ref. 6, discussing the eA'ects of finite temperature, Zee-
man splitting, and symmetry-breaking terms in the con-
fining potential. We obtain excellent quantitative agree-
ment with experiment, and find that the details of the op-
tical spectrum are controlled by depolarization and finite-
temperature effects.

We follow the method of Ando, " and choose the
growth axis in the z direction, the magnetic field B
=(0,8,„8:),and the gauge A (zBs —y8„0,0). Ignor-
ing for the moment the Zeeman energy, we calculate
the self-consistent eigenvalues and eigenfunctions of the
Hamiltonian

2 2 2
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two-dimensional conductivity 8~~, obtaining "'
y

0'yy = /Me
2m' g s„' —(hco)' —2ihco(h/r )

where

(4)

fn= gs

2zl ~
2

& [f(s,) —f(s„)j ' '(p (y ( v) (5)

and

dz" p„„(z")

~vxc
dz p„„(z) p„;(z) .

(7)

We calculate optical spectra for two wells: one well

designed to be identical to the nominally 750-A-wide well
in the sample of Ref. 6, and one well with the same curva-
ture but with perfect parabolicity. The experimental sam-
ple used in Ref. 6 was cut from a wafer grown to have a
well width of 750 A and an Al concentration that varied
quadratically from x 0 at the center of the well to
x=0.1 at the well boundary, where the concentration
jumped discontinuously to x 0.3. Thick Si-doped layers
were set back 200 A from the well on both sides. ' Be-
cause the Al profile in unrotated molecular-beam-epitaxy
samples like that used in Ref. 6 can vary across the
wafer, '" and because the conduction band offset in

AI„Ga~,As is somewhat uncertain, the potential profile
for the experimental sample is not known precisely. To
obtain a quantitative match between theory and experi-
ment, we use well parameters that lie within the various
uncertainties: width 787.5 A, parabolic height 70 meV,
and additional potential discontinuity 150 meV. The
sheet density of carriers is n, =4.7X10 ' crn, which we
assume to come equally from the donors on each side of
the well. ' We use the tilt angle 23 specified in Ref. 6
and an effective mass m*=0.07m„which represents an
average over the width of the well.

In a check of our method, we have calculated the ab-
sorption spectrum of the perfect well as a function of mag-
netic field. In both the random phase approximation
(RPA) (where Vxc and p„,„, are omitted) and the
LDA-SCF approximation, we obtain agreement with the
results of Ref. 9 to better than 0.1% in peak positions and
oscillator strengths. For the imperfect well, we find that

In these expressions, a „—=a„—a„, r is a phenomenological
relaxation time, and eP and fU„„„jare the eigenvalues
and eigenvectors of the matrix

gs
A, y,„y-&„y&„„&yy+ ', a„'iy'(f(ey) —f(a„))'i'

2xl ~

x (a„,,„,—p„,,„;)(f(a;) —f(a„)1'i'c„','. (6)

Depolarization (a„„„,) and excitonlike (p„„„„)effects
are included through

4xe 2

ap y p y dz pp y(z ) dz
C

the differences in the peak positions given by the two ap-
proximation schemes are very small for small magnetic
fields and at most 3%-4% for higher fields. And while the
zero-field exchange-correlation potential Vxc used in the
LDA-SCF approach should be valid at low magnetic
fields, its validity is doubtful at high magnetic fields,
where the electron system can have a substantial spin po-
larization. For these reasons, we show only RPA results
in our figures.

In Fig. 1 we compare the 8-field dependence of the ab-
sorption spectra for the perfect and imperfect wells. To
simplify the comparison, we show the perfect-well absorp-
tion as solid lines at the center-of-mass-mode frequencies.
Absorption in the imperfect well at T 4 K is represented
by dots, with the area of each dot proportional to the oscil-
lator strength of the corresponding transition. The gen-
eral effects of the nonparabolicity are as expected. The
"center-of-mass" excitations are shifted up slightly in fre-
quency by the increase in confinement arising from the
abrupt walls. In addition, the hard walls give rise to extra
peaks in the absorption spectrum that lie between the
center-of-mass peaks at high fields, and to anticrossing be-
havior along the cyclotron-resonance curve.

Figure 2 shows the lowest few self-consistent subband
energies a„—ao (solid lines) as a function of magnetic field
strength at T=4 K. The chemical potential is also shown
(dotted line). A comparison of Figs. I and 2, combined
with an examination of the eigenvectors U„„„shows the
importance of depolarization effects. This is seen most
clearly at high fields, where only the lowest two levels
have appreciable occupation. At 15 T, a~

—so =1.13 meV
and az —

a~ 3.40 meV, but the lower center-of-mass
mode, which can be viewed as a coherent combination of
the 0 1 and 1~ 2 transitions, has an energy of 9.48
meV. Similarly, aq

—so=9.30 meV, but the lower of the
two extra peaks (which is due mostly to 0 3 transitions)
falls at 12.29 meV. The higher extra peak arises from
I 4 transitions and has a very small depolarization
shift.
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FIG. I. Comparison of absorption spectra for perfect and im-
perfect parabolic wells as a function of magnetic field strength
at T 4 K. Perfect-well absorption is indicated by lines at the
center-of-mass-mode frequencies. Absorption in the imperfect
well is represented by dots, with the area of each dot proportion-
al to the oscillator strength of the corresponding transition. The
magnetic field is tilted 23 with respect to the growth axis.
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FIG. 2. Self-consistent subband energies a„—su (solid lines)

as a function of magnetic field strength at T 4 K. The chemi-
cal potential (dashed line) at T 4 K is also shown.

We point out that the strength of the higher extra peak
at high field depends on the population of electrons in the
a~ subband and hence, within our calculation, has a strong
temperature dependence. Above 10.55 T, where the a~

subband depopulates at zero temperature, the second ex-
tra peak owes its existence to thermal excitation across the
intersubband gap a~

—ao-l. l meV. At T 4 K, kttT
0.35 meV and a small (-10%) but significant fraction

of the electrons are in the s~ subband, even at 15 T. This
population drops dramatically with temperature, however,
so that the second extra peak becomes essentially invisible

by T 1 K.
In Fig. 3 we compare our calculated absorption spec-

trum for the imperfect well to the experimental peak loca-
tions given in Ref. 6. The theoretical resonances are again
shown as dots, as in Fig. 1, while the experimental points
are denoted by open squares. In the absence of experi-
mental information on oscillator strengths, we have made
all squares the same size. The agreement is excellent,
with the theory reproducing all the main features of the
experiment. In particular, the calculation fits the ob-
served "extra peaks" over the whole field range, including
the tail-like structure in the range from 5 to 7 T.

Our calculation predicts that the intensity of the
higher-frequency "extra" resonance should be strongly
temperature dependent, dropping to zero as the tempera-
ture is lowered from 4 to 1 K. On the other hand, we have
so far ignored exchange effects and the Zeeman splitting.
Within the RPA, inclusion of the Zeeman splitting has the
simple effect of changing the subband populations. This
could, in principle, have a dramatic effect on the tempera-
ture dependence of the optical spectrum, because a large
Zeeman splitting might cause the s1 subband to be occu-
pied above 10.55 T, even at zero temperature. Using the
bare g factor (g = —0.44) for GaAs, we find that the Zee-
man splitting at 10 T is 0.25 meV which, in view of the
1.21-meV intersubband spacing, would give only a small
change in temperature dependence. We know, however,
that in quasi-2D systems exchange effects can give a large
enhancement to the Zeeman splitting in strong magnetic
fields, so that the actual splitting in our system may be
much larger than what we find using the bare g factor. '

A more accurate calculation that includes exchange
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FIG. 3. Comparison of calculated (solid dots) and experi-

mental (open squares) absorption spectra as a function of mag-
netic field. The area of each dot is proportional to the oscillator
strength calculated at T 4 K. The size of the squares is arbi-
trary. Experimental data are from Wixforth et al. (Ref. 6).

effects at arbitrary magnetic fields is required to resolve
these details.

In a previous paper, the authors used a hydrodynamic
model to study the magnetoplasma excitations of electrons
confined in a perfect parabolic well. Although one would
not expect such a model to be quantitatively accurate, we
found remarkable agreement between the B-field disper-
sion of particular hydrodynamic modes and that of the ex-
tra peaks seen in the experiments of Ref. 6. In order to
achieve this agreement, however, it was necessary to asso-
ciate the higher extra resonance in the experimental data
(which we have here identified as the 1 4 transition)
with an even-symmetry hydrodynamic mode that could be
excited optically only in an asymmetric confining poten-
tial. Such an asymmetry might occur because of a voltage
bias across the sample, and the forbidden mode would cor-
respond essentially to the 0 4 transition in an RPA cal-
culation. To investigate the question further, we have
studied the absorption spectrum for a system where a
term linear in z has been added to V„. Although we find
that a modest linear potential does increase the intensity
of the symmetry-forbidden transitions enough to make
them potentially visible, we also find that, for a well with
the parameters we have used in this paper, the 0 4 tran-
sition comes markedly higher (about 20% at 15 T) than
the experimental resonance frequency. The poor match of
the 0 4 transition with experiment and the absence of
any experimental indication of the 0 2 transition sug-
gest that the higher extra peak does not arise from an
asymmetry in the confining potential.

In summary, we have calculated the optical absorption
spectrum for a realistic imperfect parabolic well in a tilted
magnetic field at finite temperature. We have found only
small differences between spectra calculated using the
RPA and those determined using Ando's LDA-SCF ap-
proach. Our calculation gives excellent agreement with
experiment over a wide range of magnetic field strengths,
and suggests that the higher extra peak seen in the experi-
ment of Ref. 6 arises from finite-temperature effects rath-
er than from asymmetries in the confining potential.
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