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Strange attractors in a crossover current instability in n-type GaAs: Quality test of f(a) spectrum

Kazunori Aoki and Takayasu Kondo
Department ofElectrical Engineering, Faculty ofEngineering, Kobe University, Rokkodai, Nada, Kobe 657, Japan

(Received 12 August 1991)

The multifractal nature of the strange attractors observed in a crossover current instability in n-type
GaAs has been investigated, mainly focusing on the noise-floor effects. By comparing with a model
simulation, quality of the f(a) spectrum has been tested for the strange attractors resulting from
period-doubling cascade. It has been found that the model simulation for the crossover instability ex-

plains satisfactorily the observed fla) spectrum under the noise floor.

In nonlinear resistive semiconductors, multiplicative
currents caused by the negative differential resistance
show frequently chaotic behaviors under different re-
gimes of the electronic instabilities. ' An advantage of
studying chaos in semiconductors is due to the fact that
nonlinear carrier transport theory is fundamentally well
known, especially for the impact ionization process of the
frozen-out impurities at low temperature, so that one can
construct the nonlinear-dynamical model(s) to criticize
the chaotic behaviors observed in the experiments. ' In
a model simulation for the driven chaos, ' for instance,
rich structures of the bifurcations and chaos have been
presented to explain the experimental results. ' So, one
can test crucially the underlying multifractal nature of
chaos observed in an experiment by consulting the con-
structed model. In this Brief Report, we shall study
strange attractors observed in a crossover current insta-
bility related to low-temperature impurity breakdown in
a semiconductor GaAs. We will discuss the multifractal
nature of chaos observed just after the period-doubling
cascade and the subsequent boundary crisis. The latter
half of this paper is concerned with the model simulation
in order to discuss the multifractal aspects observed un-
der the noise floor of the experimental system. Briefly,
the multifractal nature in the present system is compared
with that observed in a driven-chaos system. '

The experimental procedure has been described in de-
tail previously for the observation of the crossover insta-
bility. The sample is a high-purity n-type GaAs with the
donor concentration of -2X10' /cm, which has been
grown epitaxially on a semi-insulating substrate. The
thickness of the epilayer was about 12 pm. The surface
area dimension of the sample was typically —1.5X4
mm . Planar-type Ohmic contacts were formed on the
broad crystal surface [Fig. 1(a)]. By immersing the sam-

ple into liquid helium of 4.2 K, one can observe a typical
hysteresis of the current-voltage characteristics [Fig.
1(b)], which is highly stable in the absence of the magnet-
ic field. By applying a longitudinal magnetic field with
the intensity B, the holding voltage Vh shifts toward
higher voltages, followed by the narrowing of the hys-
teresis. Above a critical field of B,-40 mT, the holding
voltage exceeds the breakdown voltage Vb, resulting in
the crossover current instability [Fig. 1(c)]. The self-
oscillation of the current is apparently caused by the re-

peating cycle of a generation-annihilation process of the
current filament, where the destabilization of the filament
is explained by the inhomogeneous magnetoresistance
effects which act upon the filament boundaries. It is no-
ticed that the local magnetoresistance can be expected for
an inhomogeneous spatial pattern as in Fig. 1(a). Images
of the inhomogeneous spatial patterns for the samples of
the same origin as used in the present study have been ac-
tually measured by using low-temperature scanning elec-
tron microscopy. In Fig. 1(c), the Hopf-bifurcation
route to chaos is observed in the prebreakdown regime
(region A), while period-doubling bifurcation can be
found in the postbreakdown regime (region B), as dis-
cussed below. Between two regimes, the large-amplitude
current oscillations exhibit fully developed electronic tur-
bulence.
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FIG. &. (a) Sample geometry, and (b), (c) I-V curves under

B =0 T and B =65 mT, respectively, where Vo is the applied
voltage. The load resistance used is RL =500 O.
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Figure 2 shows a series of the current wave forms (left
column) and the corresponding Fourier power spectra
(right column) observed as a function of 8, where
V0=2.339 V. The multifractal nature of chaos is ana-
lyzed for the time series in Figs. 2(e) and 2(g), resulting
from period-doubling bifurcation. In Fig. 2, period 1 bi-
furcates to period 2 [Fig. 2(c)] with 8 ~ 69 mT. Due to
the noise floor embedded in the system, period 4 was not
clearly resolved within an extremely narrow range of the
control parameter (69.9~8579.8 mT). With B ~84.6
m T, the Fourier power spectrum shows broadening of the
subharmonic frequency component fo/2 (denoted by an
asterisk in Fig. 2) as well as an increase of the back-
ground noise level [approximately by 20 dB in Figs. 2(h)
and 2(j}].

The Poincare section analysis of the phase portraits for
Figs. 2(e) and 2(g) are shown in Figs. 3(a) and 3(b), which
indicates that the period-2-like attractor in Fig. 2(e) un-
dergoes a boundary crisis ' by increasing the magnetic-
field intensity from 79.8 to 84.6 mT [Fig. 2(g)] or 85.3 mT
[Fig. 2(i)] [the intermittent behaviors are noted by bars in
the current wave forms of Figs. 2(g) and 2(i)]. In Fig.
3(b), separatrices (stable orbits of unstable manifold) are
speculated by a dashed line.

The singularity spectra f (a) are evaluated by follow-
ing a procedure by Mino, Yamazaki, and Nakamura' in
an experiment of parallel-pumped spin-wave instability.
The strange attractors are constructed in 6ve-dimensional
phase space by using the time lagging method. In order
to get the so-called generalized dimension D, we 6rst
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FIG. 2. A series of the current wave forms (left column) and
the Fourier power spectra (right column) as a function of B,
where B =59 mT in {a) and {b), B =69.9 mT in (c) and (d),
B =79.8 mT in (e) and (f), B =84.6 mT in (g) and (h), and
8 =85.3 mT in (i) and (j). The natural frequencies fo are (b)
113 kHz, (d) 131 kHz, (f) 139 kHz, and {j) 141 kHz. RL = 10 kQ.
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FIG. 3. Poincare sections of the three-dimensional phase
portraits: (a) B =79.8 mT and (b) B =84.6 mT. The time lag is
chosen to be ~=1.5 ps.

calculate the partition function I (q, I ) = ( 1/n )

X+,P,(I),where P;(I) is the probability which is ob-
tained by counting the number of data points within the
ith hypersphere of radius I (i = 1,2, . . . , n) and dividing
it by the total number N of data points of the attractor. '

The total number of the data points used was N =6000
for the attractor in Fig. 3(a) and N =30000 for the at-
tractor in Fig. 3(b). The hyperspheres were randomly
chosen with the total number of n =1000 for the attrac-
tor in Fig. 3(a) and n =3000 for the attractor in Fig. 3(b).

(q —1)D
From the scaling law I (q, l)-l ', the D curve is
obtained and finally the f (a) spectrum is calculated from
the Legendre transformation. The aim is to clarify the
noise effect on the f(a) spectrum. As has been described
in the pioneering works by Halsey et a/. , local singulari-
ties of different strengths a are distributed on the in-
terwoven sets of the dimensionality f(a), where densely
(sparsely) distributed fractalities are related to I (q, l) or
P;(I)» ' for large positive (negative) q values, respective-
ly. When the external noise is added in the system, it
affects seriously the right-half side of f(a). Very fre-
quently, one cannot obtain the right-half side" because
sparsely distributed regions of the attractor become more
sparse by the external noise and it happens that the scal-
ing law for q &0 is broken by the most rarified hyper-
spheres which include only a few data points inside the
small radius l. By filtering (rejecting) such rarified hyper-
spheres, one can recover the right-half side of f(a),
where the scaling in I (q, l) can be taken typically for
q ~ —6 and with the precision approximately up to the
scale 1-2 (we term the numerical procedure a filtering
method).

Figures 4(a) and 4(b) show the f(a) spectra for the
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s= —(s —
sL )/r(s)+epsE2, ps=ph,

h = —y(h —hc),
i =n (ND N„n)—A—I + (ND Nz n)—A—T

n(n —+N„)BT,
E= yd [E E—o+cnep—sE +)(t)],

(2)

(3)

(4)

where sL denotes the thermal energy, r(E) o- E
' the en-

ergy relaxation time, JM& the electron mobility under the
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period-2-like attractor (B =79.8 mT) in 4(a) and for the
extended attractor after the crisis (B =84.6 mT) in 4(b),
respectively, where the solid circles are the experimental
results obtained by the filtering method (the solid lines
are those of the model simulation, as discussed below).
The capacity dimensions are Dc —1.69+0. 1 in Fig. 4(a),
and D0-2.24+0. 1 in Fig. 4(b), respectively. With fur-
ther increase of B, the f (a) shows the growth of the
higher-dimensional attractor (e.g. , D0-2.49 with
B =115.3 mT). Apparently, the experimental results in
Figs. 4(a) and 4(b} exhibit much broader spectra than
those in the model simulation. The large discrepancies
are attributed to the noise effects, which will be discussed
later returning back to Figs. 4(c) and 4(d).

Before discussing the noise effects, we briefly describe
the model simulation. The order parameters are the
electron's mean kinetic energy c, magnetoresistance fac-
tor h, electron density n, and electric field E. A couple of
the rate equations are given by

magnetic field, p the zero-field electron mobility, ho the
magnetoresistance factor under the steady state, Ai the
impact-ionization coefficient, A z. (Bz ) the thermal ioniza-
tion (recombination) coefficient, y and y„are the damp-
ing constants, ND (N„)the donor (acceptor) concentra-
tion, g(t) the external noise if required, Eo the applied
electric field, c is a positive constant, and the overdots in
(1)—(4) denote the time derivatives, respectively. In a few
words, an important aspect for the crossover instability
in (1)—(4) is the following. The energy gain of impact-
ionized carriers by an electric field is given by ep~E .
Under the longitudinal magnetic field, the holding field
EI', shifts toward higher fields by the relation
Ei, =Qp/psE„(epsE/, '=epEf„E„is the holding field
under B =0), while the breakdown field Eb is kept con-
stant. Above a critical value of B,=0.143 T, EI', exceeds
Eb and the crossover current instability sets in (for de-
tailed descriptions, see Ref. 4).

By using the same parameter values as those used in
Ref. 4 and with g(t) =0, we show the bifurcation diagram
as a function of B in Fig. 5, where peak values v of the
electron density [v=n/(ND Nz)] ar—e plotted in the or-
dinate for each parameter value of B. Figure 5 shows
typically the period-doubling bifurcation in the post-
breakdown regime [cf. region B in Fig. 1(c)]. For
B ~ 0. 154 94 T, there appears suddenly a boundary
crisis ' or chaos-chaos transition, as indicated by an ar-
row. The bifurcation regime explains very well the exper-
imental results in Fig. 2. It is remarked that the f(a)
spectra in Figs. 4(a) and 4(b) (solid lines) were calculated,
respectively, for the period-2-like attractor at
B =0.154 921 T and the fully extended attractor at
B =0.155 T. The solid line in Fig. 4(a) is found to be rel-
atively similar to (but slightly broader than) that of the
Feigenbaum attractor, by subtracting the trivial dimen-
sionality one (Dc =0.52, D „=0.25, D „=0.8).

Returning to the noise effects on the f (a) spectrum,
the random fluctuating force is added in (4), where
(g(t)) =0 and the variance cr =(g (t)). In Figs. 4(c)
and 4(d}, the simulated f (a) spectra are shown by solid
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FIG. 4. Experimental f (a) spectra (solid circles): (a)

8 =79.8 mT and (b) B =84.6 mT. Solid lines are by the model
simulations: (a) B =154.921 mT and (b) B =155 mT. Corre-
sponding to (a) and (b), broadening effects of the simulated f(a}
spectra are shown in (c) and (d), respectively, as a function of
noise level: (1) 0.=2.886X10, (2) ran=8. 66X10 ', and (3)
o.=1.442 X 10
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FIG. 5. Bifurcation diagram as a function of 8 in the model
simulation.
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lines labeled by 1 —3 for three different noise levels: (1)
o =2.886X10, (2) o =8.66X10, and (3}
o =1.442X10 (the filtering method has been used for
o )0). By increasing the noise level, it is found that the
singularity spectrum broadens especially toward larger
singularity strengths, while the capacity dimension Do is
slightly increased, as recognized in Figs. 4(c} and 4(d).
The experimental results (solid circles) are best fitted to
the simulated result with o =1.442X 10 (curve 3). For
reference, crosses in Fig. 4(c) show the f (a) spectrum ob-
tained typically for the periodically driven chaos, '
which has resulted from the period-doubling cascade (bi-
furcated from period 4). The spectrum is much narrower
than that observed in the crossover instability (present
case) and relatively close to the spectrum of the Feigen-
baum attractor. Both of the results [crosses and solid
circles in Fig. 4(c)] have been obtained with the same
quality of the minimal noise levels in the experimental

systems. Therefore it is found that the external noise
influences the multifractal natures of the strange attrac-
tors in different manners depending upon the types of the
spatially extended instabilities of the current filament. '

In conclusion, we have criticized the quality of the
strange attractors observed in a crossover instability in

n-type GaAs. The model simulation explains very well

the observed results by taking into account the external
noise. The filtering method has been exemplified to be a
conventional and powerful method to evaluate the f(a)
spectrum in a system with relatively small signals under
the noise Hoor.
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