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Optical properties of multilayer films consisting of alternating layers of two different metals are
studied on the basis of the Maxwell equations and the Boltzmann transport theory. The influence
of free-electron scattering at the film external surface and at the interfaces is taken into account
and considered as a function of the electromagnetic-field frequency and the structure modulation
wavelength. Derived formulas for optical coefEcients are valid at low frequencies, where the skin
effect is nearly classical, as well as in the near-infrared, visible, and ultraviolet spectral ranges,
where the skin effect has an anomalous nature. It is shown that the obtained results are apparently
dependent on the values of scattering parameters. Also, the oscillatory nature of analyzed spectra
is observed, where the two oscillation periods may appear on certain conditions. The oscillations
result from the electron surface and interface scattering and their amplitudes and periods depend
on the boundary conditions for free-electron scattering. Finally, an application of the interference
phenomenon in dielectric layers is proposed to enhance nondistinct features, which can appear in
optical spectra of metallic films.

I. INTRODUCTION

Recently, the advance in epitaxial growth techniques
has made the production of high-quality compositionally
modulated structures or superlattices possible. These
structures are studied intensively because of their phys-
ical properties. The interest is concentrated in the
structural analysis, mechanical, magnetic, and transport
properties, and in investigations of the multilayer films
for extended ultraviolet and x-ray optics. s Only a few
works4 s have considered the optical properties of metal-
lic compositionally modulated structures. The work by
Dimmich gave tentative information about the oscilla-
tory nature of optical spectra of these samples.

An approach presented in this paper is based on the
results derived for skin-eR'ect theories given by Reuter
and Sondheimer, Dingle, and Manz and co-workers
for the case of a semi-infinite sample, and their later de-
velopments obtained for single- and double-layer films

by Hutchison and Hansen, Dimmich and Warkusz,
Szczyrbowski, Schmalzbauer, and Hoffmann, is 14 Dryzek
and Dimmich and Dudek

It is the aim of this paper to formulate a theoreti-
cal description of the optical properties of films which
consist of alternating layers of t,wo different metals and
have a constant modulation wavelength. A detailed set
of expressions for optical coeKcients of multilayer films
is presented, which was derived for the case of normal
electromagnetic wave incidence on a film.

dent from the z direction on a film, where the electric
field E(z)e' ' is taken in the z direction and magnetic
field K(z)e' ' in the y direction. The film consists of n
repeating double-layer systems of thicknesses d = b+ a,
so the film thickness is dy ——nd, where we are interested
in the case of n && 1. For such geometry Maxwell's equa-
tions reduce to the following wave equation:

dz E(z) + —2p(1+ S)E(z) =
2 J(ur, z),IMP

dz c C Ep

where J(u, z) is the density of free-electron current gen-
erated by the electric field E(z) of the incident radiation,
1+S takes care of the displacement current, atomic polar-
ization, etc. The current density may be obtained from
the linearized Boltzmann transport equation for the elec-
tron distribution function f(v, z) of the conduction elec-
trons

r]fi" [2] ( + 4'r1 [z])fi"[z] eE(z) Dfo+
clz Ti [2]Vz my [g]Vg DV~

where the notation with optional lower indices in the

system I system II system III

II. WAVE EQUATION Q Q+b 2Q+b 2Q+2b

We consider the metallic multilayer film which is pre-
sented in Fig. 1. A plane electromagnetic wave is inci-

FIG. 1. Metallic multilayer film in the field of the electro-
magnetic wave.
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square brackets is used, i.e., an equation or a quantity
can be rewritten with the index 2 to describe the layer
of metal 2. It is assumed that the distribution func-
tion is in the form fi p](v, z) = fp + fi" [2](v, z), where

fp is the Fermi-Dirac equilibrium distribution function,
fi"(v, z) and f2 (v, z) are the deviations from this func-

Cion induced by the electric field in layers of metal 1 and
metal 2 in the nth layer system, respectively (see Fig.
1), v = (v, vv, v, ) is the electron velocity, and ri [2] and
mq ~q~

are the electron relaxation times and the effective
masses. The general solution of Eq. (2) for the considered
geometry has the form

Z

fn+( )
Al[-z+b (n -l)d]-pn+ + p E(t)e A l [t+b (n, —-1)d]dt

-b+( -i)d

fn-( )
Al[z -(n 1-)d] -Gn- E(t)eAl[ t —(n'—1)d]dt (4)

for (n —1)d —b & z & (n —1)d and

fn+( ) e Az[-z (n -1)d]-pn+ + B2 E(t) Az[t (n -1)d]-dt

(n-i)d

nd-b
fn ()-Az[z+b -(n 1)d]-G-n- g E(t) Az(t+b nd)d-t

for (n —1)d & z & nd —b and where

1 + 4Jt7 [12]

1[&] =
&z7]. [2]

Bj
e Bfp

tTki [S]Vz BVz

fi+(v„z = b) = Pfi ( v„—z = b), — —

f,' (v„z = 0) = Tg f2 (v„z = 0),

f2+(v„z = 0) = Ti f,+(v„z = 0), (7)

the functions fi"+[&] and fi" [2]
are fi" [2]

for v, ) 0 and

v, & 0, respectively. Fin[&] and Gni [z] are the arbitrary
velocity functions determined by the appropriate bound-
ary conditions at the film surface and interfaces. These
conditions should serve as a description of the electron
scattering processes. Therefore, we introduce the Fuchs-
Sondheimer scattering parameters and we assume for
the simplification of the boundary condition system that
n = oo. According to the previous works 9 we con-
sider the following equations as the boundary condition
system:

f2 (v„z=a) =Tifi (v„z=u),

fi +(v„z = a) = T2 f2+(v, , z = a),II+ I+

where P is the specularity parameter describing the elec-
tron scattering at the film surface z = b, and —Ti and
Tq are the probabilities of coherent passage of an elec-
tron across an interface from a layer of metal 1 (or from
a layer of metal 2) to a layer of metal 2 (or to a layer
of metal 1), and 0 & P, T1, Tq & 1. The above descrip-
tion of the surface and interface scattering is quantita-
tive only. There is no information about the nature of
scattering mechanisms. Nevertheless, our approach can
be developed in certain cases and the actual scattering
mechanisms can be taken into account using boundary
conditions, for example, derived by Soffer~P for scatter-
ing from surface and interface roughnesses or derived by
Greene and O'Donne]1~1 for scattering from charge cen-
ters randomly located on surfaces or interfaces. It means,
in fact, that the expressions appropriate for a considered
scattering mechanism should be applied in the final for-
mulas instead of the parameters used in Eqs. (7). 2

Using the boundary conditions, Eqs. (7), for the elec-
tron distribution functions, Eqs. (3)—(6), and introducing
the polar coordinates one may obtain the equation for the
current density J(~, z) dependence on the electric field
E(z) in the following form:

dt E(t) z~1[t+b (n 1)] zlalzn

dt E(t)e ' '[' (" ~ for b& z„&0, —

1 4 S ( +1 (n —1)db-
r' Gn. + (n 1)d—

X 1

Bg
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-S)d

(n —1)d+a

pA+
e

—5Q) 2Z n 2 +
( B2

(G+
2X

B2

dg E(t)essaa[t —[n —1)d] sssa(s~ —a)

for 0&z„&a, (9)

where uti [2)
—(1+iurT1 [2))/(vs i [F2]T1 [2]) zn = z —(rt

l)d, and v~ is the Fermi velocity of electrons. Conse-
quently, having J(u, z) as a function E(z) it is apparent
that the wave equation, Eq. (1), becomes the equation for
the electric field Ei (z) and E2 (z) within particular lay-
ers. This equation cannot be solved in a compact form.
However, according to the Dingle method the approx-
imate solution may be found. In order to obtain this
solution (it means the electric field) we consider in the
first step the possible field contribution in the form

E" (z) = e "' '['"+ ] for b& z—& 0

u2, a, b, and z. It is apparent that taking uq and u2 as
follows,

ui [2) —(1 [2]I~(ui [2]) + 91 [2]

we leave with uncompensated terms

(14)

(1 [2] ds
I s Al [2]Es s]

in the wave equation. Thus, the next possible contribu-
tion to the electric field may be chosen in the form

E"[)(z)=e "' "" for0&z&a.
After the substitution of Eqs. (10) and (ll) into Eqs. (8),
(9) and, in turn, (1) and then, after the integration over
t one may derive the following system of equations:

(
' —

& )E"' '( ) = & It'( )E""'( )

(i
ds

i

———
i

A", , (12)8')

(u2 —n2) E2"'(z) = 4 I'(u2) E2"'(z)

(1 11
, (i3)

[,8 ss)

where the dimensionless coordinates are introduced, i.e. ,

z„= z„/li, b = b/li for b& z„& 0—and z„= z„/12,
a = a/12 for 0 & z„& a, li and l2 are the mean free
paths of the electrons in metal 1 and metal 2, and where

i~tLti [2) 2m(emi [2]&@1[s'2]) ll [2]
1[2) =

h3w3C Cp S [2]

(~li [2] l
]1 [2]

—
I l

(1+~1 [2])P1 [2],[ cuti [2]i

( S S j 8 —Tli

for b& z„—& 0, (15)

(8 ss j s2 —t)2

in the layers of metal 1,

E.""'( ) = E""'( )+ E""'( ) + o((l) (18)

in the layers of metal 2. Taking into account the fact
that Ii(ui) and IC(u2) are even functions of ui and u2
one may notice that —uq and —u2 are also roots of the
transcendental Eqs. (14), and consequently, the next so-

lution of wave equation Ei [ )(z) and E2[ )(z) may be
obtained from Eqs. (17) and (18) simply by replacing ui
by —u~ and u2 by —u2. Thus, the electric field is a linear
combination of these two solutions which in both kinds
of layers takes the form

for 0 & z„& a. (16)

The two contributions Ei [[2) and Ei [2) applied to the

wave equation leave, in turn, terms of order $1 and
only. Therefore, the process can be repeated to form a
series in (1 for layers of metal 1 and a series in (2 for
layers of metal 2. The series converge for ~(1~ & 1 and

~(2~ & 1. The solution is the following:

En(+)( ) En(1)( ) + En(2)( ) + 0((2)

1 1 1
I~(ui [2)) = ds

S 8 [8 —ui [2]

1+ '+ "1 [2])

A~ and A2 are the functions of P, Tg, T2, u)i, u)2, uy,

E",(.) = ~",E,""'(.) + B,"E",' '(.),

E2(z) = A2E2 (z)+B2E2 (z) )

where Aq, A2, Bq, and B2 are constants.

(19)
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III. OPTICAL PROPERTIES

The validity of the presented considerations is determined by the assumption ~(i lzl ~
& 1. Analyzing the dependence

of gi pl on ~ for metal films it is evident that generally, this condition is fulfilled. Moreover, in two spectral ranges
(for low frequencies, where the skin effect is nearly classical, and for high frequencies, from the near infrared to the
ultraviolet) the extended assumption ~(i l2l ~

&& 1 may be used. Thus, in the above frequency ranges our approach, i.e. ,

the approach where the first two contributions in the series for the electric field are taken into account, is substantiated.
Consequently, we can find that inequalities (rIi l2l) « 1 and (ui l2l( « 1 are also fulfilled. Therefore, with sufficient
accuracy we may take that

g"~Z~ —g"e-"1~1('~+b) ~ g"e"1~1('n+b&+ ie
(21)

and

ic dEi (z)
4) ly py dz

ic d[A"E," + (z) + B"E" (z)]
~lg pg dz

= & "n"&z&e-"~"~('-+') —a"n"' z&e"1"~('-+')
y A] (z)e

+gg e 2 9 n
2

(22)

ic dE" (z) ic d[A"E" + (z) + B"E" (z)]
~l2 p2 dz ~l2 p2 dz

gA A( )
—tl gags~ BA ( ) g g

where the refractive indices have the forms

n +&b n nI +&b n,ni (z) = —Fi (ui, u2, z„), ni (z) = + Fi (—ui, —u2, z„),
ps pi

F„( )
3v~

I
li~J,

&I d
I'1 1l~

4c (ivivFi) i I s s j 1 —TiT2HiH2

x [(1 —Ti T2Gi H2 + C(Ti Hi —T2Gz)

(P(1 H1G1) + Ti+2(H1H2 G1H2) + C»[PH1(1 H2G2) + H2 G2])

(T T H H )A-1)

-Blvd�(z„+b)

+ [TiTgHz —Gi + CTp(1 —HgGp)]e' ""]e"'

and

n2(z) = —F2"(uq, ui, z„), nz'(z) = + Fg(—uq, —ui, z„),
P2 P2

3vF2 (I2~&2 l (1 1) 1
s2" u„u„z„= ds

4c (iv2v~2p, (s s p 1 —TiT2HiHz

x[(1 —TiT2HiG2+ C 'Ti(HiGi)
—(TiTpHi [PHi(1 —HzGg) + H2 —Gg] + C 'Ti

x[PHi(l —HiGi) + Hi —Gi])(TiTgHiH2)" ')e

+ [TiT2Hi —G2+ C Ti(1 —HiGi))e' ' '" ' ]e"'

where

(24)

msvF)~al2-am~ b ~ —stuga ~ —u1tuq b
Pig =e ) F2 —e 02 —e

m2vF2m21~

~P~ and ~&2 are the plasma frequencies for metal 1 and metal 2. The quantities nlrb and n2b, i.e., the complex refractive
indices of the bulk metal 1 and the bulk metal 2, respectively, are introduced by means of the following relations:

2uly [2]
&i [2]~i [2] =

2
1 [ 2]+1 [2] 1

(1+~i l2l)— Pi [2]
[2]

2cdly [2]
&Zb [2b] )

C
(25)
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where M = M1M2M1 M2 MPMg is the product of
the matrices for the particular layers. In this formalism
the coefBcients r and t are given by the following expres-
sions:

(mii + m12n, )n0 —(m21+ m22n, )p—
(mll + m12ns)n0 + (m21 + m22ns)

(27)

(28)
(mll + m12n )n0 + (m21 + m22n )

where. n, is the substrate refractive index and the ele-
ments of matrices MPl2I may be found from boundary

conditions ~ describing the fact that the tangential
components of the electromagnetic field must be equal
across the surface and across the interfaces. The ele-
ments of the matrix M& for the external layer of metal 1
are given in the form

nI (p)e ugmgb +-ni '(p)euxm&b

n', (0) y n', (0)

i(o) + i (o)

b)„i'(p)e~, ~, t ni(p)ni'( b)e-~/~$5

ni(o) + ni (o)

n ( b)e" ~~~& + n ( b)e-"~~~i'

n', (0) + n', (0)
and the others can be calculated by analogy.

The reflection (R) and transmission (T) intensity co-
efBcients of a multilayer film on a transparent substrate
are as follows:

=
I

I'+
I I'„(, ' R' R,),
.( — .o)

n0(1 —R,0R') '

(29)

(30)

where 1 and t are given by Eqs. (27) and (28), and the
reflection coefficient of the medium-substrate interface

2

i, n, + n0)

which are obtained from Eqs. (12) and (13) with ne-
glected terms of order $1 l2I

and higher, and where for

bulk metals I&(ui I2I)
It seems to be reasonable to take into account the case

that the considered metallic multilayer film, as a sample
of finite thickness, may be partly transparent. Thus, the
expressions for the reflected (r) and transmitted (t) am-
plitudes of the electric field may be obtained using the
interference matrix method. For n repeated double-
layer systems in the film the interference matrix M is
defined as

&E(—b) ~ /E(nd —b) )
(H( —b)) (H(nd —b))

and R' is the reflection coefIicient of the multilayer film
for the electromagnetic wave incident through the sub-
strate. In calculations of R' we may neglect the surface
contribution to the skin effect because in Eqs. (29) and

(30) the term R,0R' is much less than unity.

IV. DISCUSSION

The metallic multilayer structure considered in this pa-
per needs the approach taking into account the complex-
ity of the problems which would reflect in the proper-
ties of optical reflectance and absorptance spectra. Such
an approach was developed in the previous sections and
the obtained formulas [Eqs. (23) and (24)] reveal that
the optical coefBcients depend on the field frequency, the
modulation wavelength of the structure d = b+ a, and
scattering parameters P, T~, Tg. Thus, the influence of
the skin effect on the optical film coe%cients is modified
by the size effects. Moreover, the feasibility of coher-
ent passages of conduction electrons across interfaces (for
Ti, T2 ) 0) and the nonlocal character of the relationship
between the electric field and the surface current in the
wave equation lead to a mutual influence of transport pa-
rameters characterizing one of the metallic layers on the
optical coeKcients of the others.

In order to see the above-mentioned effects the re-
flection R and the absorption A are numerically eval-
uated for a hypothetical Nb-Cu system. Artificial Nb-
Cu superstructures were the object of studies of several
researchers. It is assumed that lNb —5.8 nm, /c„——
42 nm~mNb = mcus = m„SNb = Sc„= 0, th«lec-
tron concentrations are NNb ——5.6 x 10 cm, Nc„——
8 5 x 10 cm . Values no —1 and n, = 1 5 are taken
as the optical constants of the medium and substrate,
respectively. The theoretical results are presented in the
standard form versus the electromagnetic field frequency.

The basis for all our calculations are the expressions
for the refractive indices of the whole stack of layers given
by Eqs. (23)—(25). However, the refractive index of the
external surface of the multilayer structure is of prime
importance for the optical spectra of semi-infinite sam-
ples. One can expect that the influence of the electron
interaction with the external surface would change in a
significant way the real part of n, (—b). It is shown in Fig.
2. As we may see comparing the curves for P = 1 and for
P = 0, the contribution of the electron surface scattering
leads to an increase in the Re[ni( —b)] value. Moreover,
the effect increases with decreasing value of the reduced
thickness of the external layer (bc„/lc„(( bNb/lNb) It.
means, in turn, that the surface scattering is more effec-
tive in the case of metal 1 being a good conductor, i.e. ,

for the metals with longer electron mean free path. Gen-
erally, it is apparent that the surface contribution to the
refractive index value may be of the same order as the re-
fractive index value for an ideal surface. This multilayer
film behavior is analogous to that found for the single-
and double-layer structures.

The optical reflection of the multilayer films is illus-

trated in Fig. 3. The plots demonstrate the reflection
coe%cient dependence on the modulation wavelength d
for Nb-Cu systems with constant ratio a/b It is shown.
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ference matrix method. The interference matrix Mg ~
for the metallic multilayer film with the dielectric coat-
ing having thickness d, and refractive index n, should be
defined as

Mg —M' M,
where the matrix M' elements are given in the form

2 . Cd

rn&& ——COS —ncdc, l~yg = —Sin —Acdc
C +C C

(d
C

Cd

d
C C

and the method of calculation of the optical coefficients
follows essentially the same lines as those described in

the previous section [Eqs. (26)—(30)]. The obtained re-

sults are presented in Fig. 6 for the Cu-Nb absorption
spectra. The absorption of the metallic film with the
dielectric coverage varies periodically and very quickly
with changing frequency. It exhibits a whole series of
maxima and minima (marked in the left part of Fig. 6 as
full circles and crosses, respectively). Thus, in Fig. 6 only
the two curves are presented which are the envelopes for
the interference oscillations of absorption of the structure
under consideration. It should be emphasized that the
bottom curve is also the absorption spectrum of an un-
covered multilayer film whereas the top one (the second
envelope) is the projection of that absorption spectrum of
uncovered film with a significant enhancement. The en-

hancement depends on both coverage thickness and re-
fractive index value. The changes of these parameters
can change also the period of interference oscillations, so
the choice needs some care about the measurement pos-
sibilities.

V. CONGI'USIONS

The optical properties of metallic multilayer films can
be predicted theoretically, and the appropriate model is
formulated in this paper. The inQuence of size effects
and film structure (the modulation wavelength and the
microscopic transport parameters of the layers) on the
optical coefBcients cannot be neglected. The presence
of the surface and interface scattering of the electrons
leads to the oscillation effects in the optical spectra of
multilayer films. These effects are weak but, generally, it
seems that the application of dielectric coatings with the
aim to enhance the interesting details of spectra would
be useful in studies of optical effects in metallic films.
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