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We report on measurements of electron transport for the fractional quantum Hall effect (FQHE) at
filling factors v= —, and —,, in magnetic fields B, tilted by angles 0 with respect to the normal to the sam-

ple plane. Our device was prepared at an electron density of only 2.4X 10' cm, but still exhibited a
well-developed FQHE at v= —,

' and —', . This exceptionally low density allowed us to access very low total

fields, where the spin is less likely to be completely polarized. For many tilt angles, we obtained gap en-

ergies 6 from the temperature dependence of the diagonal conductivity on the FQHE minima. For both

3
and —,', plots of 6 versus B, exhibit minima that are accompanied in transport by splitting of the

FQHE. For —the minimum in h(B, ) is sharp and deep, with 6 reduced by 70%. With B, well above its

value at the minimum, h(B, ) for v= —, is linear, with slope =gp& for GaAs, indicating an increase in the

two-dimensional electron-system Zeeman energy on excitation. We present a detailed survey of the evo-

lution of the splitting of the FQHE with angle, and find that local p„„minima that are shifted up to 6%
upfield of v= 3t at 8=23' evolve continuously into an unsplit FQHE at v= t3 at 8=0'. The split and

shifted FQHE's that we observe are interpreted as effects of phase separation associated with ground-

state spin transitions.

I. INTRODUCTION

The fractional quantum Hall effect' (FQHE) is the re-
sult of a many-body interacting ground state that corre-
sponds to an incompressible liquid. The first proposed
tria1 wave function for this ground state assumed a corn-
pletely polarized system, but was shortly followed by
descriptions of spin-unpolarized ground states with the
requisite properties. Most of the attention has until re-
cently been focused on fully polarized FQHE ground
states, which were assumed to be favored by the high
magnetic fields required for the observation of the
FQHE. Experiments have by now indicated that the
ground state and excitations in the FQHE are not in gen-
eral completely polarized. ' Tilting the magnetic field
B with respect to the sample has been a valuable method
for studying the role of the spin degree of freedom in the
FQHE. In principle, tilting the magnetic field allows sep-
aration of the effects of spin and of electron-electron in-
teraction. The Zeeman energy Ez, associated with the
spin degree of freedom, depends on the total field B„
while the Coulomb energy Ec associated with the
electron-electron interaction depends only on the perpen-
dicular field B~, at least in the approximation' ' where
the finite thickness of the two-dimensional electron sys-
tem (2DES) is neglected. The dependence of the FQHE
ground- or excited-state energies on the tilt angle at some
particular filling factor v (hence a particular B~ ~v ')
can then be attributed to the Zeeman term. For example,
a tilted-field experiment7 on the even-denominator FQHE
at v= —,

' showed the energy gap to decrease with increas-

ing B„in agreement with the FQHE ground state at that
filling being unpolarized.

The parallel field B~~ that is varied in a tilted-field ex-
periment on the FQHE at some particular filling factor

can also cause a transition in the ground state or in its
preferred excitations. The energy gap 6 as a function of
B, for the —,'FQHE has been observed' to decrease
linearly when B, is less than a critical field B„,and to in-
crease linearly when B, is greater than B„. The slopes,
+gpz, with g about 0.4 for GaAs and p~ the Bohr mag-
neton, are explained by Zeeman contributions to the en-
ergy gap, and the minimum in 6 vs B, is then interpreted
as resulting from a phase transition at B„,from an unpo-
larized, low-B, ground state favored by E, to a polarized,
high-B, ground state favored by E, .

For the —,
' FQHE the interpretation of b, vs B, plots ob-

tained from tilted-field experiments is more complicated.
Low electron densities, which allow access to smaller B,
and smaller Zeeman energies, are important for observing
spin effects. Tilted-Geld experiments ' were first per-
formed on samples whose densities allowed minimum B,
of -9.0 T or more at v- —', . As B, was increased by tilt-

ing, the resulting 6 for v= —', increased markedly, while 6
for v= —,

' decreased only slightly. This is an apparent
violation of electron-hole symmetry for fully polarized
ground states and excitations, but a recent theoretical pa-
per' shows that the different B, dependence observed for
the v= —,

' and —', gap energies can be largely explained by
subband-Landau-level coupling, an effect of the finite
thickness of the 2DES. Eisenstein et al. " performed an
experiment on a lower-density sample, which allowed a
minimum B, of 2.5 T at v= —', , and observed a well-

defined minimum in 5 vs B, at that filling. There was

good reason to believe that this minimum was a spin
effect, since it could be observed both by tilting the sam-

ple and by increasing the density of a sample perpendicu-
lar to the field. Clark et al. '

performed a tilted-field ex-
periment on a sample of only slightly higher density, and
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observed that at fixed temperature T the depth of the
v

3
minimum in diagonal resistivity, p, was reduced

over a certain range of angle, likely corresponding to a
minimum in h(8, ). They also observed a resolved split-
ting of the v- —', p„minimum at the angles where that
minimum was the weakest, though Eisenstein et al. "ob-
served no such splitting. When the spin degree of free-
dom is included the electron-hole conjugate state of v=

3

is v= —', . A tilted-field experiment showed the —', FQHE
minimum in p„ to vanish with 7 &B, &9 T, while being
observable with B, outside of this range.

The FQHE at v= —,'is weaker than the v= —,
' effect, and

has been less extensively studied in tilted-field experi-
ments. Working at B, ~10 T at v= —', , Haug et al. ob-
served only a slight tilt dependence in the v= —', diagonal
conductivity minima. Clark et al. ' found that in a
much lower density sample, the p„„minimum at v- —', (at
fixed g weakened in the same range of angles as the v- —',
minimum did. The FQHE at v= —,', which is electron-
hole conjugate to v= —'„was found to disappear for
B, +10T.

Theoretical consideration of FQHE ground states that
are not completely polarized began with the proposal of
an incompressible trial wave function for v= —', that has
zero spin. Ez for this wave function was evaluated nu-
merically, and was shown to be lower than that for the
alternative, fully polarized wave function. Exact numeri-
cal diagonalization of the Hamiltonian of a small model
system likewise gave a lower Ec for an unpolarized v= —',
state, and indicated that at v=7 9 ]] and —,', the in-

compressible states with the lowest Ec would not be fully
polarized. Subsequent theoretical work' considered the
energies of spin-reversed excitations of FQHE ground
states. Calculations have only recently focused on the
spin degree of freedom in the ground state and excita-
tions of the FQHE at v= —,

' and —', . These calcula-
tions, ' ' all based on exact diagonalization of small-
system Hamiltonians, are in agreement that for v= —'„a
completely unpolarized state has the lowest Ez, so that
such a ground state is in principle possible at low enough
B,. For v= —'„on the other hand, the calculations' '
predict a partially polarized ground state.

In this paper we describe tilted-field experiments on the
—', and —', FQHE in a sample whose density is much lower
than in any previous tilted-field study of the FQHE. The
minimum B, at v= —,

' was only 1.52 T, corresponding to a
per electron Zeeman energy of about 400 mK in a fully
polarized state. At 8-33', both the —', and —', FQHE ex-
hibit a splitting, which is accompanied by a minimum in
the corresponding energy gap h. We present a careful
study of the evolution of this splitting with tilt angle, and
find that a p„minimum and associated p„ inQection,
that are shifted far from v= —', at intermediate 8, can
evolve into an unsplit v= —', FQHE at large and small 8.
We interpret the FQHE splitting, associated with minima
in 6 vs B„asan effect of the coexistence of two phases in
a ground-state spin transition. Some features of the 6 vs
B, curves we measured are also of interest. For the 3

FQHE, b, vs 8, exhibits a sharp, deep minimum, at
which the gap energy is only about 30% of its value at
the shoulder. For B, well above that where the minimum
occurs, b, vs (8, ) for v= —,

' increases linearly with slope

=gpss for GaAs, implying that the Zeeman energy in-
creases on excitation. Our 6 vs B, plot for v= —,'is the
first to demonstrate a b, (8, ) minimum.

II. DEVICE AND EXPERIMENTAL METHODS

The experiments described here were all performed on
a sample of GaAs/Al„Ga, „As heterojunction from
wafer M73, which has been characterized elsewhere.
The sample was prepared by brief illumination with red
light at low T. The sample states we studied had density
n =2.4X 10' cm and mobility p= 7. 1 X 10
cm /V sec. We used a measuring current of 10 nA rrns,
and checked that any local heating at this current was
negligible by comparing p „values measured with
different currents. The sample was rotated on a spring-
loaded stage in the mixing chamber of an Oxford 200
TLM dilution refrigerator. Our convention defines the
angle 8 as that between the normal to the sample and the
field B„„sothat B,=B~lcos8. B, was estimated from
the current in a superconducting magnet, and great care
was taken in cycling the magnet, so that hysteresis effects
caused only a +0.01 T unrepeatability in our stated B,'s.

III. SPLITTING OF THE p MINIMA

Figure 1 shows the diagonal resistivity p vs B„for
8=2.6' and 34'. The p„minima at v= —,

' and —', at 2.6'
are well developed in spite of the very low fields at which
we observe them. At 34' these minima appear to be
weaker, and develop a pronounced splitting. The —', and —,

'

minima remain unique and unsplit, similar to their ap-
pearance in Fig. 1, at all angles surveyed. We observed
the splitting of p minima only in the v- —,

' to —', region,
and only over a narrow range of 8, so that this splitting is
evidently not an effect of frozen-in macroscopic inhomo-
geneity of the sample density.

Figure 2 shows the evolution of the FQHE p„„minima
for v in the —', to —', region, as 8 is increased. The horizon-
tal axis is the perpendicular field, so the traces do not
shift upfield with increasing angle. Vertical lines mark
v

3
and —,'~ Throughout this paper, the fields that corre-

spond to filling factors are calibrated over angle from
p «(8, ) at high T, which approximates the classical line
B,/ne cos8. A B, corresponding to a particular v is
therefore accurate to within our field repeatability of
+0.01 T. At the highest and lowest angles, p„„(8r)
shows single, well-defined minima for v- —', and —', , but in
a region of intermediate angles these minima appear to be
split, each into two distinct subminima. For v- —'„ the
two subminima have equal p at 8=33. As 8 is de-
creased from 33, the low-B~ subminimum evolves into
the main v= —', minimum and strengthens, while the
high-Bj subminimum shifts further upfield from v= 3,
weakens, and eventually disappears. As 8 is increased



3420 ENGEL, HWANG, SAJOTO, TSUI, AND SHAYEGAN
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FIG. 1. Transport p„~ vs total field B,. (a) I9- . ',=2.6' T=47
mK. (b) 8=34', T=40mK.

above 33, the high-B~ subminimum becomes the main
v

3
minimum as the 1ow-B ~ subrninimum ceases to be

well defined and disappears. The angle where the two
subminima at v- —, have equa p

3 is within about 2' of
33', where the —', subminima have equa p

2
1 . The evolu-

tion of the —' subrninima as 0 increases is less clear thans

h f the —' subminima, but will be shown to be general-

ly similar. Though Fig. 2 shows data for a fixed
mK, t epairso su m' '

h
' f bminima for v- —' —' remain resolved3' S

up to T-100-200 mK.
Figure 3 summarizes the data on the B~ positions of

(8 ) as 8 is varied, for two nearly identica 1minima in p ~ as
states (diff'erent cooldowns) of the sample, eac wit
n =2.4X 10' cm . Each plotted point corresponds to a
local minimum in p (B ) shoulders or inflection points

inFi 3isv '~Bare not shown. The horizontal axis in Fig. 3 is v ~8~,
and the vertical axis is (cos8) '=8, /Bz.

Figure 3 includes data on many angles, so that the an-
gular evolution of a p subminimum is represented as a

CCcontinuous, traceable branch o p
'f oints. Branches of

subminima just upfield and downfie
3

ld of v= —' at 0-33'
respectively, toward that exact filling at high andow,

low 8. The high-B~ branch persists down to 8-
whic ang e ah an le that subminimum is located near y 'Fo

upfield of v= —'„ in the low-B~ wing of the stronger v- —,

Th low-8 branch is well defined only up to
35' or so, but appears to be continued by a shou er no
shown in Fig. 3) in the low B~ side of-the main v- —,

'
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volution of the splitting of the p„lar field with T=25 mK, at several angles, showing evolutiFIG. 2. Transport p„„.p„z vs perpendicular field wit = m, a
minima with angle.
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FIG. 3. 1/cos8 vs v ' of p„„minima for two sample states,
both with n=2. 4X10' cm . +, state 1, T=25 mK. 0, 0,
state 2, T=50 mK, where filled-in points correspond to points
shown on the b,(B,) curves in Figs. 7 and 8(b).

500

minimum. This shoulder can be seen clearly up to
8=43', for example, in the 37.9' curve in Fig. 2.
Branches of subminima on either side of v= —', for inter-
mediate 8 flow likewise toward v= —,'for high and low 8,
though the field positions converge more slowly than they
do for the branches that flow toward v= —', . The low-8~
branch flows toward v= —', as 8 decreases, and is 0.5%
downfield of that filling at 8=0'. The high-8~ v- —', sub-

minimum branch flows toward v= —', at high 8, being
about 0.5% upfield of v= —,'at 8=55', but flows into v= —',
as 8 goes to zero. For 8) 27' a different branch of mini-
ma appears with v between —', and —,'.

Even when shifted far from v=
3 5 7 a well-developed

minimum in p„„(Bj ) is generally accompanied by an
inflection in p„(Bj). An enlarged version of the p„„(B~)
curves in Fig. 2 is shown in Fig. 4, where the locations of
the p„„minima are also marked. At all angles surveyed
and T-25 mK, there is a pzy plateau near v= —', that is
accurately quantized to 3h/2e to within our experimen-
tal accuracy of 0.2% measured relative to the v= —,

' pla-
teau, or to within 0.1% relative to the v= —', plateau at
8=0'. At angles where there are two p,„(Bj ) subminima
at v- —', the accurately quantized plateau accompanies
the stronger subminimum, which is always the one whose
Bj is closer to v= —',. For 8=33', p„(B~) is flat in the re-
gion of the p„„(B&)subminima, and is accurately quan-
tized. At angles just above or below 33 the weaker sub-
minimum (or shoulder, for 8&33') is associated with a
reasonably flat plateau, such as are seen in the 29.8' and
37.9 curves on Fig. 4. The p value of this plateau
varies continuously with 8 and is smaller than 3h /2e for
8) 33' and larger than 3h/2e for 8&33. As 8 is in-
creased or decreased further from 33, the p plateau as-
sociated with the weaker, more shifted p subminimum
(or shoulder) becomes less flat and eventually disappears.
It can be seen from Fig. 2 that the v- —', plateaus are not
as well defined as those for v- —'„particularly for 8-33',
where p„„(B~)shows two subminima. At high and low

1.4 1.5

Bi (T)

FIG. 4. Transport p„y vs perpendicular field for T=25 mK,
at several angles, showing evolution of the 3 FQHE plateau

with angle. Successive curves are displaced by 15000. p„y(BJ)
curves are the same as in Fig. 2, but are enlarged. Arrows indi-
cate the positions of well-developed minima in corresponding

p,„(Bg).

angles (8 (24', 8)45'), though, the v- —', plateaus are flat
enough to show quantization to within 0.5%.

IV. ENERGY GAPS VERSUS 8,
The splitting of the p„„minima at v- —', and —,

' occurs
together with a sharp suppression of the energy gaps that
are associated with these minima. We obtained energy
gaps by fitting the conductivity cr„„vs T to
o„„(T)=Aexp( b, /2T). cr„„w—as computed from the
measured resistivities as o „„=p„„/(p„„+p„» ).

Caution is required in using the formula,
A exp( —6/2T), which produces a linear Arrhenius plot
(lno„„vs T '), to fit experimental data. First, Arrhenius
plots of data always develop a downward curvature at
high T, as a consequence of a high density of excitations,
so we always cut off our fits at high T before this down-
ward curvature sets in. Second, the data can show an up-
ward curvature at lower T, so that the full plot is S
shaped, rather than linear. The upward curvature at low
T is attributed to hopping conduction via localized states
near the Fermi level. Various methods exist in the litera-
ture for extracting 6 values from such S-shaped
Arrhenius plots. Eisenstein et al. " and Clark et al. '
fit only the linear midsection of the Arrhenius plot, where
the slope is steepest. Boebinger et al. ' fit rr„„(T) data to
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four-parameter formulas consisting of an activated term.
A exp( b—, l2T), and another two-parameter term to fit
the low-T behavior. They used three forms of this low-T
term: Ono and Mott hopping conductivity formulas,
and another exponentially activated term. In general, if
the linear midsection of an Arrhenius plot is long enough,
good four-parameter fits can be obtained with any of
these low-T terms and the resulting b, values agree with
each other as well as with the 5 from the slope of the
linear midsection. This situation, in which all fitting
methods give about the same b„ is typical of the 0„„(T)
data that we will present.

Figure 5 shows typical Arrhenius plots of rr„„(T)data
at v- —,'for several tilt angles. The fit lines shown are
from the simple activated formula, and the resulting 6's
are smallest for B,—1.8 T, 8-33'. The plots in Fig. 5

are linear over factors of 10—100 in cr„,. The linear
ranges are shortest at 8=34.1', where 6's are smallest,
and at 8=62.4', the highest angle. The o „„values shown
in Fig. 5 were evaluated at local minima in o„„vsBj.
The —,'FQHE o„„(orp„„) minimum is clearly split at
L9=34. 1', and the 0. values shown for this angle were
evaluated at the subminima lying on either side of v= 3.

In Fig. 6 the circles show the splitting of the —', FQHE
at 0=34.1' in a plot of 6 vs v '. The two peaks in the
data can be identified with the two subminima observed
in p „vs B~. For comparison, Fig. 6 also shows b vs v
for 0=49.5', where there is no evidence for splitting in
either 5 vs v or transport data. The single broad peak in
the 49.5' 6 vs v data is centered at v= —'„has a width

roughly the same as the p„„minimum, and can be inter-
preted by analogy with the integer quantum Hall effect
as a consequence of impurity-broadened quasiparticle and
quasihole bands. The two peaks in the 34. 1' plot of Fig.
6 appear to be formed by a sharp region of decreased 5
splitting a broader background that decreases as v gets
further from —'„and that has about the same width as the
8=49.5' plot. The central minimum in the 34.1' plot is

located at v '=1.49, where 8, =1.83 T.
Figure 7 shows a plot of b, vs B, for the —', FQHE, put

together with three different kinds of data. The points
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FIG. 6. Dependence of effective gap energy on inverse filling,
near v= —,. Tilt angle 8=49.5', +; 8=34.1', o.

(+) are from rr„„minima that are not measurably shifted
from v= —'„and include the data for all angles except
34. 1' and 38.2'. The other points on Fig. 7 are from
these two angles, with points ( 0 ) from o» evaluated on
minima, and points ( X ) evaluated at v= —', exactly. The
v 's of all the O„minima for which 6's are shown in

Fig. 7 are graphed in Fig. 3, as filled circles. All the 6's
shown in Fig. 7 are determined by the simple activated
fit, and agree to within about 100 mK with those ob-
tained from all the other fitting methods mentioned
above.

The most prominent feature of the plot in Fig. 7 is the
minimum at the "critical" B, of B„=1.83+0.02 T,
which gives a critical angle 8, =—cos (3ne l2hcB«)
=33.3+1.0'. This is the same angle where the high- and
low-field-split p„subminima are of the same strength.

1.5

-—:-~ 0 opp p
106 ~ oo

0

0.5—

+

o +

0
0

X

10

1()

T ' (li )

'2()

FIG. 5. T dependence of conductivity e„, for the 3~ FQHE,
evaluated on well-developed O.„„minima. Arrhenius plots for
several angles 8.

FIG. 7. —FQHE gap energy b vs total field, +, from essen-

tially unshifted cr„„minima, o, from shifted minima, X, from
v

3 exactly. The line drawn in for B, & 2. 1 T has slope 0.27

K/T=0. 4@~=gp~ for GaAs.
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FIG. 8. T dependence of conductivity cr„ for the 3 FQHE.
(a) Arrhenius plots for several tilt angles. For clarity the 37
data are multiplied by 1.3, and the 44 data are multiplied by 2.
(b) Gap energy 6 vs total field. +, from fit to simple activation;
0, from Ono hopping plus simple activation.

For B, well above the minimum, B, & 2. 1 T, the 6 data of
Fig. 7 are fit well by a straight line of slope 0.4pz =gpss
for GaAs. The available range of B, below the minimum
is limited, but the data at the lowest B,'s show the sharp
increase of 5 with decreasing B, beginning to saturate.

Typical Arrhenius plots for the cr„minima at v- —,'
are shown in Fig. 8(a), and b, vs B, for v- —', is shown in

Fig. 8(b). The minimum in b, vs B, is located at
B„=2.00+0.05 T, which gives a critical angle
8, =31.7'k2. 3'. The maximum linear range for the
Arrhenius plots is about a factor of 5 in 0.„.This falls to
a factor of 2 near the minimum in 5 vs B„while plots for
8 ~ 38' (B, ~ 2.2 T) are essentially curved over the entire
T range. The b, (B, ) values with B, ~2.2 T were deter-
mined from four-parameter fits using simple activation
together with an Ono hopping term, and agree with
b(B, ) from four-parameter fits with the other low-T
terms to within 10%. The plot of 5(B, ) from the
steepest slope of the Arrhenius plots differs from that
shown in the figure in that it levels off on the high-B, side
of the minimum at about 150 mK rather than increasing
steeply as the curve of 6 from four-parameter fits does.

For the —', FQHE o „„(T) was evaluated only at minima
in o„„vs B~ to obtain the Arrhenius plots and 6's.
These cr„„minima were typically shifted away from v= —',
exactly, and 6's shown in Fig. 8(b) correspond to sub-

minima whose v 's appear in Fig. 3 as filled circles.
Subminima in the branch just upfield of v= —', in Fig. 3
have B,)B„,while subminima in the branch just
downfield of v= —', have B, &B„.Evaluating 6 at v= —',
exactly when the o.„„subminima are shifted, as we did
for v= —'„was not possible because the T dependence of
o. „away from the minima did not allow a reasonable
evaluation of h.

V. RESULTS FOR A HIGHER DENSITY

We also obtained a limited amount of data on a state of
the same sample with n=3.9X10' cm . At this n the
p minima for the —,

' and —', FQHE develop a splitting
only for 8& 17'. For both fractions, the measured 6 in-
creases with B„more strongly at lower B, and 8. The 6
vs B, data and the splitting of the p„, minima for both
v

3 and —,
' resemble those that we observe for

n =2.4X10' cm at 8~33'. We conclude then, that
for this higher density state B„and B„are either just
above their respective B~'s, or are barely too low to be
accessible. For the purposes of later discussion we can
reasonably take B„-Bi for the —,

' and —,
' FQHE and

n=3.9X10' cm

VI. DISCUSSION

We interpret the splitting of the p„„minima for the —,

and —,'FQHE and the accompanying minima in b, vs B, as
effects of a transition of the ground state from a lower to
a higher spin as B, is increased. A sharp minimum in 6
vs B, occurring at a phase transition suggests that coex-
istence of the two phases would be energetically favorable
in the transition region, and such coexistence must be the
cause of the p„„subminima that are shifted away from
v

3 at 8—8„but which evolve continuously into a
well-developed v= —', FQHE at high or low 8. The
ground-state spin-transition picture is therefore in accord
with our observation of simultaneous weakening and
splitting of the FQHE, as well as the theoretical predic-
tions' ' that the lowest E, ground states for v= —', and —,'
are not completely polarized.

Phenomenologically, the shifted p„„subminima resem-
ble a weak, unshifted FQHE, since they are accompanied
by a p„~ inflection when they are well developed. The
difference is that the B~ s of the shifted subminima de-
pend on 8, as do the values of p„at the plateaus that can
accompany them. In experiments without a detailed sur-
vey of p „and p ~ over many angles a weak, shifted 3

FQHE subminimum could easily be taken for a —,', , —,', , or
—„FQHE, and it is possible that such shifted subminima
may have been observed in earlier studies.

We can model the shift of the —', FQHE p„„subminima
in more detail by taking the ground-state spin transition
to take place at the total field B„where it is energetical-
ly favorable, even when B„does not fall on v= —', exact-
ly. This is reasonable, since for v near but not equal to 3

the correlations of the incompressible v= —', ground state
are preserved, so that quasiparticles or quasiholes exist
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along with the underlying v= —', ground state. As a conse-
quence of phase separation, the spin transition in the
underlying state produces a peak in the per electron ener-

gy versus v, E(v), on top of the variation of E(v) due to
the changing density of quasiparticles or quasiholes. A
local minimum formed on one side of such a peak in
E(v) would give rise to a shifted p„„minimum and an
unquantized p„„ inflection such as we observe. It is
worth noting that the relatively well-developed sub-
minirnum that is just upfield of v= —'„and that evolves

into the main v= —,
' FQHE at large 8, appears at nearly

constant B, as 8 varies from 24' to 30', and the v at which,
the subminimum is located varies by -4%.

Small-system studies by Chakraborty and co-
workers' ' predict that for both v= —', and —', a ground-
state spin transition is accompanied by a wide region of
8, in which the FQHE energy gap vanishes. The calcula-
tions are for 8=0, varying B, by varying density, and do
not allow for any phase separation. For v= —,'the predict-
ed width of the gapless region is 0.5B„,and for v= —', the
width is 0.4B„. These predicted relative widths might
possibly correspond to full widths of our observed mini-
ma in 6 vs B„but we observe no region where the gap
completely vanishes, and the B, region where the —,

' 6 is

less than half its value at the shoulder is only 0.1 T, or
6% of B„wide, much smaller than the theory predicts.

Well above the transition region, 6 vs B, for v= —', is a
straight line whose slope is approximately gpz, which in-
dicates that Zeeman energy corresponding to one elec-
tron spin flip is gained on excitation in this range of B,.
The linearly increasing b vs B, is in qualitative agree-
ment with the theory of Chakraborty, ' which predicts a
spin change on excitation from a polarized v= —', ground
state. A linear region of 6(B, ) for v= —', was not observed

by Eisenstein et al. " whose sample n was —1.5 times
ours.

To compare our measured B„O, with theory and with
other experimental results, we will use our B„H, to calcu-
late 5C, the interaction energy difference between the
lower- and higher-spin states, expressed in units of
e /el j, where l~ is the magnetic length (Pic jeB~)' and e
is the dielectric constant of GaAs. Following Eisenstein
et al. " we take the spin transition driven by increasing
B, to entail an E& increase that compensates exactly for
the Ez decrease caused by the larger polarization, so that
at the transition, 5Ce /el~, =gptt8„5S, where 5S is the
spin change per electron on going through the transition.

Given 5S from theory, 5C can be calculated from an
experimental B„,O, . For v= —', small-system theoretical
studies' ' suggest a 5S of —,', corresponding to a transi-

tion from. a completely unpolarized state to a completely

polarized one. Using this 5S, we calculate 5C=0.0039
and 0.0041, respectively, for v- —', transitions in our states
with n -2.4X10' and 3.9X10' cm . We assumed
8~(v= ', )-—8„ for the state with n=3.9X10' cm
Other experimental 5C values calculated for v= —', transi-
tions"' agree closely with each other, and are about
0.0048, and estimates of 5C for v= —', from small-systems
calculations' ' are about 0.010. For v= —', a six-electron
calculation' predicts that the spin transition on increas-
ing B, is from a total spin of one to a total spin of three.
Using 5S=—,', we obtain 5C=0.0027 for n =2.4X10'
cm 2, and 5C=0.0030 for n =3.9X10' cm, com-
pared with a theoretical estimate' of 5C =0.0086. For
both fractions, the larger theoretical 5C values can be at-
tributed to the calculations having neglected the finite
thickness of the 2DES, whose effect is to reduce energies
of FQHE states. Sample-dependent 2DES thickness and
disorder can explain the small discrepancies between the
experimental 5C values, so the available experimental and
theoretical estimates of 5C are consistent with the inter-
pretation of the minima observed in 6(8, ) as ground-
state spin transitions.

VII. CONCLUSIONS

To summarize, we have observed a 8-dependent split-
ting in the —,

' and —', FQHE. The splitting is associated
with minima in 6 vs B„and can produce p„„minima and

p„ inflections that are shifted well away from v= —', or —', .
This behavior could be produced by phase separation
occurring in a narrow B, region where there is a ground-
state spin transition. In plots of 6 vs B, minimum for the
—,
' FQHE is sharp and deep, and the minimum for the —,

'

effect is the first to be observed. The critical fields and
angles B„,8, at which these minima in 5 vs B, are ob-
served are consistent with the minima being produced by
a ground-state spin transition. With 2. 1&B,&4 T, the
v

3
6 vs B, p1ot is 1inear, with a s1o pe that indicates

Zeeman energy corresponding to one electron spin flip is
gained on excitation.

Note added in proof Since subm. itting this paper, it has
come to our attention that a paper by R. G. Clark in Lo-
calization and Confinement of Electrons in Semiconduc
tors, edited by F. Kuchar et al. (Springer, Berlin, 1990)
shows b, vs 8, for the —,

' FQHE, and a plot of angular evo-

lution of the positions of p„„minima for the v- —, region.
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