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Structural and electronic properties of the liquid polyvalent elements.
IV. The pentavalent semimetals and trends across the periodic table
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We present ab initio calculations of the atomic structure, the electronic density of states, and the
photoemission intensities of the molten pentavalent semimetals As, Sb, and Bi. The investigations
are based on pseudopotential-based interatomic forces, molecular-dynamics simulations for the liquid
structure, and self-consistent linear-mu%n-tin-orbital calculations of the electronic structure and
photoemission intensities. We show that the anomalous structures of liquid As, Sb, and Bi arise
from the modulation of the random packing of atoms by the Friedel oscillations in the effective
interatomic potential. These modulations are damped by relativistic effects, which also lead to the
formation of an s-p gap in the electronic density of states. The position and width of the gap are
also shown to be related to the liquid structure. Trends in the atomic and electronic structures of
the polyvalent elements across the Periodic Table are discussed.

I. INTRODUCTION

In a recent series of papers'z we have presented a
systematic investigation of the trends in the structural
and electronic properties of the liquid 8-p—bonded ele-
ments. We have been able to show that the formation
of open, low-coordinated structures in the light polyva-
lent elements (Ga,Si,Ge) arise from the modulation of
the random packing of atoms by the Friedel oscillations
in the effective interatomic potentials. For the heavy ele-
ments we have demonstrated that relativistic effects lead
to a damping of the Friedel oscillations, to a return to
more closely packed liquid structures, and to the forma-
tion of a characteristic "s-p dehybridization gap" in the
electronic spectrum.

The present work extends these investigations to the
semimetals As, Sb, and Bi. These elements crystallize in
the trigonal A7 structure, which may be regarded as a
distorted simple-cubic structure produced by an elonga-
tion along one of the [ill] directions. This leads to the
formation of puckered layers containing six-membered
rings of atoms. The mechanism driving the distortion is
a Peierls instability of the half-filled p band in the simple-
cubic structure. ~ 5 The coordination within the layers is
three, in accordance with the Burne-Rothery "8-N" rule.
This rule states that covalent bonding in compounds with
an average of N valence electrons requires 8-N neigh-
bors. Despite the largely covalent character of the bond,
the elements are semimetallic because the bonding and
antibonding (ppo) bands show a small overlap. From As
to 13i there is a tendency to equalize the short intralayer
and the long interlayer bonds (their ratio drops from 1.25
in As to 1.17 in Sb and 1.12 in Bi), and to reduce the de-
via. t, ion of the bond angle between the short bonds from
90' (the bond angles are 97' in As and 95.5' in Sb and
Bi). In the electronic spectrum this is reflected in a larger
band overlap and a narrowing of the pseudogap.

The liquid structure of As is surprisingly close to the
structure of the crystal: nearest-neighbor bond length,

coordination number, and bond angle are hardly af-
fected by melting. s On melting As behaves like a nor-
mal metal —decreasing conductivity —unlike other cova-
lent elements (e.g. , Si, Ge, and Te) for which the con-
ductivity increases on melting. The implication is again
that As retains at least initially some of the threefold
coordination and of the covalent character of the bond
on melting. Liquid Sb and Bi are bad metals, with a
conductivity that is of the same order as that of most
molten transition metals. ' The liquid structure of Sb
and Bi is still anomalous, with pronounced shoulders
in the static structure factor and in the pair-correlation
functions. ' The coordination number is definitely en-
hanced on melting, but the experimental values quoted
in the literature differ widely, for liquid Sb between N,
= 4.6 (Ref. 11) and N, = 8.7 (Ref 12). T. he electronic
structure of liquid Bi has been investigated by photoe-
mission spectroscopy. rs It was found that the electronic
density of states at the Fermi level is metallic and that
t, he valence band is split into t,wo bands with essentially
s- and p-like symmetries. In the crystalline state, a char-
acteristic splitting of both the s- and p-bands is observed,
which is attributed to the Peierls distortion of the lattice.
This Peierls splitting is absent in the liquid phase.

Various attempts have been made to explain the open
structure of liquid As. Gaspard et al. ~7 have presented
qualitative arguments within a tight-binding framework
that a Peierls distortion can occur even in the absence
of translational symmetry. Hafner has presented a
molecular-dynamics calculation based on effective-pair
interactions derived from pseudopotential perturbation
theory and achieved quantitative agreement with the
diffraction data. He demonstrated that the open, low-
coordinated structure arises from a modulation of the
random packing of atoms by the Friedel oscillations in
the pair potentials. He argued that this mechanism pro-
vides an explanation for all the low-coordinated liquid
structures of the elements in groups IV, V, and VI of the
periodic table and constitutes the appropriate real-space
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formulation of the Peierls distortion argument. ts 2o Li e$

al. performed an ab initio density-functional molecular-
dynamics (DF-MD) calculation of the structure of liquid
As and largely confirmed the results of the pair-potential
molecular-dynamics study. ' Significant differences are
found only at the level of four-body correlations func-
tions. The electronic structure of crystalline As, Sb,
and Bi has been thoroughly well investigated. Electronic
structure calculations are in full agreement with
the existing photoemission data7 and explains" ~s the
pressure-induced phase transitions from the A7 to the
simple cubic and to the body-centered-cubic structure.
The electronic density of states of liquid As was calcu-
lated by Hafner and Payne using dynamical simulated
annealing on the basis of a structural model created by
pair-potential molecular dynamics, and by Li et al. ' us-

ing ab initio density-functional molecular dynamics. The
two result, s are in good agreement, except in a narrow
region at the Fermi level. The formation of a pseudogap
is found to be extremely sensitive to multiple-ion corre-
lations. No attempt has been made as yet to extend the
theoretical investigations to liquid Sb and Bi.

In the present work we follow the same strategy
as in our previous papers: we use pseudopotential-
derived interatomic forces and molecular dynamics for
the atomic structure and self-consistent linear-muffin-tin-
orbital (LMTO) supercell calculations for the electronic
density of states and the photoemission intensity. For the
technical aspects we refer entirely to Ref. 1. Our results
are presented below.

II. INTERATOMIC FORCES
AND ATOMIC STRUCTURE

A. Fair interactions

The relation between the variations of the effective in-
teratomic interactions with electron density and pseu-
dopotential and the systematic trends in the crystalline
and liquid structures has been clarified by Hafner and
Heine and Hafner and Kahl. It was shown that for
the light polyvalent metals a large on-Fermi-surface ma-
trix element leads to a large amplitude of the Friedel
oscillations in the effective pair interaction, and a large
electron density leads to a large repulsive diameter of the
pseudoatom formed by the ionic core plus the screening
charge distribution. As a result the first attractive mini-
mum in the pair interaction is covered up by the repulsive
interaction, and the nearest-neighbor distance in a close-
packed structure (which is determined by the interplay
of the pair and volume forcesso st) falls on a repulsive
hump of the pair potential. Hence a distortion of the
structure in a way that corresponds largely to a Peierls
distortion is energetically favorable. This is the situation
discussed in detail in the previous work by one of us on
l-As (Ref. 18) and 1-Te (Ref. 19).

For the heavy elements the combined effect of the vari-
ation of the atomic size and of an increased nonlocality of
the pseudopotential (largely through relativistic effects)
leads to a reduction of the on-Fermi-surface matrix ele-
ment and hence of the amplitude of the Friedel oscilla-

tions. For Tl and Pb this leads to an interatomic po-
tential that is entirely of a screened-Coulomb form
and stabilizes a close-packed arrangement of the atoms
in the crystalline as well as in the liquid state. Bi is a
borderline case, with a pair interaction that has an ex-
tremely small curvature for distances corresponding to
the nearest-neighbor shell.

The original study of Hafner and Heine was based on
simple local model potentials of the "empty-core" form,
the core radius being adjusted so as to follow the trend
deduced from band-structure data and to produce the
correct trend in the pair interactions. For a quantitative
calculation of the liquid structure of the heavy polyva-
lent metals it turned out that these potentials are not
suSciently accurate: with a simple one-parameter po-
tential it is impossible to reproduce simultaneously the
trend in the atomic radii and in the on-Fermi-surface
matrix elements. In our work on liquid Hg, Tl, and Pb
we found it necessary to use nonlocal pseudopotentials
based on an orthogonalized-plane-wave (OPW) expan-
sion of the valence states, carefully optimized for the con-
vergence of the perturbation series. ~ For the heavy
metals a fully relativistic calculation of the core states
is necessary. For nonperturbative total-energy calcula-
tions, the optimized OPW pseudopotentials have been
largely superceded by norm-conserving pseudopotentials
designed such as to provide optimum transferability and
plane-wave convergence. 3 The convergence of a per-
turbation expansion of the total energy based on norm-
conserving potentials, however, turns out to be bad.
This means that the norm-conserving pseudopotentials
are not immediately suited for the construction of eA'ec-

tive pair interactions. Very recently, we have been able
t, o show that it is possible to optimize both plane-wave
convergence and convergence of the perturbation series
without, compromising transferability. 3 It turns out that
the effective pair interactions derived from the optimized
norm-conserving pseudopotentials are almost identical to
those derived from the optimized OPW pseudopotentials
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FIG. 1. Effective pair interaction 4(A) for liquid As,
calculated using the optimized orthogonalized-plane-wave
(OPW) pseudopotential (PP) (full line), the optimized norm-
conserving potential (dashed line), aud the empty-core (EC)
model potential used in Ref. 18 (dotted line).
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neighbor shell, even for liquid Bi where the curvature is
essentially zero at the nearest-neighbor distance. In liq-
uid As the first peak in g(R) contains about three atoms,
the second nine (the exact values depend somewhat on
the way the coordination number is calculated: from an
integral over the radial distribution function up to the
first minimum, or from an integral over the symmet-

ric part of the peak). i2 This result is quite independent
from the choice of a pseudopotential. In liquid Sb and
Bi both the nearest-neighbor and next-nearest-neighbor
coordination numbers Zi and Z2 are increased (cf. Ta-
ble I), their sum approaches the value Zi + Z2 ——18
appropriate for a close-packed structure. A similar con-
clusion may be drawn from the bond-angle distributions
~ ig. 5, . For liquid As one finds a strong preference for~Fi . ~~

bond angles close to those in either the rhombohedral or
orthorhombic crystalline phase of As, and side peaks at
bond angles of 8 60' and 180'. Note that there are only
minor quantitative differences between our result and the
quantum-mechanical many-body simulation of Li et at. '

R!ie Rrst significant difference appears in a four-body cor-
relation, namely, the distribution of the heights h of the
t, rigonal As~ pyramids. The distribution is rather diffuse
in the pair-potential calculation, where as a distinct peak
around h 1 A appears in the many-body simulation
(see Ref. 21 for details). In liquid Sb and Bi the 60' peak
becomes dominant, , and a third peak near 0 145' has
appeared. This third peak arises from the angles formed
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FIG. 3. Pair correlation function g(R) for liquid
As (a), Sb (b), and Bi (c) and (d). Full line—
molecular-dynamics simulation —OP W-potentials, dashed
line —molecular-dynamics simulation —EC potential, dots—
diffraction data (As—Ref. 8, Sb—Ref. 11, and Bi—Refs. 13—
is).
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FIG. 4. Static structure factor S(q) for liquid Sb (a) and
Bi (b) and (c). Full line —molecular-dynamics simulation,
dots —diffraction data (Sb—Ref. 11 and Bi—Refs. 13—15).
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TABLE!. Coordination numbers Z; for the first two co-
ordination shells in liquid As, Sb, and Bi.

MD simulation
ZJ z b

Experiment
Z1 Z2 Ref.

As
Sb
Bi

3.0
5.2
7.1

9.2
10.1
10.8

3.0
4.6
6.7

8.9 8
ll
13

Calculated by integrating over the symmetric part of the first
peak in the radial distribution function.

Calulated by integrating the radial distribution function up
to the second minimum.

by nearest-neighbor bonds and what would be the back
bonds in the crystalline structure. In the heavier ele-
ments, the difference between bonds and back bonds is

gradually washed out. Note that the bond-angle distri-
bution of Sb and Bi is close to that of As under elevated
pressure.

The first peak in the static structure factor is deter-
mined by the distance of closest approach, the second
peak is determined by the Fermi momentum, Qz &2k+
(see Fig. 4). This confirms that the complex structure
of the molten semimetals arises from the interplay of
two characteristic distances, t,he diameter of the repul-
sive core in the potential, and the Friedel wavelength
AF ——2z'/2k~ of the long-range oscillations. 2s'si The sec-
ond peak decreases in intensity with increasing atomic
number. The molecular dynamics simulation reproduces
this result, although the structure of the side peak is
much sharper in the simulation than in the diffraction
data. This would seem to indicate that the modulation
of the st;ructure by the oscillations in the potential is

predicted to be of longer range than in reality. However,
this is not entirely confirmed by the correlation func-
tions, where the only significant disagreement is in the
height of the main peak. This is probably related to the
limited Q range of the difFraction data —a termination
of the Fourier transform at low q leads to a broaden-
ing of the peaks in the correlation function. We also
note that there is considerable disagreement between the
existing experimental data: older data compiled in the
literaturei2 generally show much less structure than the
more recent datas ii i~ shown in our figures. Alto-
gether we find that our potentials lead to quite accu-
rate liquid structures for As, Sb, and Bi. Even more im-

portant, we demonstrate that the open, low-coordinated
structures of all polyvalent elements from Ga to Bi have
a common origin: the Friedel modulation of the dense
random packing or, in other words, a Peierls distortion.

III. ELECTRONIC SPECTRUM

In the following we discuss the electronic densities
of states calculated using the scalar-relativistic LMTO
technique43 44 for supercells containing representative
configurations of the liquid elements and for the stable
crystalline structure (data given in Table II). All tech-
nical details are given in Ref. 1. The application of
the LMTO in the atomic sphere approximation (ASA)
(LMTO-ASA) to a low-coordinated structure deserves
some comments. In the diamond structure one finds
it necessary to put empty spheres into the holes in
the lattice (which are as large as the atomic spheres).
The A7 structure of the pentavalent elements is de-
rived by a Peierls distortion of the simple-cubic struc-
ture. The difference between the three short and three
long bonds is at most 25% and only 12% in Bi. There-
fore, the volume available for empty spheres is much
smaller than in the diamond lattice. Comparing the
LMTO-ASA result with pseudopotential calculations for
the crystalline elements, no significant difFerence is
found. The same conclusions result from comparing the
present LMTO results for liquid As with the dynamical-
simulated-annealing calculations of Hafner and Payne;2'
for details see below.

C
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I I t I I i i I
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C
lh
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60 120
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FIG. 5. Bond-angle distribution function f(8/sin8) for
liquid As, Sb, and Bi. f(8) has been normalized the same
number of bonds.

A. Electronic density of states

The electronic densities of states are given in Figs. 6—8.
Both in the crystalline and in the liquid states the valence
band is separated in an s band at higher binding energy
and a p band at the Fermi level. In As and Sb s and

p bands show a very small overlap; in Bi they are sepa-
rated by a gap of approximately 3 eV. In the crystal, the
rhombohedral distortion leads to a symmetric splitting of
both the s and p bands. As pointed out by Ley and co-
workers in their analysis of x-ray photoemission data,
the splitting of the s-like peak scales with the nearest-
neighbor distance. The density of states (DOS) calcu-
lated using the LMTO is in very good agreement with
the linearized-augmented-plane-wave result of Mat theiss,
Hamann, and Weber24 and with the pseudopotential re-
sults of Needs, Martin, and Nielsen. Mattheiss et al.
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The experimental data are from Oelhafen et al. , Ref. 16.

ton. We find that the cross section varies strongly with
the photon-energy: at low excit, ation energies the spec-
trum is dominated by the p contribution. At higher pho-
ton energies the s and the p bands are about equally
weighted, but the largest cross section is calculated for
the d electrons. Except for the missing spin-orbit split-
ting we again find excellent agreement between theory
and experiment. ' In particular the complete splitting of
the s and p bands and the metallic character of the DOS
are confirmed by the experiment.

IV. TRENDS ACROSS THE PERIODIC TABLE
AND CONCLUSIONS

We have extended our investigations of the structural
and electronic properties of the liquid polyvalent ele-
ments to the semimetals As, Sb, and Bi. We find that
the simple arguments for the existence of open, low-
coordinated liquid structures in the light polyvalent el-
ements, and the return to a more close-packed arrange-
ment with increasing atomic number, also apply to the
pentavalent elements. The return to a close-packed struc-
ture is related to the appearance of a structure-induced
minimum in the DOS at an energy (h /2m)(Q&/2)
above the bottom of the valence band. This gap is related
on the other hand to the relativistic s-p splitting, which
determines the variation of the effective interatomic po-
tential and in turn the liquid structure. Hence we now
have a consistent picture of the trends in the struc-
tural and electronic properties of all s-p bonded elements
from Li to Bi and Te. These trends are summarized in
Figs. 11 and 12. Even for the elements that remain semi-
conducting in the liquid state (As, Se, and Te at not too
high temperatures), the pair and triplet correlations are

well described iv terms of volume and pair forces. The
"anomalous" side peaks or shoulders to the first difI'rac-
tion peak always occur very close to q = 2kF (Fig. 11).
This indicates the importance of the Friedel oscillations
for the liquid structures. In the semiconducting melts,
many-body forces are important for n & 4 particle corre-
lations. These correlations in turn are very important for
the existence of the gap at the Fermi level. The fact
that the existence of the semiconductor gap depends on
the correct description of higher-order correlation func-
tions is by itself an important result for understanding
the interrelation between changes in the atomic structure
and the metal-nonmetal transition. This point certainly
deserves further investigation.

Leaving the liquid semiconductors aside, we find that
our calculations describe the trends in the electronic
structure across the periodic table, from Li to Bi, very
well (see Fig. 12). We predict two essentially different
mechanisms that can cause deviations of the DOS from
a free-electron parabola. (i) A structure-induced s-p gap
is found in the elements where a strong first peak in the
structure factor at q = Q& combines with a large electron-
ion pseudopotential matrix element m(Q&). This is the
case for the first-row elements Li and Be and for the
heavy polyvalent elements (Hg, In, Tl, Ge, Sn, Pb, Sb,
ancl Bi). (ii) For the heavy alkali- and alkaline-earth met-
als, the incipient occupation of the d states leads to a
marked deviation from the free-electron DOS.

The calculations described in this series could, in
principle, be done using ah initio density-functional
molecular-dynamics calculations, without resorting to
perturbation theory. So why is there still an interest in
these simpler calculations? One point is, of course, that
the perturbative approach is much faster. All the results
summarized in Figs. 11 and 12 may be obtained in less
computer time than is necessary for a DF-MD calcula-
tion for a single element. The older approach is predictive
for all metallic elements where linear response theory ap-
plies. Even for the semiconducting liquids, where this no
longer holds, the comparison of the pair-potential calcu-
lations with the DF-MD approach based on the full set
of quantum-mechanical many-body forces is very instruc-
tive. This comparison elucidates the important role of
the interplay of volume and pair forces. It demonstrates
that attempts to model the interatomic force field in liq-
uid metals and semiconductors using classical pair and
triplet forces are bound to fail, if they do not account
for the important efI'ect of the volume forces. On the
other hand, efIicient techniques for atomistic simulations
could be developed on the basis of a combination of the
perturbative and the DF-MD approach.

Furthermore, not all the elements covered in this study
can be treated using DF-MD. This applies to the IIb
metals, where a narrow d band overlaps with the bot-
tom of the s, p band and the heavy Ia and IIa elements,
where the nearly empty d band overlaps with the con-
duction band. Also, the calculation of the partial pho-
toionization cross sections, which is very important for
the quantitative analysis of the photoemission intensi-
ties, requires the angular-momentum decomposition of
the DOS, which can be obtained in the LMTO basis but
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not with plane waves.
To conclude, we now have a complete picture of the

trends in the atomic and electronic structures of the liq-
uids 8, p bonded across the periodic table. The calcula-
tions are based on interatomic forces derived by perturba-
tion theory, but the comparison with DF-MD results for
the most difficult cases (E—Si, E As) a—llows us to conclude
that they are predictive for all liquid metallic elements.
Similar studies for the liquid 3d and 4d elements have
been published elsewhere.
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