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First-principles calculation of stacking-fault energies in substitutionally
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A generalization of the coherent-potential approximation to two-dimensional defects in substitu-
tionally disordered alloys, based on the layer I&orringa-IKohn-Rostoker method, is presented. We
illustrate the method with ab initio, self-consistent total-energy calculations implemented within the
muffin-tin approximation of intrinsic stacking-fault energies in various Cur ~Zn~ alloys (x=0, 0.1,
0.2, and 0.3). Excellent agreement is found between calculated fault energies and experimentally
determined values.

It is well known that the energy of intrinsic stacking
faults is an important factor controlling the separation
of dislocations into partials, which in turn is crucial in
characterizing the mechanical properties of metals and
alloys. The ability to understand, predict, and control
the effects of stacking faults is a crucial step in rational-
izing observed mechanical behavior and in attempting to
design materials with desirable technological properties.
To date there have been several calculations, using dif-

ferent electronic-structure methods, demonstrating that
fault energies can be accurately determined from first
principles. Most of these calculations model the planar
defect by using a supercell construction, 2 although recent
work using the layer I&orringa-I&ohn-Rostoker (I KKR)
method has made possible the removal of this artificial
boundary condition. Control over the properties of the
fault can be achieved by changing the electronic proper-
ties of the alloy by selective alloying. Hong and Freeman4
considered the effects of impurities on the energy of an
antiphase boundary in NiAl by constructing a periodic
crystal containing the impurity atoms both with and
without the defect. However, the impurities are more
likely to be randomly distributed and therefore the abil-

ity to treat substitutionally disordered interfaces is of sig-
nificant importance. In this Brief Report we present a
technique capable of addressing properly the disordered
nature of the system. We illustrate this method with ab

initio calculations of the energies of an isolated intrinsic
stacking fault in Cu/Zn alloys, which are found to agree
well with experimental findings.

The technique presented here for calculating the
electronic structure at a disordered interface is based
upon the LKKR method combined with the coherent-
potential approximation (CPA). The former circum-
vents the need for a supercell construction by correctly
embedding the planar defect in an otherwise perfect crys-
tal, while the latter approximation has had significant
success in describing the electronic properties of bulk
substitutionally disordered alloys. The LKKR method
has been described in detail elsewhere, so in this pa-

per we will only give a brief outline, concentrating on
the implementation of the CPA step within the layered
geometry. A detailed account of the formalism of the
LKKR-CPA will be given in a future publication. In
the LKKR method, the solid is broken down into lay-
ers of atoms within which two-dimensional (2D) trans-
lational symmetry is assumed, The electronic structure
of the resulting system is found within the local spin-
density approximation from the imaginary part of the
one-electron site-diagonal Green function. This is ob-
tained, within multiple-scattering theory (MST), by first
considering the scattering of electrons within a single
plane and then by appropriately combining the layers
together to treat the scattering of electrons between the
planes. Once the site-diagonal components of the Green
function are obtained, the self-consistent charge density
and total energy can be readily calculated. The calcula-
tion of the charge density involves integrals over the 2D
Brillouin zone and over energy since the Green function
is obtained at a specific energy and wave vector. The en-

ergy integration is achieved by a contour integral in the
complex energy plane while the special point method is
used for the 2D Brillouin-zone integration. This approach
leads to rapidly convergent k space and energy integrals.
The charge densities and potential can be obtained self-
consistently by iterating the Kohn-Sham equations. The
boundary condition for the Coulomb potential is found
using the Ewald technique and assuming a composition-
ally averaged interstitial charge density. From the self-

consistent charge density for each species, the kinetic,
Coulomb, and exchange-correlation contributions to the
total energy of each species are evaluated as in an or-
dered interface calculation. The assumption of a compo-
sitionally averaged interstitial charge density is used in

evaluating the Madelung energy. The details of the con-
struction of the mu%n-tin total energy and self-consistent
charge densities within the LKKR technique have been
described in Ref. 5. The total energies for each species
are configurationally averaged to give the alloy total en-

ergy, as described for bulk alloys by Johnson et al. '
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In applications of the CPA to bulk alloys, an effective

periodic medium is constructed which has the prop-
erty that the electron scatters on average in the disor-

dered alloy as it would in the coherent potential. The
usual implementation within MST of the CPA in bulk

crystals ' is based on a self-consistent condition applied
to the site-diagonal components of the scattering path
operator (SPO) (Ref. 10) of the coherent potential. This
condition takes the form

(1)

where the superscript i refers to the site and 7; is the
scattering path operator for the coherent medium. The
quantity v" is the SPO for an atom of type o, embedded
in this medium at site i, and c is the concentration of
the n species in the alloy. Within MST the site-diagonal
components of the SPO for an atom type n embedded at
site i in the coherent medium is given by the expression

(2)

where m, is the inverse of the single-site coherent-
potential t matrix, and rn is the inverse of the t matrix
of atom n.

The concepts underlying the CPA can be readily gen-
eralized to treat two-dimensional extended defects, such
as stacking faults, in substitutionally disordered alloys
through the use of the LKKR method. The main dif-
ference to the case of bulk alloys is that the coherent
medium is plane dependent with respect to the defect.
To keep the notation transparent we shall assume only
one atomic type per plane so that the site label is also the
plane labe1. The extension to systems with many atoms
per plane is straightforward. Thus, instead of a single ef-
fective (inverse) scattering matrix m„one must consider
a number of distinct eA'ective scattering matrices rn', for
each plane away from the interface in the alloy. In the
case of most systems it is necessary to distinguish be-
tween effective scattering matrices on either side of the
interface. However, in the special case of the intrinsic
fault the interface is symmetric about the fault plane.
This procedure leads to a number of coupled, transcen-
dental equations for the m', . In a practical application,
it is necessary to impose a restriction on the number of
coherent scattering matrices to be determined indepen-
dently. This can be done by assuming that the m', ap-
proach the corresponding quantity rn, of the bulk alloy
when the plane i lies suKciently far from the interface.
For metallic systems, one can expect from screening ar-
guments that this occurs fairly close to the defect plane.

VVe now highlight the central equations of the LKKR-
CPA reserving a more extended discussion for a later
publication. For materials containing two-dimensional
defects, and within the LKKR formalism one obtains a
self-consistent equation of the type of Eq. (1) for each
plane characterized by a distinct rn', . For the sake of
generality, one may allow also a planar dependence of
the concentration so that Eq. (1) must be replaced with
the equation

In this case, Eq. (2) must also be replaced with the
equation

r" = [(r,") + m' —m', ] (4)

since the scattering matrix of an atom of type a may also
have a layer dependence. Finally, the scattering path
operators for the coherent medium can be calculated by
means of an integral over the two-dimensional Brillouin
zone defined by the periodicity of the defect,

dk[M" —b."(k)]0
Here, M" is the inverse of the layer scattering matrix
and 6" describes the embedding of the layer i in the
rest of the crystal. Equations (3)—(5) must be solved self-
consistently at each energy just as in bulk KKR-CPA cal-
culations. This solution proceeds in an iterative manner,
with the initial approximation to the coherent scattering
matrix set equal to the concentration average of the in-
dividual scattering matrices associated with the various
species in the alloy (the average t-matrix approximation).
The charge self-consistency loop can be completed since
the site-diagonal Green function can be obtained from r"
and the appropriate wave functions. Equations describ-
ing the LKKR-CPA for an isolated layer have been given
by Kaiser et al. and can be obtained from the above
equations by neglecting the coupling between the layer
and the surrounding crystal, i.e. , 4"(k) = 0.

We assume that electronic perturbations are localized
around the fault and hence only the potentials on a cer-
tain number of planes are allowed to relax. The poten-
tials for atoms further from the fault are assumed to
be unperturbed from the bulk values. In the LKKR-
CPA calculations this means that the site-diagonal com-
ponents of 7; for these distant planes are assumed to
be those the disordered bulk alloy. Convergence in the
stacking-fault energy with basis set size was checked. The
LKKR basis set used in our self-consistent calculations
included s, p, and d partial waves, 13 plane waves, 35 spe-
cial k points, and 24 energy points. The Ceperley-Alder
local-density functional as parametrized by Perdew and
Zunger was adopted and electronic relaxations on eight
planes of atoms surrounding the fault (four planes on ei-
ther side) were taken into account. Owing to the reduced
symmetry of the stacking fault it was found to be nec-
essary to sample two wedges of the hexagonal Brillouin
zone.

As an application of the LKKR-CPA method we have
calculated the electronic properties of an intrinsic stack-
ing fault in the fcc Cu/Zn alloy as a function of Zn con-
centration. The perfect fcc crystal structure is formed by
the usual stacking of close-packed (ill) planes denoted
by ( ABC ) (where the planes in the angle brackets are
repeated) The int. rinsic stacking fault in this notation
is ( ABC ) AB & ABC ). In this initial study no
account of Zn segregation to or from the fault was taken
into consideration although this presents no di%culty for
the method. Structural relaxations at the fault plane
are expected to have a small eH'ect on the fault energy
and have been neglected in the calculations. The lattice
constant for each different Zn concentration was taken
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from the self-consistent bulk Cu/Zn calculations of Ref.
12. As a test of the accuracy of the method, calculations
for bulk Cup 5Znp ~ using the LKKR-CPA method gave a
lattice constant with 0.5% of that obtained by the KKR-
CPA method in Ref. 12. The Cu/Zn alloy has also been
studied experimentally and the variation of fault energy
as a function of Zn concentration obtained, ' allowing a
sensitive comparison of the calculations to experiment.

Figure 1 shows the variation of intrinsic fault energy
calculated with the LKKR-CPA method and the experi-
mental values. ' The uncertainties in experimentally de-
termined values are estimated to be about 10% though
this may be conservative for the alloy faults. This es-
timate is based upon the different values for the intrin-
sic fault energy in pure Cu obtained by different groups.
The largest difference between experimental and theo-
retical estimates of the fault energy is for the intrinsic
stacking fault in the Cuo 7ZnQ3 alloy. In fact, the cal-
culations predict a negative energy for the fault suggest-
ing that at this Zn concentration the hcp phase is more
stable. A calculation for this alloy in the hcp crystal
structure was also performed. We find, within the ap-
proximations implicit in the LKKR-CPA method, that
at this concentration the hcp phase also has a lower en-

ergy, the difference between hcp and fcc phases is —26
mJ/m~. If we assume that the energy to create a kink in
the fcc structure (i.e. , an ABA rather than ABC stacking
sequence) is a constant and neglect the interactions be-
tween kinks, then both the intrinsic fault and hcp unit
cell have two kinks and we would expect the energies to
be similar which is what we find (the energy of the in-

trinsic fault is —20 mJ/m~). One possible reason for the
discrepancy between calculated and measured fault ener-
gies lies in the approximations made in the LKKR-CPA
method. These approximations include the muffin-tin ap-
proximation to the one-electron potential, the neglect of
structural relaxtions around the fault, and the assump-
tion within the CPA of no correlation between the sites.
Corrections to the LKKR part can in principle be made
by using a full-potential multiple-scattering formalism,
while a cluster CPA could take into account some degree
of local segregation of Zn atoms. Non-muffin-tin correc-
tions can be important when the energy differences are
small. The statistical independence of sites is unlikely
to be correct at high Zn concentrations though it is un-
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FIG. 1. Variation of both experimental and theoretical
stacking fault energy in the Cu/Zn alloy as a function of Zn

composition.

clear how this will influence the fault energy. In fact,
at Zn concentrations between 20% and 30% there is a
phase transition from an fcc to a bcc crystal structure at
low temperatures. In addition, the fault energy, which
is extracted from electron microscopy measurements by
using continuum elasticity theory, requires a knowledge
of the elastic constants. These are assumed to be the
same for all the different alloys studied which is unlikely
to be the case. Finally, unlike the case of pure Cu, there
is only one set of experimental values and further there
is uncertainty in the alloy composition as well as in the
fault energy. Overall though, excellent agreement is ob-
tained between calculated and experimental values, pro-
viding the first accurate theoretical determination of a
stacking-fault energy in a disordered alloy. Applications
of the LKKR-CPA technique to other alloy systems are
in progress.

Structurally the intrinsic stacking fault is not a severe
disruption of the fcc crystal. The coordination of atoms
at the interface is still close-packed with the changes in
bond lengths first occuring for third neighbors. This
is reflected in the density of states (DOS) for atoms
at the fault for pure Cu, Cuu 9Zno t, Cue sZno 2, and
Cup 7Znp 3, shown in Fig. 2. In these plots only the
DOS for an atom at the fault, compared to an atom in
the bulk, are displayed since the differences between the
DOS profile on atoms further from the fault and that for
an atom in the bulk is negligible. In all four plots the
differences in the DOS between the different atoms are
small and are localized at the fault plane and within the
Cu d bands. The Zn d states appear as a peak 8 eV below
the Fermi energy and only hybridize with the bottom of
the Cu sp band. The position of Zn d states coincides
exactly with the energy of the middle of the d bands in
bulk Zn. ' The atoms located on either side of the fault
plane have first, second, and some third neighbor atoms
at hcp lattice sites and the DOS profile shows marked
similarities with that for hcp Cu (not shown). In partic-
ular the depletion of states at —2.5 eV below the Fermi
energy and the enhancement in either side of the peaks
is seen in the Cu hcp DOS. This was also observed by
Xu, Lin, and Freeman for an intrinsic stacking fault in

Al, As the concentration of Zn is increased, these per-
turbations, which reflect the influence of changes in the
local symmetry at the fault, are significantly reduced,
correlating with the reduced sensitivity to the local en-
vironment and therefore the smaller fault energy. The
effect of alloying is to broaden the features in the DOS,
and these changes in the electronic structure are an im-

portant mechanism for the lowering of the fault energy. A

previous model based upon electron to atom ratio and a
rigid-band model predicts a zero energy stacking fault at
36%.i This model would also predict a linear variation
of fault energy with Zn concentration which is not ob-
served in the calculations. The deviations from linearity
reflect the significant changes in the electronic structure
as a result of alloying.

In conclusion, the energy and electronic properties of
an intrinsic stacking fault, in a disordered Cu/Zn alloy
have been calculated from first principles by combining
the CPA and the LKKR approach. The calculated vari-
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ation of the fault energy agrees well with experimentally
determined values. At low Zn concentrations the broad-
ening in the electronic states resulting from the disorder
reduces the sensitivity of the Cu d states to the local envi-
ronment and thus to a reduction in the fault energy. At
higher Zn concentrations the changes to the electronic
structure are sufBcient to produce a negative stacking-
fault energy and suggest an hcp phase of lower energy.
This should not be realized experimentally, however, be-

cause of the fcc-to-bcc phase transition. The mechanism
at low impurity concentrations would also be expected
to apply to other systems and indeed a reduction of fault
energy upon alloying is observed in a wide variety of fcc
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